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A PARTITION THEOREM OF SUBBARAO

BY
HANSRAJ GUPTA

In a recent paper, Subbarao [1] has used generating functions to prove the

THEOREM. Let C(n) be the number of partitions of n such that all even
multiplicities of the parts are less than 2m, m>1; and all odd multiplicities are at least
(2r+1) and at most 2(m+-r)—1, r >0. Let D(n) be the number of partitions of n into
parts which are either odd multiples of (2r+4-1) or are even and not divisible by 2m.

Then
C(n) = D(n).
We give here a straight-forward
Proof. Let
M L S

be a C-type partition of n with a’s distinct positive integers and

@) m {Zx,, 0<x; <my
TR+, 0Ly <mj

according as m; the multiplicity of a; is even or odd.

Without loss of generality, we can assume that in (1) the first k, of the a’s have
an even multiplicity, the next k; an odd multiplicity exceeding (2r+1) and the rest
an odd multiplicity equal to (2r+1).

Then, we have

kg ko-l-kl
n —2Zajxj+ > {2(y;+n+1}a;+2r+1) 2 a;
I=ko+1 j=Fko+k+1

ko kot+ky
—2{251 X+ Y ajy,}+(2r+1) > oa

j=1 J=ro+1 =ko+1
= DM+Qr+1)N.

Notice that
k

©) N= 3% a

J=kot+1
provides a partition of N into distinct summands, to which corresponds in the
manner of Sylvester [2] a unique partition of N into odd parts repetitions allowed.
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Let this be given by

) bt byt e b
Again
% kotky
M=3ax,+ 2 ay;
i=1 i=ko+1
Koty

= 2 a;z;,
j=1
where z;=x; or y; according as j is or is not
©) < ko3 2, > 0;

provides a partition of M in which the multiplicity of a; is at most (m—1). Corre-
sponding to this we have the unique partition

(6) Cidl ng Cg3 e CZ": v = ko+k,
of M, with
@) ¢ = ai/m" d; = mtzf

t being the index of the highest power of m which divides a;, >0. Evidently the
¢’s in (6) are not necessarily all distinct.
We thus obtain the D-type partition

(®) Q)™+ - ()™ {Q2r+ Db} {Qr+ Dby} - - - {2r+1)by 1"

of n from the C-type partition (1).

In the reverse process, (7) and the fact that z;<m, play an important role but the
reconstruction of (1) from (8) offers no special difficulty. The correspondence
between the C-type and D-type partitions of n being one-one and onto, the theorem
follows.

ExampLE. Let us find the C-type partition corresponding to the D-type partition

23 437 811 142 92 151
of 303, when r=1, m=5.
Taking the even parts first, since

37 = 254-2.542; and 11 = 2.541;
we have

dy=3, dy=25 dy=10, dy =2, dy=10, dg=1, d,=2;

=1, =2, ¢¢3=2, c4=2, ¢c;=4, c=4, ¢ =17
Thus

1=3, zo=1, z3=2, z4=2, zz=2, zg=1, z,=2;
1

, 4, =250, az=10, a;,=2, a;=20, ag=4, a, =
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Taking the odd parts now, we get

b1=3, b2=5; u1=2, u2=1.

The Sylvester partition into distinct parts corresponding to the partition 3% 5 into
odd parts, is readily found to be 5* 4* 2. We use the graph:

* k% ok k%

for the purpose. The required C-type partition, therefore, is
18 50 10* 2¢ 20¢ 4% 7¢ 5% 43 23
ie. 1% 50° 10* 20* 7* 5% 45 27
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