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Two important theories in Dynamical Systems were constructed in the sixties: 

the hyperbolic theory for general systems and the KAM (after Kolmogorov, Arnold 

and Moser) theory for conservative systems as the ones that appear in Celestial 

Mechanics. Most of our discussions here concern dissipative (or locally dissipative) 

systems, although most questions are now being posed for area preserving maps 

(symplectic maps in higher dimensions). Moreover, one can argue that understand-

ing dynamically small dissipative perturbations of conservative systems is of much 

importance: indeed it has been recently shown that a K A M curve (tori in higher 

dimension) can be destroyed and in fact engulfed in the basin of attraction of a 

Hénon-like strange at tractor as defined below. 

Let me say that all concepts, many proofs and more detailed discussions of the 

topics in the present paper are about to appear in a book by Takens and myself 

(Palis and Takens, 1992). 

Recall that a hyperbolic system (flow, diffeomorphism, map) is one whose limit 

set is hyperbolic. That is, in the limit set, all Lyapunov exponents are uniformly 

bounded away from zero. In the case of flows we exclude the one along the flow, 

which is of course always zero, when stating this exponential growth condition. In 

our presentation, we shall concentrate our attention to maps, more properly to 

diffeomorphisms of a compact manifold. They may be consider as Poincaré trans-

formations of a flow in one higher dimension. They are indicated by DifF(M), r > 1, 

where M is a compact manifold and r the degree of differentiability considered: two 

such maps are close if pointwise they are close as well as all their derivatives are 

close up to order r ( C r topology). For our purposes, one may take r = oo. 

Much has been done about hyperbolic systems (including most gradient sys-

tems) in the sixties, its leading figure being Smale (his school at the time and the 

Russian school played crucial roles). Indeed we "pretend" that we understand them 

rather well. Actually, we were so enthusiastic about it that in some sense we though 

that a large part of the "world" of dynamical systems was made of hyperbolic sys-

tems. A great change in our view began to take place in the seventies due to the 

work, mostly based on computational experiments, of physicists, astronomers and 

all (officially nonmathematicians) such as Lorenz (his remarkable work was only 

noticed by us in the early seventies), Hénon, Ruelle, Feigenbaum. The drama that 

turned into a big challenge to us, dynamicists, was: most of the computational 

experiments corresponding to dynamical models of complex phenomena in other 

areas of Science did not seem to fit the hyperbolic structure. Rather, they seemed 

to lie in the complement of the hyperbolic systems, the dark realm of the world of 

dynamics. The figures display two very famous strange attractors (Lorenz, Hénon) 

and a new one discovered by Rovella, all of them robust in some sense, as discussed 

below, and yet all of them nonhyperbolic ! 
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Fig. 1. Lorenz strange attractor 

Fig. 2. Rovella strange attractor 

This led me, in the last seven years or so, to intensely discuss a new viewpoint or 

a global program for (locally dissipative) dynamical systems with several colleagues, 

specially Takens, Yoccoz, Viana, Newhouse, Mane, Carleson, Mora, Rovella, Car-

valho, Diaz and Rocha. A series of results motivated the program I present here 

and perhaps some of these results were at least partially motivated by it. 

The basic idea is to define a dense subset Ή of all dynamical systems, say 

Ή C DifF(M), and then describe the prevalent dynamical phenomena in small 

neighbourhoods of the element of Ή in generic or most k —parameter families of 

diffeomorphisms through them. 

We should of course first consider M to be compact without boundary and 

ideally r should be bigger than two. 
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Fig. 3. Hénon strange attractor 

/ / d i m M — 2, we think that a good candidate for 7i is the union of hyperbolic 

diffeomorphisms and the ones exhibiting homoclinic tangencies. In higher dimen-

sion, as we shall discuss in the sequel, we need to consider homoclinic bifurcations 

in more generality than homoclinic tangencies. One may add the so called Feigen-

baum attractors (see Gambaudo et α/., 1989) and, as we shall discuss later, dif-

feomorphisms with a critical saddle-node cycle. Anyhow, 7i should be formed by 

hyperbolic diffeomorphisms, that we "pretend" to understand rather well, together 

with a set of diffeomorphisms that, on one hand, is dense in the complement and, 

at the same time, is not "too big" so as to allow a reasonable dynamic analysis in 

small neighbourhoods of its elements in finite dimensional spaces through them. 

Conjecture. 7i as above is dense in Diff r(M), r > 1. 

One reason to consider surface diffeomorphisms with homoclinic tangencies is 

the striking dynamic richness of their one-parameter unfoldings. So let φμ, μ £ R, 

be a family of C 3 diffeomorphisms such that φ0 exhibits a homoclinic tangency 

say qo associated to a fixed (periodic) saddle po- We assume that the product of 

the eigenvalues of ( a V ) o has norm smaller than one (i.e. φο is locally dissipative). 

The saddle po may be part of a (hyperbolic) basic set say Λο (otherwise we take 

Λο = po)- We now localize our study to a μ—dependent neighbourhood ϋμ of the 

orbit of go and of Λο· First, we define a fixed neighbourhood U\ of Λο and ε > 0 

small so that, for |μ| < ε, there is a (unique) basic set Αμ in Ui\ Αμ is called the 

continuation of Λο· Now we define a μ—dependent neighbourhood ί/̂ ,μ of go whose 

points are at a distance at most ϋΓμ, for some constant Κ > 0, from both the local 

stable and unstable manifold οΐρμ. Finally, we consider Ν > 0 so that 

υμ = P i υ υ2<μ 

is a neighbourhood of go and Λο, where 

tf»,M= U vW,*) 

\i\<N 
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We then have the following collection of results concerning φμ \ϋμ\ 

- there are always cascades of period doubling bifurcations in the family φμ for 

μ —• 0 (Yorke and Alligood, 1983) , 

- there are intervals Ii C (—ε, ε), ε small, and residual subsets Ni C 1% such 

that φμ, for μ £ Ni, exhibits infinitely many coexisting sinks (Newhouse, 

1979 ) , 

- there are positive Lebesgue measure sets Ε C (—ε, ε) such that if μ £ Ε then 

φμ has a Hénon-like attractor (Mora and Viana, 1991 based on Benedicks 

and Carleson, 1991) , 

- if the H aus dorff dimension of Ko, HD(Ao), is smaller than one, then μ = 0 

is a (full) density point of hyperbolicity for φμ (Palis and Takens, 1987) , 

- if HD(Ao) > 1, then μ = 0 is not a point of (full) density of hyperbolicity 

for φμ (Palis and Yoccoz, 1991) . 

It is interesting to note that in Araujo and Mané (1991) our conjecture above was 

proved in the C1 topology for C2 diffeomorphisms in the following "essential" way: 

residually a diffeomorphism has the basins of attraction of its hyperbolic attractors 

covering a set of total measure (i.e. covering the surface modulo a set of Lebesgue 

measure zero) or else the diffeomorphism exhibits a homoclinic tangency. 

Concerning families <ρμ exhibiting a critical saddle-node cycle say at μ = 0, there 

is a recent relevant result of Diaz, Rocha and Viana (1991) stating that μ — 0 is a 

positive density point of Hénon-like strange attractors. It is to be noted that such 

critical saddle-node cycles yield homoclinic tangencies for φμ, \μ\ small (Newhouse 

et α/.1983). A clever combination of this fact and the previously mentioned result 

of Mora and Viana provides the present result. So far, this is the only known dy-

namic structure corresponding to positive density of parameter values corresponding 

to diffeomorphisms having Hénon-like attractors for generic one-parameter families 

of surface diffeomorphisms, i.e. nonhyperbolic attractors that are the closure of the 

unstable manifold of a saddle and, have dense orbit with positive Lyapunov expo-

nent. The Diaz-Rocha-Viana method to prove the above result also yields positive 

density of parameter values corresponding to diffeomorphisms exhibiting sinks. 

Problem. Let φμ, μ £ R, be a (generic) family of surface diffeomorphisms such 

that 

- φμ is Morse-Smale for μ < 0 

- the limit set of φο is finite, hyperbolic and has no cycle except for a critical 

saddle-node cycle. 

Is it true (in increasing order of difficulty) that: 

- the set of parameter values corresponding to hyperbolic diffeomorphisms is 

of positive density at μ = 0 ? 

- the set of parameter values corresponding to diffeomorphisms exhibiting in-

finitely many coexisting sinks is of zero density at μ = 0 ? 

- the union of the sets of parameter values corresponding to hyperbolic diffeo-

morphisms and to the ones exhibiting a Hénon-like strange attractor is of 

full density at μ = 0 ? 
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In general, we pose 

Conjecture. In a (generic) unfolding of a homoclinic tangency or a saddle-node 

critical cycle, the set of parameter values corresponding to infinitely many coexisting 

sinks has Lebesgue measure zero. 

A weaker version of this conjecture is to ask if the bifurcating value is a zero 

density point of the set of parameter values corresponding to diffeomorphisms ex-

hibiting infinitely many sinks. Notice that the answer is positive when HD(Ao) < 1 

in the case of a homoclinic tangency by the result in Palis and Takens (1987). 

Besides the result in Palis and Yoccoz (1991) stating that hyperbolicity is not 

fully prevalent in the unfolding of a homoclinic tangency when HD(Ao) > 1, we 

recall that if τ'(Λο) · ru(Ao) > 1, where τ9 and r u stands for stable and unstable 

thickness, then we have persistence of tangencies for |μ| small and μ > 0 or μ < 0 

and thus we have no hyperbolicity at all in this range of the parameter. In both 

these situations (the second, r J · ru > 1, is a particularly interesting case of the 

first, HD(Ao) > 1) the following is a very interesting problem: 

Problem. Is the bifurcating value (unfolding of a homoclinic tangency) of positive 

density of Henon-like strange attractor ? 

We point out that in higher dimensions we may have homoclinic bifurcations 

without homoclinic tangencies ! Consider for instance two fixed saddles ρ and q, for 

a diffeomorphism φ in 3-dimensions with stable indices one and two, respectively. 

Suppose moreover that Wu(p) intersects transversally W'{q) along aline connecting 

ρ and q. Finally, suppose that Wu(q) intersects W'(p). According to the results in 

Diaz (1991), there are open sets of diffeomorphisms that are neither hyperbolic nor 

exhibit homoclinic tangencies after a generic 1-parameter unfolding of φ, if φ is 

suitably chosen. Similarly, one may consider the global examples in Mané (1978). 

Thus our first conjecture for surface diffeomorphisms become 

Conjecture. The set of hyperbolic diffeomorphisms together with the ones exhibit-

ing homoclinic bifurcations is dense in Diff r(M), r > 1. 

Also, some of the previous results concerning unfolding of homoclinic tangencies 
are now available in higher dimensions: 

- if HD(Ao) < 1, hyperbolicity is fully prevalent, , 

- there are cascades of period doubling bifurcations; this is in Yorke and Alli-

good (1983) when the unstable index is one (codimension-one case) and, in 

general, in a recent work of C. Martins, 

- when the unstable index is one, there are intervals U in the parameter line 

and residual subsets N{ C U such that for parameter values in N{ the corre-

sponding diffeomorphisms exhibit infinitely many coexisting sinks (Palis and 

Viana, 1991) , 

- again, when the unstable index is one, there are positive Lebesgue mea-

sure sets in the parameter line whose corresponding diffeomorphisms exhibit 

Hénon-like attractors (Viana, 1991). 

Finally, the scenario for flows is even more challenging: besides the "suspen-

sion" of the corresponding cases of diffeomorphisms, we have to add homoclinic bi-

furcations of singularities (Silnikov, 1965), the Lorenz-like attractors (Lorenz, 1963, 
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Guckenheimer and Williams, 1979, Williams, 1979, Rovella, 1991) and the very in-

teresting singular horseshoes (Labarca and Pacifico, 1986, Bamon et al., 1991). I 

hope that in the near future more results will be available in that direction and 

through them and what we already know, a richer but similar global program to 

the one we have presented diffeomorphisms can be also proposed for flows. 
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