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Abstract

In this paper, we prove that two homogeneous quasi-invariant subspaces are similar only if they are
equal. Moreover, we exhibit an example to show how to determine the similarity orbits of quasi-invariant
subspaces.
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1. Introduction

Recall that the Hardy space H2(DD) over the open unit disk D is the closed subspace
of L%(T) spanned by the non-negative powers of the coordinate function z. If M is a
(closed) subspace of H2(D) that is invariant for the multiplication operator M,, then
Beurling’s theorem says that there exists an inner function n such that M = n H*(D).
Beurling’s theorem has played an important role in operator theory, function theory
and their intersection, function-theoretic operator theory. Let 2 be a bounded domain
in C", and let X be a Hilbert space consisting of analytic functions in £ such that
1 € X, and for each polynomial p andeach h € X, ph € X. If M is a closed subspace
of X such that pM C M for every polynomial p, we say that M is an invariant
subspace for the function space X .

Despite the great development in these fields over the past fifty years, there are
still many problems to explore, one of which is to investigate equivalence classes of
invariant subspaces of function spaces under similarity or unitary equivalence.
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Along this line, Axler, Agrawal, Bourdon, Douglas, Guo, Paulsen, Putinar, Salinas
have done a lot of work, see [1, 2,4, 7-12, 14, 15] and references therein. The extension
of some of the above results to the Fock space, and analytic Hilbert spaces on the
complex plane were considered by Guo and Zheng [13], and by Chen, Guo and
Hou [6].

The Fock space is the analog of the Bergman space in the context of the complex
n-space C". It is a Hilbert space consisting of entire functions in C". Let

du(z) = e dy(z)(2m) ™"

be the Gaussian measure on C” (dv is the ordinary Lebesgue measure). The Fock space
L2(C", du) (for short, L,(C")), by definition, is the space of all y-square-integrable
entire functions on C". It is easy to see that Lz(C") is a closed subspace of L2(C")
with the reproducing kernel functions K;(z) = /2, and the normalized reproducing
kernel functions &, (z) = e*/2**/4 (here Az = > k).

The next proposition states that there exists no nontrivial invariant subspace for the
Fock space. This proposition first appeared in [13].

PROPOSITION 1.1. Let M be a (closed) subspace of L:(C"), and M # {0). If f is
an entire function on C" such that f M C M, then f is a constant.

Thus, an appropriate substitute for invariant subspace, the so-called quasi-invariant
subspace is needed. Namely, a (closed) subspace M of the Fock space is called quasi-
invariant if the relation pf € LZ(C") implies pf € M for any f € M and any
polynomial p. Equivalently, M is quasi-invariant if pM N L2(C") C M for each
polynomial p.

Let M, and M, be two quasi-invariant subspaces of Li(C"). For a bounded linear
operator A : M, — M,, we call A a quasi-module map if A(pf ) = pA(f) whenever
pf € M, (here p is any polynomial, and f € M;). Thus by the definition if A is a
quasi-module map, then the relation pf € M, forces pA(f) € M,. Letting M, and
M, be quasi-invariant subspaces of L2(C"), we say that

(1) they are unitarily equivalent if there exists a unitary quasi-module map A :
M, —> M, suchthat A~' : M, — M, is also quasi-module map;

(2) they are similar if there exists an invertible quasi-module map A : M, — M
such that A~! : M; — M, is also a quasi-module map.

It is easy to check that unitary equivalence and similarity are equivalence relations in
the category of all quasi-invariant subspaces.

It is well known that for each analytic function space X on a bounded domain €2, the
closure 7 of an ideal I of polynomial ring € is an invariant subspace of X. However
it is never obvious if the closure 7 of I in the Fock space L2(C") is quasi-invariant. In
Section 2, we first prove that the closure of a homogeneous ideal is quasi-invariant.
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Furthermore, it is shown that two homogeneous quasi-invariant subspaces are similar
only if they are equal. In Section 3, we determine the similarity orbit of the quasi-
invariant subspace [z™] generated by z™. Namely, the similarity orbit of [z™] consists
of [p(2)], where p (z) range over all polynomials in the variable z with degp = m.

2. Homogeneous quasi-invariant subspaces of the Fock space

It is well known that for each analytic Hilbert space X on a bounded domain §2,
the invariant subspace generated by an ideal I of polynomial ring ¥ is the closure T
of 1. However, in the case of the Fock space it is never obvious if the quasi-invariant
subspace generated by [ is the closure I of I. Here we give a proposition which shows
that the quasi-invariant subspace generated by a homogeneous ideal is the closure of
this ideal. Recall that an ideal / is homogeneous if the relation p € [ implies that all
homogeneous components of p are in /. Equivalently, an ideal / is homogeneous if
and only if I is generated by homogeneous polynomials.

PROPOSITION 2.1. Let I be a homogeneous ideal. Then on the Fock space Lﬁ ),
the quasi-invariant subspace generated by I is the closure I of I.

PROOF. Let f € T, and f = Y ieofi be f's homogeneous expression. We claim
that every f; is in I. To prove the claim, we let %, consist of all those p € I with
homogeneous degree of p being at most k. Then % is of finite dimension. From the
relation f € 1, there is a sequence {p,} in I such that pm — f asm — 00. This
implies that p® — f,, where p%® denote k-homogeneous component of p,,. Since
I is homogeneous, p® belong to I, and hence they are in .%,. Because % is finite
dimensional, and hence closed, this forces f; € I.

Assume that gf € L2(C") for some polynomial q. Let ¢ = Zi:o q; be the
homogeneous expression of ¢. Then the homogeneous expression of gf is given by

o =) (__Z q.fj) :

Now it is easy to derive that gf € T by the above homogeneous expression of gf .
It follows that 7 is quasi-invariant, and hence it equals the quasi-invariant subspace
generated by /. O

THEOREM 2.2. Let 1) and I, be homogeneous ideals. Then I, and T are similar if
andonlyif I, = I,.

To prove theorem we need some preliminaries. For a polynomial p, we use deg p
to denote the homogeneous degree of p. First we give the following proposition.
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PROPOSITION 2.3. Let A : My — M, be a quasi-module map. Then A maps M\N€
to M, N'E. Furthermore, ifp € M NE, thendegp > deg A(p).

PROOF. We may assume that M, contains a nonzero polynomial p. Setg = A(p).
We claim that deg g < degp. Letp = 3¢ p,, g = 30 g« be the homogeneous

expansions of p and q, respectively. Then for each positive integer N, one has
Iz )Y gl < 1Az - 2) " P I,

and hence for ! > degp,

degp

D) @z -z al? < JAPN @iz 20 PIP = TAIP Y 1 @ize - 20 pell®.
k=0

For each homogeneous polynomial r = rbotjnmdeg a;,.;, 7' -+ -z, an easy calcu-
lation gives

Iz zdVrliP = )" @, P25V G+ N G+ N

Ji+etja=degr

Multiplying the two sides of (1) by e™ /(2"N N!+"N+N/2) and letting N — 00, then
applying Stirling’s formula m! ~ «/2rmm™e™" (as m — 00) to (1) gives

> gyl =0.

Jrttja=l
This means that ¢, = O for all I > deg p, and hence the desired result follows. a

We endow the polynomial ring ¥ with the topology induced by the Fock space
L2(C"). For an ideal I, we regard I as module over the ring %.

COROLLARY 2.4. Let A : M, —> M, be a similarity. Then A induces a continuous
module isomorphism from M, N€ onto M, N'E.

By [13, Lemma 5.2], for each ideal I of the polynomial ring ¢, one has IN¥ = 1.
Combining this fact with Proposition 2.1 and Corollary 2.4, we see that if I, and I,
are homogeneous ideals, then a similarity A : T, — 1, induces a continuous module
isomorphism from /; onto /,.

Let B, be the unit ball of C", and 3B, be the boundary of B,. We let o be the
unique rotation-invariant positive Borel measure on 0B, for which 6(3B,) = 1. As
usual, H2(B,) denotes the Hardy space on the unit ball B,. Let M,, M, be invariant
subspaces of H%(B,). We say that a bounded linear operator A : M; — M, is a
module map if A(ph) = pA(h) for any polynomial p and h € M,.
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LEMMA 2.5. If M, and M, are invariant subspaces of H*(B,) and A : M; — M,
is a module map, then there exists a bounded function ¢ on 3 B, such that A(h) = ¢h
Jorany h € M,.

PROOF. From Rudin [17], we see that all inner functions on B, and their adjoints
generate L*°(d B,) in the weak*-topology. Set

2 = {nh : n are inner functions, and h € M,}.

Then 2 is a dense linear subspace of L(d B,). We define a map A:9 > L?*(3B,) by
A(fR) = 7A (h) Since A is a module map, the above definition is well defined. From
the relation IIA(r)h)II = |[A)] < |Alllinkll, we see that A extends toa bounded
map from L%(3B,) to L*(3B,). It is obvious that A satisfies AM =M, A for any
g € L*®(dB,), and hence there exists a function ¢ € L*(dB,) such that A = M,.
This insures that A(h) = ¢h for any h € M,. O

Below we prove Theorem 2.2.

PROOF. Let A : T; — T, be a similarity. Taking a homogeneous polynomial p
in I; and setting ¢ = A(p), and using [13, Lemma 5.2] and Proposition 2.3, we see
that g € I, and degp = deggq. Since [Irq|> < ||Al|*||rp||*> for any homogeneous
polynomial r, we have

2 lrg* < AN I,

where I = degg, and ¢ = Zi:o g, is the homogeneous expansion of q. Recall that
integration in polar coordinates (corresponding the volume measure) is given by [16,

page 13]
2nmt [,
fdv= rdr f@ré&)do.
c n! Jo 3B,

Hence from(2), we have

/ Ir€)qi(6)1 do < IIAIIZ/ Ir)p (€)1’ do.
3B, a8,

Since on the Hardy space H*(B,) two homogeneous polynomials with different de-
grees are orthogonal, this shows that

/ |h(€)qi(§)* do < IIAIIZf lh(€)p (§)I* do
a8,

a8,
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for any polynomial h. Let [¢], and [p], be invariant subspaces of H2(B,) generated
by g,, p respectively. Then applying the preceding inequality yields the following
bounded module map B : [pl, — [q:]., Bph = qh, for each polynomial k. By
Lemma 2.5, there is a bounded function f on 3B, such that B = M. This implies
that ¢y = fp on 9B,. So, |q:(§)| < |If lleolp ()] for every & € 3B,. Since both p
and g, are homogeneous, and degp = degq, = [, this means that for any z € C",
lg:(z)] < If lolp(2)I. So, the function g;(z)/p(z) is analytic and bounded on C",
and it follows that there is a nonzero constant y such that ¢; = yp. Since I, is
homogeneous, q; € I, and hence p € I,. The above reasoning shows that I; C I,.
Notethat A : T, - T, be a similarity. The same reasoning gives that [, € I;, and
hence I} = I, completing the proof. O

3. The similarity orbit of [z™]

From Theorem 2.2, one sees that for homogeneous quasi-invariant subspaces simi-
larity only appears in the case of equality. Therefore, a natural problem is to determine
the similarity orbit of quasi-invariant subspaces. Let M be a quasi-invariant subspace.
Then the similarity orbit, orb,(M), of M consists of all quasi-invariant subspaces
which are similar to M. There is no doubt that the problem is difficult. Here we will
exhibit an example to show how to determine the similarity orbit.

For a polynomial p, we let [p] denote the closure of p % on the Fock space. Using
sheaf theory or [11, Theorem 2.3], one easily verifies that for each g € [p] there exists
an entire function f such that g = pf. Moreover, if p is homogeneous, then [p] is
quasi-invariant.

THEOREM 3.1. On the Fock space L2(C?), the similarity orbit orb,([z"]) of [z"]
consists of [p(2)], where p(z) range over all polynomials in the variable z with
degp =m.

PROOF. Let p(z) be a polynomial in the variable z with deg p = m. Then we can
establish an inequality Cillz"f |I> < llp(@)f | < Gliz"f ||? for any entire function
f, where C; and G, are positive constants only depending on p(z). In fact, One can
show that there exist positive constants C; and C,, which depend only on p(z) such
that

Glz"g@I* < llp@eg@DI* < Cllz"g@)l

for any entire function g(z). Let f = 3", fi(z)w" be the expansion of f relative to
the variable w. Then by the equality p(2)f = 3_,.o P (2)fi(z)w*, we have

lp@f I =Y llp@f @I wk).

k>0
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From the above inequality we see

lp@fIP < G Y lzZ"fe@IPIwt1* = Gliz"f 1%

k>0

The same reasoning gives ||p (z)f > = Ci|lz™f ||, and hence the required inequality
is established.
Since the homogeneous quasi-invariant subspace [z™] is given by

[z"] = {z"f € L3(C?) | f is an entire function},
the preceding established inequality gives that
[p(2)] = {p()f € L2(C? | f is an entire function},

and hence [p(z)] is quasi-invariant.
Now we establish a map

3) A:[Z"] = [p@], Z"f = pQf.

Then by the preceding discussion and the closed graph theorem, A is continuous.
Obviously, A is injective, surjective, and is a quasi-module map. Similarly, A~! also
is a quasi-module map, and hence A is a similarity. On the other hand, we let M be
quasi-invariant, and A : [z"] — M be a similarity. Set ¢ = A(z™). We claim that
q is a polynomial in the variable z, and deg g = m. To prove the claim, we expand
q relative to the variables w, by ¢ = go(2) + wq,(z) + w2q,(z) + - - -. Assume that
deg, g > deg, z" = 0, here deg,, g denotes degree of ¢ in the variable w (allowed to
be 00). Then there exists a positive integer s such that g;(z) # 0. Since

o0
A z™I? = [w'ql)? = Y llw** g )|,
i=0
this implies that {|w***q,(2)||> < ||A|}2lw*z™||? for any positive integer k. Since
lw** g,()I* = 2 (k + )llg:(@DI* and  [wz™||* = 2" k!m!

for any positive integer k, this clearly implies that g, = 0. This contradicts the
assumption, and hence deg,, g = 0. So, g depends only on the variable z. Now we
expand g in the variable z by g(z) = } ;. a;z*. If there is a positive integer /, and
{ > m such that a; # O, then the equality A(z°z™) = Zkzo a;z*+* implies that

2,5+ 2 2 12
la*12711% < NANENZ" 1",
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This leads to the following
2Ha 2 (s + D! < 2" A 2 (m + 5)!

for any positive integer s. This clearly is impossible, and hence g(z) is a polynomial
in the variable z with degg < m. It is easy to see that M = [q] because A :
[z2™] = M coincide on the dense set 2% with the map A considered in (3). Applying
Proposition 2.3, deg g = m. This shows that g(z) is a polynomial in the variable z
with degree m. Based on the above discussion, we conclude that the similarity orbit
orb;([z™]) of [z™] consists of [p(z)], where p(z) range over all polynomials in the
variable z with degp = m. 0

REMARK. From the proof of Theorem 3.1, it is not difficult to see that Theorem 3.1
remains true in the case of the Fock space L2(C") for any positive integer n. For
n = 1, a related problem is considered in [13].
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