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Duality for generalized problems

in complex programming

D.G. Mahajan and M.N. Vartak

Weak duality and direct duality theorems are proved, under
appropriate assumptions, for the following pair of programming

problems in complex space:

minimize F(z, z) = Re f(z, z) + max{Re 1z | ¥ € kx}
subject to Az - b +m €S for some m €M, z €T,

maximize glu, u, v) = Re[f(u, ;)—utvlf(u, Z)-uHVQf(u, ;)+bHv]

- max{Re mHU | m € M}
subject to -AHv + Vlf(u, u) + sz(u, u) + k €T*

for some k € K ,
v €St

The objective function may be nondifferentiable and the
constraints are of a more general nature than those considered
earlier by various authors. Several well-known results are

shown to be special cases of the results proved here.

Introduction

Duality relations for various classes of complex programming problems
have appeared in literature [1-15]. Here we establish weak duality and
direct duality theorems for a pair of programming problems ‘in complex
space whose objective function and constraints are of a more general

nature than those considered recently by Mond [11]. The primal, dual
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problems and the weak and direct duality theorems established in [2-15]

turn out to be special cases of the results proved in this paper.

Notations and terminology

1
For a complex function f(w . w2) analytic in the 2n variables

@ol, w2) at the point (zo, zo) € Cn X Cn , we define

Vlf(zo, 29 = sz(zo, 20) = LQ;% wt, wz]] __for ©i=1, ..., n,
W 1.0 20
1 w =z ,w =2
and
V2f(zo, zo) = sz(zo, zo) = Lééé @ﬂ} wz)} ___for 1=1, ..., 7n .
ws 1_0. 2 0
7 w=z ,Ww =z

The superscripts H and ¢ will denote complex conjugate transpose and
transpose respectively, when applied to vectors or matrices. The

superscript * will be used to denote polar of a polyhedral cone. For
x, y € Cn let (x, y) denote their inner product; that is,
H
(x, y) = 2y . A nonempty set SC ¢* is called a polyhedral cone if, for

some positive integer k and 4 ¢ Cnxk s

S = Aﬁf = {4x | = ¢ Rf} ;
that is, S is generated by finitely many vectors (the columns of A4 ).
The polar of a polyhedral cone S C Cn is denoted by S5* and is defined
as

s*={z € |wes=rRe o = o} .

A polyhedral cone in Cn is a closed convex cone.

Abrams [1] has defined convexity of a complex valued function as

follows.

DEFINITION. 1Let £ : %" + ¢ and let S < C be a closed convex

cone. Then f is convex with respect to S on the manifold

W= {Wwh, w9) €c® | WP =t} if
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(1) ML 2+ (0702, 52) - Fat+(1-0)52, Ate(1-0)29) € 8
for all 0<A=1, gz, 22 €C".

When f'(wl, wz) is analytic, a condition equivalent to (1) is

f(zl, zl) - f(zg, 22) - (21_22) tVlf'(zz, 3_2-) - (21—22 Hvzf(zg, -z_2] €5 .

If f is real and S = R, then (1) and (2) reduce to the classical
definition of convexity. When referring to the objective function of a

programming problem, convexity of the real part will be of interest. Thus,
if S C R, the real part of an analytic function f'(wl, w2) is convex
with respect to S on the manifold W = {[wl, w2) € C'2n I w2 = wl} if,

1 2
for any 3z, 2,

11 2 T2y (1 .2t 2 2y (1 _2\H 2 2

(2) Re[f‘(z , 27)-f(2%, 2%)-(2-2%) Vlf(z , 25)-{2"-2 sz(z , 2 )] €5 .
With S = R’+ , (2) is the definition of convexity of a complex valued
function given by Hanson and Mond [6], and Mond [17].

The complex programs considered in this paper are the following.
PROBLEM P (Primal):

e - — H
minimize F(z, ) = Re f(z, 3) + max{Re kK 2 | k € K}

(3) subject to Az - b +m € 5 for some m € M ,
(¥) z €T

PROBLEM D (Dual):
. - _ — _t — _H — L H
maximize glu, u, v) = Re[f(u, u)-u Vlf(u, u)-u sz(u, u)+b v]
H
-max{Remv | m € M}
(5) subject to Aty + Vlf(u, u) + sz(u, u) +k € T* for some k € K ,
(6) v € S*

where Aecmxn, bec’", z and ueCn, vECm;KCC”, MCC'"

are bounded closed convex sets; S C Cm , Tc Cn are polyhedral cones;

f: 02n + € 1is analytic and has convex real part with respect to R+ on

the manifold
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W= {Wh, v?) €| W =u}.

Preliminary results

Mahajan and Vartak [§] studied the following pair of symmetric

problems:
PRIMAL PROBLEM I:

maximize ®(z) = Re(e, z) + min{Re(z, k) | k € k}
subject to -4z + b -m €S for some m €M ,
2 €T,

DUAL PROBLEM II:
minimize ¥(y) = Re(y, b) - min{Re(y, m) | m € M}

subject to AHy -c¢ -k €T* for some k € X,
y € S* .
They have also established, among other results, the following.
RESULT |. The supremum of ®&(x) over the constraint set of Primal

Problem I is less than, or equal to, the infimum of w(y) over the
constraint set of Dual Problem II.

RESULT 2. If Primal Problem I has an optimal solution, then Dual
Problem II also has an optimal solution, and the two extrema are equal, if
the following hypothesis is satisfied.

HYPOTHESIS Hl1. For all y eny , min{Re(y, m) | m € M} is attained

at a point m, € PM , where

0

Dy = {y | y satisfies the dual constraints for some k € K} ,
Py = {m ¢ ¥ | m satisfies the primal constraints for some z € T} .

RESULT 3. If Dual Problem II has an optimal solution, then Primal
Problem I also has an optimal solution, and the two extrema are equal, if

a hypothesis dual to Hl is satisfied.

In what follows, we shall need Result 2 in a slightly different form,

which is, therefore, stated below for easy reference and use.

THEOREM 1. Let 2° be an optimal solution of the problem
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Re(e, z) + max{Re(z, k) | k € K}
subject to Az - b +m € S for some m €M ,
z €T .

minimize ®(z)

Then the problem

maximize ¥(y) = Re(y, b) - max{Re(y, m) | m € M}

subject to —AHy +cec+k €T* for som k €K,
y €5*,
has an optimal solution y° , and Q(zo) = w(yo] . if the following
hypothesis is satisfied:
for all y ¢ Dy » max{Re(y, m) | m € M} is attained at a point

mOEPM.

Theorem 1 is easily deducible from Result 2 by converting the minimum

problem into a maximum problem.

Duality

THEOREM 2. The infimum of Problem P is greater than, or equal to,

the supremum of Problem D.

Proof. Let (zo, zo, mo) be a feasible solution for Problem P and
( 0 0 ,0 .0 . .
u ., u, v,k ) be a feasible solution for Problem D. Then
0 o 0 0 0
Flz™, 27) - g(u, u, v)
0 0y 4.0 0y, 00 .0 oy 0 o0 o H 0
Re|:f(z » 2 )-flu, u)+u Vlf(u , U )Hu Vef(u , U )] - Re bv

+ max{Re K120 | ¥ € X} + max{Re 0 | m e M}

v

Re [(zo—uo) tVlf 2, «%)+(=%-%) HV2f @, 2y v.f @, «®)+u° Vf @°, uo)]

H H
- Re b™% + Re k0 20 + Re m® ° (oy (2))
t —_ H — H H
= Re [zo Vlf(uo, u0] +z0 sz(uo, uo) +k0 zo] - Re bHvo + Re m0 vo
H H
2 Re[2° AHvo] - Re b"0% + Re m® W©  (by (1) and (5))

v

0 (by (3) and (6)).
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THEOREM 3. (2°, 2°) 4s an optiml solution for Problem P iff 2°

is an optimal solution of the following problem:

PROBLEM P1

minimize H(z) = Re[[vlf[zo, zo)]tz+[V2f(zo, ;;B]Hz}

+ max{Re kHz | k¥ €k}
subject to Az - b +m €S for some m €M,
z €T .

Proof. The proof is similar to that of a theorem proved by Mond
(L7171, Theorem 4, p. 481).

(i) P = Pl. Suppose (zo, zo) is an optimal solution for Problem P,

but there exists some feasible zl such that H(zl) < H(zo) 5  that is,

(1) #(z") - #(z°)

e[, 760, ) (-0 [n,6%, ) (2-29)]
+ max{Re X'z* | k € X} - max{Re K720 | k € K}
Re[[zl-zo)tvlf(zo, ;6j+(zl—zO)HV2f(zo, ;Fa]

+ max{Re kHzl | k € K} - max{Re x50 | k € k}

Since (zl, zl) and (zo, zo) are feasible solutions for Problem P it

follows that for

2° = Az + (l—)\)zO , 0=A=1,

(32, zz) is also feasible for Problem P.

Now consider

(8) F(s2, 5°) - F(2% 2°) = Re[f(s%, 29)-F(z°% 2°)] + max{re 722 | k ¢ k}
- max{Re kHzo | & € k} .

Expanding in a Taylor series, with R

1 denoting the appropriate

remainder, we have
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(9) Re[f(z%, 29)-F(z°, 2°)]
kl+k2+. . '+k2n

. § 1 2 £(2°,2°)
T ke T an o KRtk Ry k. k. K,
12" "en Szl...azn azl ...azn

k k k k
171 T n on 171 cot n n N+l
Re [(22..30] ty f(zo s zo) + (ze-zo) HVZf(zo R zo)]

k. +k +...+k —
1 2 an.(zo,zO)

™=

on’ 1 Na— N+l —2n
1 2 on azl ...azn le ...02

k k k k
1 n n+l 2n
2 0 2.0 l 2 O] l 2 .0
x [zl_zl] e [zn_zn] zl-zl vee zn-zn + RIV+1

= me[ (25940, (:0, 2°)+ (259 o0 (0, )]

—_— =

1
¥ }\k1+K2+"'+k2n akl+...+k2nf ZO 3—6]
+Rek +k_+ k 2kl!k2!"'!k2n! kl n.— N+l , on
celtk, = — —
1 2 on azl ...azn azl ...azn

k k k k
1 n n+l on
1.0 1.0 1.0 1.0
X [zl_zl] [zn_zn] E—a [;—;} + RIV+1 R
where ki are non-negative integers.
Also
(10) max{Re kH22 | & € k} - max{Re kHzO | ¥ €k}

= max{Re kH(Azl+(l-)\)zo] | k¥ € XK} - max{Re x50 | k¥ € k}

A max{Re e | k € k} + (1-A)max{Re 120 | & €k}

1A

- max{Re 120 | k¥ € kx}

A [max{Re 1t | ¥ € kK}-max{Re 120 | & € k}]

From (8), (9)s and (10) we have

F(ze, 32) - F(zo, zo) = (9) + (10) .
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Now, since RIV+1 -0 as N =+ | by choosing A > Q0 sufficiently small,

F(zz, 22) - F(zo, zo) will have the sign of
Re [(zl—zo) f0,7(°, 2)+(a*-2%) £ (s°, zo)]
+ max{Re kit | ¥ € k} - max{Re K120 | k €k}

which is negative by (7).

Hence, we have F(zz, 32) - F(zo, zo) < 0 , which contradicts the

assumption that (zo, zo] is an optimal solution c¢f Primal Problem P.

Hence zo is an optimal solution for Problem Pl.

(ii) P1L ® P. Let 20 be an optimal solution of Problem P1. Then

for any feasible solution 2z we have

Re[(z—zo)tvlf(zo, 2)+(5-29) 27,7 (°, 5)]

+ max{Re 1z | ¥ € k} - max{Re kHzo | ¥ € Kk}

(11) H(=z) - H(zo)

v
(@]

Now

F(z, z) - F(zo, zo) Re[f(z, ;)-f(zo, zo)] + max{Re iz | x €k}

- max{Re kHzo | x € k}

Re [(z-zo) tVlf(zo . zo) + (z—zo) HV2f(zo s ;)_)]

+ max{Re K | ¥ € K} - max{Re 120 | « € x} (by (2))
20 (by (11)).

v

Thus (zo, zo) is an optimal solution of Problem P.

REMARK. In what follows, we will use only the first part of the

theorem; namely, P = P1.

THEOREM 4. If (2°, 2°) <s an optimal solution of Primal Problem P

then there exists a 1)0 such that (zo, zo, vo) i8 an optimal solution
for Dual Problem D and the extreme values of the two objective functions

are equal, if the following hypothesis is satisfied:
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for all v €D — , max{Re(v, m) | m € M} is attained at a
3,3,V
point mo € PM » Where D 00 denotes the set of all v
27,2 ,0
which satisfy the dual constraint with u = 20 .

Proof. By Theorem 3, part (i), 2% is an optimal solution for
Problem P1. By Theorem 1, the dual of Problem Pl is the following problem,
denoted by Problem Dl.

PROBLEM D1

maximize G(v) = Re{v, b) - max{Re(v, m) | m € M}

(12) subject to -A7v + ng‘(zo, 2%) + Vlf'(zo, %) + k €
for some k € X ,

(13) v € 5%

By Theorem 1, there exists vo optimal for Problem D1 and such that

#(z%) = ¢(v°) ; that is,

(14) Re[[Vlf[zo, Z)-]]tz0+[V2f(zo, zo)]Hzo] + max{Re k20 | & ¢k}

0

= Re(v°, b) - max{Re(v®, m) | m € m}

From (12) and (13), (zo, zo, vo) is a feasible solution for Problem D.

Now

g(zo’ ZO, UO)

Re'if(zo, zo)—zo Vlf'(zo, zo]-zo Vef(zo, zo)+bHvo] - max{Re (m, vo) | m € M}

Re f(zo, zo] + Re 50 max{Re (m, vo] | m € M}

0, b) + max{Re(vo, m | meup (by (14))

+ max{Re 120 | ¥ € k} - Ref{v
Re f(zo, zo] + max{Re 150 | & € k}

F(°, 20 .

Thus we have a feasible solution (zo, zo, vo) for Dual Problem D which

further satisfies
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g(zo, zo, vo) = F(zo, zo) .

Thus, by Theorem 2, it follows that [zo, zo, vo] is an optimal solution
for Problem D.

Special cases

If M= {0} , we observe that Problems P and D reduce to those
considered by Mond [11]. We further note that in such a case the
hypothesis in Theorem 4 is automatically satisfied and hence, Mond's
Theorem ([11], Theorem 5) turns out as a special case of Theorem L proved

above.

1t flz, ) = eHz, Problems P and D reduce to those considered by

Mahajan and Vartak [§].

If in addition to M = {0} , f(z, 2) = oz , we take S = {0} then
Problems P and D reduce to those considered by Smiley [15]. If M = {0}

and
S i i no  Hi
(15) K= Yy QU with U" ={u € | uQu =1}
=1
(A nxn . - . - -
where & €C , =1, ..., r are positive semidefinite hermitian,

then it can be shown as in Smiley [715] that Problems P and D reduce to
those considered by Mond [10].

1t M= {0} ana

(16) flz, 7) = %8z + pz |

where B is hermitian positive semidefinite, then Problems P and D reduce

to those considered by Mond [1Z].

1r M= {0} , K is defined by (15), and f(2, 2z) is given by (16),
then Problems P and D reduce to those considered by Rani [13]. If also

(17) s=1z €| |arg 2| = a} ,
(18) T=1{wec | largwl =8},
for given a € RT ., BE€ Rf , o =m/2, =1, ..., m, Bi =%/2 ,
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2=1, ..., n , then the problems considered by Rani and Kaul [14] are

obtained.

It M= {0} , K is defined by (15) with » =1 and f(z, 7) = p'z ,
Problems P and D reduce to those considered by Mond [9]. If also S and
T are defined by (17) and (18), the problems of Bhatia and Kaul [4] are

obtained.

If M=1{0}, K=1{0}, and S and T are defined by (17) and (18)
the problems considered by Hanson and Mond [6] are obtained.

1r M={0}, X=1{0}, and f(z, 2) is given by (16) the complex
quadratic programming problems of Abrams and Ben-lIsrae! [2] are obtained.
If also S and T are given by (17) and (18), Problems P and D reduce to
those of Hanson and Mond [5].

1f M={0}, k=1{0o}, flz, z) = sz , the complex linear
programming problems of Ben-lsrae! [3] are obtained. If also § and T

are given by (17) and (18), we obtain the problems of Levinson [7].

References

[7] Robert A. Abrams, "Nonlinear programming in complex space:
sufficient conditions and duality", J. Math. Anal. Appl. 38
(1972), 619-632.

[2] Robert A. Abrams and Adi Ben-Israel, "A duality theorem for complex
quadratic programming", J. Optimization Theory Appl. 4 (1969),
244252,

[3] Adi Ben-lisrael, "Linear equations and inequalities on finite

dimensional, real or complex, vector spaces: a unified theory",

J. Math. Anal. Appl. 27 (1969), 367-389.

[4] Davinder Bhatia and R.N. Kaul, "Nonlinear programming in complex
space", J. Math. Anal. Appl. 28 (1969), 1kL-152.

[5] Morgan A. Hanson and Bertram Mond, "Quadratic programming in complex
space", J. Math. Anal. Appl. 20 (1967), 507-51k.

{6] Morgan A. Hanson and Bertram Mond, "Duality for nonlinear programming
in complex space", J. Math. Anal. Appl. 28 (1969), 52-58.

https://doi.org/10.1017/50004972700024825 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700024825

22

7]

[8]

£91

[103

[11

0z

(73]

[14]

[715]

D.G. Mahajan and M.N. Vartak

Norman Levinson, "Linear programming in complex space", J. Math.
Anal. Appl. 14 (1966), Lh-62.

D.G. Mahajan and M.N. Vartak, "Symmetry and duality for a class of

nonlinear programs in complex space", submitted.

Bertram Mond, "Nonlinear nondifferentiable programming in complex
space", Nonlinear programming, 385-400 (Proc. Sympos.
Mathematics Research Center, University of Wisconsin, Madison.

Academic Press, New York, London, 1970).

B. Mond, "Nonlinear complex programming", J. Math. Anal. Appl. 43
(1973), 633-6h1.

Bertram Mond, "Duality for complex programming", J. Math. Anal. Appl.
46 (1974), L78-L86.

Bertram Mond, "Duality for a complex nonlinear program", Opsearch 11
(19714), 1-9.

Oma Rani, "A duality theorem for complex nonlinear programming",

Opsearch 10 (1973), 1k-23.

Oma Rani and R.N. Kaul, "Nonlinear programming in complex space", J.
Math. Anal. Appl. 43 (1973), 1-1bL.

M.F. Smiley, "Duality in complex homogeneous programming", J. Math.
Anal. Appl. 40 (1972), 153-158.

Department of Mathematics,

Indian Institute of Technology,

Bombay,

India.

https://doi.org/10.1017/50004972700024825 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700024825

