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Transversality theorem in o-minimal structures

Ta Lê Loi

Abstract

In this paper we present Thom’s transversality theorem in o-minimal structures (a
generalization of semialgebraic and subanalytic geometry). There are no restrictions
on the differentiability class and the dimensions of manifolds involved in comparison with
the general case.

Introduction

In this paper we present Thom’s transversality theorem for maps and sets that are definable in
o-minimal structures (see the definition below). Whitney’s paper [Whi35] provides examples of
functions which are nonconstant on a connected set of critical points (see also examples in [Yom91]).
Therefore, owing to Morse–Sard’s theorem, in the general case (see [Lev71]) and also in the X -version
of the theorem given by Shiota [Shi97], there are some restrictions on the differentiability class and
the dimensions of manifolds involved. In o-minimal structures, however, the theorem holds for any
C1-definable submanifolds of any dimensions of the jet spaces. This can be seen as an example
of the ominimality being tame. Our proof is quite elementary, using some standard arguments of
singularity theory in the o-minimal setting, and a tricky computation of the rank of the Jacobian
matrix (see Lemma 2).

1. O-minimal structures

We only recall here the axioms of o-minimal structures. It is a generalization of semialgebraic and
subanalytic geometry. We refer the reader to [VdD97], [VdDM96], [Cos00] and [Wil99] for many
interesting o-minimal structures, and for many finiteness properties and tameness features of the
o-minimality.

A structure on the real field (R,+, ·) is a sequence D = (Dn)n∈N such that the following conditions
are satisfied for all n ∈ N:

• Dn is a Boolean algebra of subsets of R
n;

• if A ∈ Dn, then A × R and R × A ∈ Dn+1;

• if A ∈ Dn+1, then π(A) ∈ Dn, where π : R
n+1 → R

n is the projection on the first n coordinates;

• Dn contains {x ∈ R
n : P (x) = 0}, for every polynomial P ∈ R[X1, . . . ,Xn].

A structure D is said to be o-minimal if:

• each set in D1 is a finite union of intervals and points.

A set belonging to D is said to be definable (in that structure). Definable maps in a structure D are
maps whose graphs are definable sets in D.
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In this note we fix an o-minimal structure on (R,+, ·). By ‘definable’ we mean definable in this
structure. Let p be a positive integer, p � 1.

2. Definable Whitney topology

Let N,M be Cp-definable submanifolds of R
n, Rm, respectively. Let Dp(N,M) denote the set of

Cp-definable mappings from N to M . On this space the definable Whitney topology is defined as
follows (see [Esc02] or [Shi87]).

First consider the case M = R. Let v1, . . . , vs be Cp−1-definable vector fields on N , such that
v1(x), . . . , vs(x) span the tangent space TxN of N at each x ∈ N . For each f ∈ Dp(N, R), and positive
continuous definable function ε on N , the ε-neighborhood of f in this topology is defined by

Uε(f) = {g ∈ Dp(N, R) : |vi1 · · · vik(g − f)| < ε, 1 � k � p, 1 � i1, . . . , ik � s},
where vf is the derivative of f along v, that is, vf(x) = df(x)(v(x)). Note that this topology does
not depend on the choice of v1, . . . , vs.

The topology on Dp(N, Rm) = Dp(N, R)×· · ·×Dp(N, R) is the product topology. For the general
case, Dp(N,M) is a subspace of Dp(N, Rm) with induced topology.

In this topology we have the following propositions which are proved in [Esc02].

Proposition 1. Let TN be a definable open neighborhood of N in R
n. Then the restriction map

Dp(TN ,M) → Dp(N,M), f �→ f |N
is continuous.

Proposition 2. Let TM be a Cp-definable submanifold of R
m. Let π : M → TM be a Cp-definable

mapping. Then the mapping

Dp(N,TM ) → Dp(N,M), f �→ π ◦ f

is continuous.

3. Definable jet bundles

Let N,M be Cp-definable submanifolds of R
n, Rm, respectively. Let 0 < r � p. Let Jr(N,M)

denote the space of all r-jets of maps from N to M (see, for example, [Hir76] for the definition).
We define the definable r-jet space by

Jr
D(N,M) = {jrf ∈ Jr(N,M) : f ∈ Dr(N,M)}.

To see that this space is a definable set, we can construct it as follows (cf. [Shi97]). Let P r(Rn)
denote the set of all polynomials in n variable of degree at most r which have their constant term
equal to zero. Let

R = #{α = (α1, . . . , αn) ∈ N
n : 1 � |α| = α1 + · · · + αn � r}.

We identify P r(Rn) with R
R, by∑

1�|α|�r

aαXα ↔ (α!aα)1�|α|�r.

For the case N = U and M = V being open subsets of R
n and R

m, respectively, it is easy to see that

Jr
D(U, V ) = Jr(U, V ) ≡ U × V ×

m∏
i=1

P r(Rn) ≡ U × V × R
mR.
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For f ∈ Dr(U, V ), we denote and identify the r-jet of f at x by

jrf(x) = (x, f(x),
∑

1�|α|�r

∂αf(x)
α!

(X − x)α) ≡ (x, f(x), ∂αf(x))1�|α|�r,

where

∂αf =
∂|α|f

∂xα1
1 · · · ∂xαn

n
,

when α = (α1, . . . , αn) ∈ N
n.

For general N and M , take Cr-definable tubular neighborhoods (TN , πN , ρN ) and (TM , πM , ρM )
of N and M in R

n and R
m, respectively. Note that such neighborhoods exist by [Esc02, Theorem 1.9].

Then we have

Jr
D(N,M) = {jr(πM ◦ f ◦ πN )(x) : f ∈ Dr(TN , TM ), x ∈ N}

= {jr(πM ◦ T r
xf ◦ πN )(x) : f ∈ Jr(TN , TM ), x ∈ N},

where

T r
xf(y) = f(x) +

∑
1�|α|�r

∂αf(x)
α!

(y − x)α.

Indeed, for each f ∈ Dr(N,M), there exists f̃ = f ◦ πN ∈ Dr(TN , TM ) such that f̃ |N = f , so we
have the first equality. By Leibniz’s rule, ∂α(πM ◦f ◦πN )(x) is a polynomial of ∂βπN (x), ∂δf(πN (x))
and ∂γπM (f(πN (x))), with |β|, |δ|, |γ| � |α|, so we have the second equality.

Hence, Jr
D(N,M) is a definable submanifold of Jr(Rn, Rm).

4. Definable stratifications

A definable Cp stratification of X ⊂ R
m is a partition S of X into finitely many subsets, called

strata, such that:

• each stratum is a Cp submanifold of R
m and also a definable set;

• for every S ∈ S, S \ S is a union of some of the strata.

We say that S satisfies Whitney’s condition (a) if the following holds. For every S,R ∈ S with
S ⊂ R, given a sequence of points (xk) in R converging to a point y of S such that Txk

R converges
to a vector subspace T of R

m, we have TyS ⊂ T .

5. Morse–Sard’s theorem

Theorem 1 (Morse–Sard). Let N and M be Cp definable manifolds, and f : N → M be a Cp

definable map. For each s ∈ N, let

Σs(f) = {x ∈ N : rank df(x) < s} and Cs(f) = f(Σs(f)).

Then Cs(f) is definable and dim Cs(f) < s.

Proof (Cf. [Wil99, Theorem 2.7]). It is easy to see that Cs(f) is definable. To prove the second part
we suppose, contrary to the assertion, that dimCs(f) � s. Then, by the definable choice [VdDM96,
Theorem 4.5], there exists a definable subset U of Cs(f) and a definable Cp mapping s : U → Σs(f)
such that f ◦ s = idU . So rank df(s(y))ds(y) � s, for all y ∈ U . Hence, rank df(x) � s, for all
x ∈ s(U). This is a contradiction.

Note that, in general, Morse–Sard’s theorem [Sard42] requires the differentiability class of f ,
namely p > max(dim N −dimM, 0) if s = dim M . See [Whi35] and [Yom91] for examples where the
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theorem does not hold for mappings of low smoothness. However, by Theorem 1, Thom’s transver-
sality theorem in o-minimal context holds for any C1-definable submanifolds of any dimensions of
the jet spaces. For the restrictions in the general case we refer the readers to [Lev71, 7. Theorem 1]
and [Shi97, Theorem II.5.4(3)].

6. Transversality theorem

Theorem 2 (Transversality). Let N and M be definable Cp manifolds. Let A be a finite collection
of definable C1 submanifolds of Jr

D(N,M) (0 < r < p). Then the set

τr(A) = {f ∈ Dp(N,M) : jrf is transverse to each member of A}
is a dense subset of Dp(N,M).

Moreover, if A is a stratification of a closed subset and satisfies Whitney’s condition (a), then
τr(A) is an open subset of Dp(N,M).

To prove the theorem, we use the following lemmas.

Lemma 1. Let U be an open definable subset of R
n. Let ε : U → R be a positive continuous

definable function. Then there exists a positive definable Cp function ϕ : U → R, such that

|∂αϕ| < ε, for all |α| � p.

Proof. The proof is a modified version of the proof of [Loi06, Lemma 4].

For n = 1. By finiteness of the number of the connected components of U , we can assume U = (a, b).
Moreover, by cell decomposition [VdDM96, Theorem 4.2], ε can be smoothed at unsmooth points
in an elementary way. So we have reduced this to the case that ε is of class Cp.

If limt→a+ ε(t) > 0 and limt→b− ε(t) > 0, then take ϕ = c, where c is a constant, 0 < c <
mint∈(a,b) ε(t).

If limt→b− ε(t) = 0, then by motonicity [VdDM96, Theorem 4.1], ε′ is strictly increasing on a
neighborhood of b, and tends to zero at b. Repeating the previous argument for ε′′, . . . , ε(p), we
obtain a < b′ < b, such that ε, ε′, . . . , ε(p) are strictly monotone on (b′, b), tend to zero at b, and
|ε(t)| < 1, . . . , |ε(p)(t)| < 1, for all t > b′. Similarly for the case limt→a+ ε(t) = 0, the above conditions
are satisfied for ε on (a, a′), with a < a′ < b. If we take a constant M that is large enough, then
ϕ = εp+1/M has the desired properties.

For general n. Let

ε1(x) =
ε(x)

N(1 + ‖x‖p)
,

where N is a positive number. Fix x0 ∈ U . For t ∈ R, let

α(t) = min
{

ε1(x) : ‖x − x0‖2 � t2, d(x, ∂U) � d(x0, ∂U)
1 + t2

}
.

Applying the case n = 1, we have a positive definable Cp function g : R → R, such that |g(k)| < α,
for all k ∈ {0, . . . , p}. Now let ϕ(x) = g(‖x‖2). Then by the chain rule, when N is large enough, we
have |∂αϕ(x)| < Nε1(x)‖x‖|α| < ε(x), for all x ∈ U , for all |α| < p.

Lemma 2. Let ϕ : R
n → R be a Cp function, and α ∈ N

n. For γ ∈ N
n, denote γ � α if and only if

α − γ ∈ N
n, and γ < α if and only if γ � α, γ 	= α. Then there exist real numbers aγ(γ < α) such
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that for all β ∈ N
n with |β| � |α|, we have

∂β(xαϕ) =
∑
γ<α

aγxα−γ∂β(xγϕ) if β 	= α,

∂α(xαϕ) = α!ϕ +
∑
γ<α

aγxα−γ∂α(xγϕ).

Proof. First, note that

∂δ(xα) =




α!
(α − δ)!

xα−δ if δ � α,

0 if δ 	� α.

Let aγ(γ < α) be the solution of the following system of linear equations of triangular form:
∑

δ�γ<α

(γ − δ)!
γ!

aγ =
α!

(α − δ)!
(δ ∈ N

n, δ < α).

We shall check that the aγ(γ < α) satisfy the equations of the lemma.
For each β ∈ N

n, |β| � |α|, by Leibniz’s rule and the note, the left-hand side is

Aβ = ∂β(xαϕ) =
∑
δ�β

Cδ
β∂β(xα)∂β−δϕ =

∑
δ�β,δ�α

(
Cδ

β

α!
(α − δ)!

xα−δ

)
∂β−δϕ.

On the other hand, by Leibniz’s rule and the note, the right-hand side is

Bβ =
∑
γ<α

aγxα−γ∂β(xγϕ)

=
∑
γ<α

aγxα−γ

(∑
δ�β

Cδ
β∂δ(xγ)∂β−δϕ

)

=
∑
δ�β

(∑
γ<α

aγxα−γCδ
β∂δ(xγ)

)
∂β−δϕ

=
∑
δ�β

( ∑
δ�γ<α

aγxα−γCδ
β∂δ(xγ)

)
∂β−δϕ

=
∑
δ�β

( ∑
δ�γ<α

Cδ
β

(γ − δ)!
γ!

aγxα−δ

)
∂β−δϕ.

By the definition of the aγ , we have

Bβ =
∑

δ�β,δ<α

(
Cδ

β

α!
(α − δ)!

xα−δ

)
∂β−δϕ.

If |β| � |α| and β 	= α, then

{δ ∈ N
n : δ � β, δ � α} = {δ ∈ N

n : δ � β, δ < α},
and, thus, Aβ = Bβ.

If β = α, then

{δ ∈ N
n : δ � β, δ � α} \ {δ ∈ N

n : δ � β, δ < α} = {α},
and thus

Aα − Bα = Cα
α

α!
(α − α)!

xα−α∂α−αϕ = α!ϕ.

This completes the proof of the lemma.
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Lemma 3. Let N,J and T be definable Cp manifolds, and Φ : T × N → J be a definable Cp map.
Let A be a finite collection of definable submanifolds of J . If Φ is submersive, then the set

τ(Φ,A) = {t ∈ T : Φ(t, ·) is transverse to each member of A}
is a definable set and dim(T \ τ(Φ,A)) < dim T .

Proof. Use Morse–Sard’s theorem (see [Loi06, Proposition 2] for details).

Proof of Theorem 2 (Cf. [Shi97, Theorem II.5.4(3)]). We reduce the proof to the case N = U being
an open subset of R

n, and M = R
m, by the following arguments.

Let (TM , πM , ρM ) be a Cp-definable tubular neighborhood of M in R
m. Let πM∗ : Jr

D(N,TM ) →
Jr
D(N,M), jrf �→ jr(πM ◦ f). Let f ∈ Dp(N,M). If g is an approximation of f in Dp(N, Rm) and

jrg is transverse to π−1
M∗(A), for each A ∈ A, then, by Proposition 2, πM ◦ g is an approximation

of f in Dp(N,M) and jr(πM ◦ g) is transverse to each member of A. Therefore, we can reduce the
proof to the case M = R

m.
On the other hand, let (TN , πN , ρN ) be a Cp-definable tubular neighborhood of N in R

n. For
each A ∈ A being a definable submanifold of Jr

D(N, Rm), define

Ã = {(x, y, aα)1�|α|�r ∈ Jr(TN , Rm) : (πN (x), y, aα)1�|α|�r ∈ A}.
Then Ã is a definable submanifold of Jr(TN , Rm). Let f ∈ Dp(N, Rm). If g is an approximation
of f in Dp(TN , Rm) and jrg is transverse to Ã, for each A ∈ A, then, by Proposition 1, g|N is an
approximation of f in Dp(N, Rm) and jr(g|N ) is transverse to each member of A in Jr

D(N, Rm).
Therefore, we can reduce the proof to the case where N is an open subset of R

n.
Now, let f : U → R

m and let f = (f1, . . . , fm) be a Cp-definable map. Let ε : U → R be a
positive continuous definable function. We construct a function in τr(A) which is in a ε-neigborhood
of f .

Case m = 1. Let P = #{α ∈ N
n : |α| � p} and C = P 2(p!)2n. Let ϕ : U → R be a positive

Cp-definable function such that

|∂αϕ(x)| <
ε(x)

C(1 + ‖x‖p)
, for all |α| � p.

Note that such a function exists by Lemma 1.
Consider the following family of definable functions

F (t, x) = ft(x) = f(x) +
∑
|α|�r

tαxαϕ(x),

where I = (−1, 1), t = (tα)|α|�r ∈ IR0 , R0 = #{α ∈ N
n : |α| � r} and x ∈ U . First, we prove that

ft is in a ε-neighborhood of f . Indeed, for each α ∈ N
n with |α| � p,

|∂α(ft − f)(x)| �
∑
|β|�r

|tβ||∂α(xβϕ)(x)| �
∑
|β|�r

|∂α(xβϕ)(x)|.

From the proof of Lemma 2 and by the definition of ϕ, we have

|∂α(xβϕ)| =
∣∣∣∣
∑
δ�α

Cδ
α∂δ(xβ)∂α−δϕ

∣∣∣∣ =
∣∣∣∣

∑
δ�β,δ�α

Cδ
α

β!
(β − δ)!

xβ−δ∂α−δϕ

∣∣∣∣
<

∑
|δ|�p

(p!)n(p!)n(1 + ‖x‖p)
ε

C(1 + ‖x‖p)
.

Therefore, by the selection of C, we obtain

|∂α(ft − f)(x)| < ε(x), for all x ∈ U.
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Using Lemma 3, we prove that there are many t ∈ IR0 , such that ft ∈ τr(A). To this end, we need
to check that

Φ : IR0 × U → Jr(U, R) ≡ U × R
R0,

defined by Φ(t, x) = (x, (∂αft(x))|α|�r), is a submersion.
Calculating, we can write the Jacobian matrix JΦ(x, t) in block form:



O · · · O · · · O · · · O · · · In

ϕ(x) · · · xγϕ(x) · · · xβϕ(x) · · · xαϕ(x) · · · ∗
...

...
...

...
...

∂γϕ(x) · · · ∂γxγϕ(x) · · · ∂γxβϕ(x) · · · ∂γxαϕ(x) · · · ∗
...

...
...

...
...

∂βϕ(x) · · · ∂βxγϕ(x) · · · ∂βxβϕ(x) · · · ∂βxαϕ(x) · · · ∗
...

...
...

...
...

∂αϕ(x) · · · ∂αxγϕ(x) · · · ∂αxβϕ(x) · · · ∂αxαϕ(x) · · · ∗
...

...
...

...
...




where 1 � |γ| < |β| = |α|.
Applying Lemma 2, we can reduce the matrix to the form



O · · · O · · · O · · · O · · · In

ϕ(x) · · · 0 · · · 0 · · · 0 · · · ∗
...

...
...

...
...

∂γϕ(x) · · · γ!ϕ(x) · · · 0 · · · 0 · · · ∗
...

...
...

...
...

∂βϕ(x) · · · ∗ · · · β!ϕ(x) · · · 0 · · · ∗
...

...
...

...
...

∂αϕ(x) · · · ∗ · · · 0 · · · α!ϕ(x) · · · ∗
...

...
...

...
...




.

Therefore, rank JΦ(t, x) = R0 + n, for all (t, x) ∈ IR0 × U , that is, Φ is submersive.

For the general case. Use the same arguments as in the case m = 1 for the family

F (t, x) =
(

f1(x) +
∑
|α|�r

t1,αxαϕ(x), . . . , fm(x) +
∑
|α|�r

tm,αxαϕ(x)
)

,

where t = (ti,α)1�i�m,|α|�r ∈ ImR0 .
Since the mapping jr : Dp(N,M) → Dp−r(N,Jr

D(N,M)) is continuous and

τr(A) = (jr)−1{F ∈ Dp−r(N,Jr
D(N,M)) : F is transverse to each member of A},

the proof of the second part of the theorem reduces to the case where A is a stratification of a defin-
able closed subset of M and satisfying Whitney’s condition (a). Let K be the subset of J1

D(N,M)
defined by α ∈ K if and only if there exist x ∈ N,S ∈ A, y ∈ S such that αx,y is not transverse
to TyS, where αx,y : TxN → TyM denotes the restriction of α to J1

D(N,M)(x,y).
Then by the proof of [Fel65, Proposition 3.6], K is closed in J1

D(N,M). Since the mapping j :
Dp(N,M) → J1

D(N,M), f �→ j1f , is continuous, j−1(K) is closed. Therefore, τ1(A) = Dp(N,M) \
j−1(K) is open.

1233

https://doi.org/10.1112/S0010437X08003503 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X08003503


Transversality theorem in o-minimal structures

Remark. One can check that the theorem holds in any real closed field. We do not know whether
the theorem holds for p = ∞ or p = ω.
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