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QUOTIENTS AND AMALGAMS
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§'1. Introduction

Suppose that G is a discrete group and p is a probability measure
on G. Consider the associated random walk {X,} on G. That is, let
X, =YY, ---Y,, where the Y,’s are independent and identically distributed
G-valued variables with density p. An important problem in the study
of this random walk is the evaluation of the resolvent (or Green’s function)
R(z, x) of p. For example, the resolvent provides, in principle, the values
of the n step transition probabilities of the process, and in several cases
knowledge of R(z, x) permits a description of the asymptotic behaviour
of these probabilities.

When G is abelian, the methods of Fourier analysis are available,
but, generally, new methods must be found to study the non-commutative
case (see [15], however, where explicit knowledge of the representations
of a free group allows an extension of the Fourier methods). When G
is thought of in terms of generators and relations, a natural point of
departure is the study of free groups or, more generally, groups which
are free products of “smaller” groups. On such groups, the most natural
probabilities p are those which generate “nearest neighbour” random
walks.

Random walks on finitely generated free groups have been studied
from many points of view. One of the earliest papers on this subject is
[13]. Using the idea of the length |x| of an element x, nearest neighbour
random walks (for which p(x) = 0 if |x| > 1) have been considered in [12]
and [10], for example. Isoiropic random walks (in which p(x) depends
only on |x]) were studied in [15], [17] and [9]. See also [1] and [4].

For finite free products of finite groups, random walks and related
subjects have been studied in, e.g., [2], [5] and [22]. In a recent paper
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[20], the free product of two arbitrary discrete groups is considered, and
a local limit theorem is obtained for the analogue of a nearest neighbour
random walk.

A natural next step is to free products with amalgamation. One paper
in this direction is [16].

Let us briefly describe the contents of the present paper. After
establishing our notation in Section 2, we determine in Section 3 the
resolvent for ‘“‘nearest neighbour” random walks on the free product of
a finite or countable family of discrete groups. It turns out to be a sort
of “free product” of the resolvents on the component groups. In Section
4, this is applied to obtain a local limit theorem for the case when each
factor group G, is finite and p is constant on each G,\{e}. We also obtain
a quick derivation of the “Plancherel measure” of p in two cases which
had been studied in several earlier papers. In Section 5, we consider a
discrete group G having a finite normal subgroup H, and show how to
find the resolvent of a probability obtained from a probability on G/H
and one of H. We apply this to the case when G is the free product
with amalgamation x,G; of a family of discrete groups G; having a
common finite normal subgroup H. As well as proving an appropriate
local limit theorem, we are able to determine the orthogonal polynomials

of the Plancherel measure of a symmetric probability on G obtained from
ones on G/H and H.

§ 2. Notation and Definitions

Let G be a discrete group and p a probability measure on G, ie. a
function p: G — R such that p(x) > 0 for all x € G and such that > ... p(x)
= 1. Associated to p there is a random walk {X,:n=0,1, ---} on G for
which P(X,,, = y|X, = x) = p(x~'y) for all x,ye G and n=0. Alterna-
tively, we can associate a directed graph I" to (G, p) in the following way.
The set V of vertices of I" is G, and there is an edge from x to y (one
only) if p(x~'y) > 0. We can then interpret the above process {X,} as a
random walk on V in which at each step one goes from a vertex x to
one of the neighbouring vertices y with probability p(x~'y).

Let T denote the convolution operator f— p«f on £*(G). We denote
the spectrum of 7 by X. If ze C\X, then (2 — T)' is also a convolution
operator f+— R(2) «f, and the function R(z) is called the relsolvent or the
Green function of p. It satisfies R(z) € ¢(G) and R(2)x (25, — p) = 4.,
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where §,(x) =1 if x =e and 0,(x) = 0 otheriswe. Writing R(z, x) for
the value of R(2) at xe G and r for max {|{|: t € X}, we have

2.1) R(z, x) = g‘o p*(x) if xeG and |z| >,

zn+1'

where p** is the nth convolution power of p (p*° = §,). Note that p**(x)
= P{X, = x| X, = e}, the probability of being at x after n steps, starting
at e. The value R(z, e) of R(z) at e is denoted by S(z). The number r
is called the spectral radius of p.

When p is symmetric, i.e. p(x™!) = p(x) for all x € G, the operator T
is hermitian and X < [—1, 1]. Each operator S in the operator norm
closed algebra A* generated by 7T is a convolution operator fr— g=xf.
Identifying S and g, we can regard A* as a convolution algebra of func-
tions in £%G). In particular, T is identified with p and I with §,. Now
A* 1s a C*-algebra, and we may consider the Gelfand isomorphism
A: A* - €(X), where ¢(X) is the algebra of continuous functions X — C.
A probability measure p is defined on X by the formula

f(e) = jX fdu  (fe A®).

In particular, R(z) € A*, and so
S(z) = R(z, ¢) = J ) i e C\X.
x z—1t

Thus S(2) is the Stieltjes transform of p. The measure p is called the
Plancherel measure of p.

Throughout this paper, when various probabilities such as p;, p;, etc.,
are discussed, the corresponding resolvents will be denoted by R,(z), féj(z),
etc., usually without explanation. The same applies to the correspond-
ing S(z), X and r, as well as ¢ in the symmetric case.

§3. The resolvent for free products of discrete groups

Let G be the free product of a finite or countable family {G};c, of
discrete groups. Each xe G, x # ¢, may be written in a unique way as
a reduced word, i.e. a product x,x;,---x;, where e + x;, € G, for each v
and i, 1i,,,for 1 <v <n. For each jed, let p; be a probability measure
on G,, We extend p; to G by defining py(x) =0 if xe G\G,. Let a; >0
be numbers such that 3;«; = 1, and define a probability measure p on G
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by p(x) = 2,a,;p,(x). This measure corresponds to the random walk on G
in which the possible moves from a point x € G are to points xx,, x,¢ G,
for some j. This process can be thought of as a generalized simple random
walk on G. Our first theorem shows that the resolvent of p can be
expressed in a remarkably simple way in terms of the resolvents of the
probabilities p;.

We first need two lemmas.

LEMMA 1. Let R(2) be the resolvent of a probability measure p on a
discrete group G, and let S(z) = R(z,e). Then there is a constant M,
independent of G and p, such that |R(z, x)| <|S(2)| whenever xc G and
2= M,

Proof. Let |z| > 1. Then [|R(2)|. < Zollp* [l/2["*" < 1/(2] — 1) by
equation (2.1), since |p*"|; < |p*"|, = 1. Also,

1S()| = 1/|2| — glp*"(e)/zwl = 12| — 1/jzl(z| = D = (2] — 2)/|2l(2| — 1).

Therefore || R(2)|3/|S(2)[F < |2P/(2| — 2)* < 2 once |2]| = 4 + 2V 2, = M, say.
Thus |R(z, 0)[ < [R(@)I; — [S@)I < [S(a)I" for x + e once |z]| = M,

LemmA 2. Let R(z) be the resolvent of a probability measure p on a
discrete group G and let S(z) = R(z,e). Let 0 < a <1, Then for|w|> 6,
the equation «f/S(2) = w has a unique solution 2 = Aw) satisfying |2] > 3.
Furthermore, w+— Aw) is an analytic function on {weC:|w|> 6}, and
satisfies |A(w)| = |wl|/2 and

(3.1) lad(w) — w] < 3.

Proof. Set f(u) = S(1/u) and f(0) =0. Then f(w) = > 7, p*"(e)u**,
and, as in Lemma 1, |f(w)| = [u| — 27 [ p*"(@u"*'| = [u|(1 — 2[u])/(1 — [u]).
Thus [f(w)] = 1/6 if |u| = 1/3, and f(u) # 0 if 0 <|u| < 1/3. Because also
f/(0) = 1, the inverse function theorem shows that f-'(v) exists and is
analytic for v in a neighbourhood of 0, and in fact, one can show, for
lv] < 1/6.

If v = f(u) and 0 < |u| < 1/3, then |vfu — 1| < Yo, | p*(@u" < Szl
< 3|ul/2 £1/2. Hence |v/u|=1/2 and |v/u — 1| < 3|v|, from which the
result follows.

If G is the free product of the groups G,, we apply Lemma 2 to the
resolvent R,(2) of each p, to obtain an analytic function 2,(w) for 6 < |w|
< oo, such that
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(3.2) )/ S,(2,(w) = w.

The estimate (3.1) shows that the series X(«,4,(w) — w) represents an
analytic function, bounded by 2,3, = 3, for 6 <|w| < . The equation

(3.3 z=w+ 3 a;3,(w) — w)

defines w implicitly as a function w(z) of z, for M, <|z| < oo, say, such
that w(z) > o0 as z— . For if we write z = 1/t and w = 1/v, equation
(3.3) takes the form ¢ = A(v), where A is analytic for [v| < 1/6 with A(0) =0
and A/(0) = 1. Combining the above observations, we obtain analytic
functions 2; of z for M, <|z| < oo such that |2,(2)| = |w(2)|/2 > (|z| — 3)/2.
We can now state the main result of this section.

THEOREM 1. Suppose that G is the free product of a finite or countable
family {G,, jedJ} of discrete groups. Form the probability p = X,a,p; on
G, where a; >0 and X,x, = 1, using the probabilities p, on G,, as above,
and let 2, and w be the analytic functions of z defined via (3.2) and (3.3).
Then for some constant M the resolvent of p is given by

R(z, x) = S(2)g(z, x) for xe G and |2| = M,

where g(z, x) is defined as follows: g(z,e) =1, and if x = x,x;,---x;, is
any reduced word in G, then g(z, x) = g,(x;)8.(x,)- - -8;.(x,,), where g/(x,)
= R,(2;, x,)/S,(2,).

Furthermore, S(z) = 1jw(2).

Proof. We choose M = M, so large that (M — 3)/2 = M,, where M,
is the constant in Lemma 1, and M, was defined after (3.3). Fix z with
|z| = M, and write g(x) for g(z, x). Now [1,(2)| = (2| — 3)/2 = M,, so that
|g(x)] <1 for each j and each x,€ G, by Lemma 1. Therefore g is a
bounded function on G, so that pxg and p,x g are defined. If x = x,x,,
.+ .x,; 1s a reduced word, then (p, * g)(x) = (p,; *x g)(€)g(x) = (2, — 1/S,(2,))8(x)
if j+# i, while (p;*g)x) = (Pi, * 8)(%:)8:0 (%) + - 80, (%1,) = 2;,8:,(%:,) G1,(%:,)
ceog(x;,) = 2,8(x) if j = i,. Therefore

(p*8)x) = Zja(p;* &)%) = e, + 3 i3, — 1/S,2,)]8(x)
= [“z’;/szl(zil) + Zj(“jzj - aj/Sj('zj))]g(x)
= [w + (a4, — w)]g(x)
= zg(x).

Thus (p * g)(x) = 2g(x) for each x # e, while
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(pxg)e) = Z'jaj(pj *gj)(e) = Zjaj(zj - 1/Sj(2j))
=2—W.

Thus h(x) = g(x)/w is a bounded function satisfying (26, — p) + b = 4..
Now |z| > 1, so that (26, — p)~! exists and is in ¢'(G). Therefore (26, — p)™!
= (20, — p)"' %6, = (20, — p)' % ((20. — p)x h) = (26, — p) '« (28, — p)) = h
= d,xh = h. That is, R(z, x) = g(x)/w. In particular, S(2) = 1/w.

Remark. Nowhere in the above proof do we use the hypothesis that
p(x) =0 for all xe G. We need only assume that > ..q|p(x)| < 1.

§4. The free product of a family of finite groups; A local limit
theorem

§4.1. An important special case of Theorem 1 occurs when all the
groups G, are finite, with |G,| = r, (=2), say, and when p,(x) = 1/(r; — 1)
for each x € G;, x # e. This situation has been studied (for a finite number
of groups G,) in [5], [10] and [13], for example. Using Theorem 1, we shall
be able to prove the following local limit theorem. For convenience we
shall write |e| = 0 and |x] = m if x€ G is a reduced word x;x,,---x;_.

THEOREM 2. Let G be the free product of a finite or countable family
{G;, jedJ} of finite groups. Form the probability p = Za;p; on G of the
probability measures p, on G, described above. Let X < [—1,1] be the
spectrum associated with p, and let b = max X and a = min X.

1) If r,+ 2 for some jed, then 0 < —a < b <1 and for each fixed
x e G, we have

4.1) pEY(x) = ¢(x)n‘3/2b”<1 + 0(—111—)) as n— o

for some $(x) > 0.

i) If r,=2 for all jed, and if |J|>2, the —a = b <1 and for
each fixed x € G we have (4.1) as n— oo with n = |x|mod 2, and p**(x) =0
if n =% |x|mod 2.

i) If r,=2 for each jedJ and if |J| =2, then —a =b =1 and

pF(x) = %n—x/z + O(n—*"?)

as n— oo with n = |x|mod 2, and p**(x) = 0 if n %= |x| (mod 2).

We have included case (iii) of Theorem 2 for completeness although
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it appears more or less explicitly in [11] and [15].
Let us first calculate the resolvent for each group G,.

LemMa 3. Let G be a finite group, with |G| = r, and let p(x) = 1/(r — 1)
for each xe G, x #e. Then R(z, x) = 1/(z — )((r — Dz + 1) if x = e, while
S@) =((r—D—1+ DIz — ) — Dz + 1).

Proof. Now (p#)(®) = Shnyeaf3®) (r — 1) = (Tuca f@)/(r — 1) —
f@))r—1) =0 — f(x)/(r — 1), say. Thus (26, — p)«f =45, means that
(z+1/(r — 1))f(x) = gif x e, and (z + 1/(r — 1))f(e) = ¢ + 1. Therefore
r—Do =D ,ef(x) =((r—1Do+0o+1D/(z+ 1/(r — 1)), so that ¢ =
1/(r — 1z — 1). The result now follows.

The equations «,;/S,(4;) = w become in this case

ar;, — D& — (ar; — 2) + w(r; — INA; + w(r; — 2) — a; =0,

which have solutions

=2+ wr, — D)+ Vwlr; — 1) — ar, — 2)F + 4d(r; — 1)

_«
4.2 2w = 2a,(r; — 1)

where the square root is chosen so as to behave like w(r; — 1) as w— .
Thus 1,(w) is the solution described in Lemma 2. We can define the
functions 1,(w) simultaneously on C\I', where I" is a simple path passing
through all the points a,(r; — 2)/(r; — 1) % 2ia,/+/r; — 1 and meeting the
x-axis only at the origin. Note that the square root in (4.2) is positive
for we (0, ) and negative for w e (— o0, 0).

Equation (3.3) in this case takes the form, writing B, for «,/(r; — 1).

43) z=w+ Q23,{8,r; —2) — w+ +(w — Br, — 2) + 48(r; — 1)}.

As explained before Theorem 1, this series converges for |w| large. In
fact, it converges for w in a neighbourhood O, of (0, o) in C. Indeed,

Rev(w — B,(r — 2)f + 483(r; — 1) = 0 if and only if
weL; = {8(r; — 2) + iy: |y| = 28,W/r; — 1}.

So all the square roots in (4.3) have real part >0 if Rew >0 and we
U,L;,, Let O, ={weC\I":Re(w) >0 and we U,L;}. If weO,, the jth
summand in (4.3) equals

4F5(r; — Dlw — B(r; — 2) + V(Bi(r; — 2) — wy + 4Fi(r; — 1)),

and here the denominator has real part at least Re (w) — f,(r — 2). Thus
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the series in (4.3) converges if we O,. Similarly the series converges if
weO.={weC\[':Rew < 0and —we U,L,}, a neighbourhood of (— o, 0).
Let f(w) denote the function defined by the right hand side of (4.3) for
we0O,U0._.

If we(0, ), one can easily check that f(w) >0 and f”(w) >0, and
that f(w)—1 as w— oo and f'(w)—1— 3(r; — 1)/r, as w—0. Unless G
is the free product of two groups of order 2, we have 1 — 3 (r, — 1)/r, <0,
and so f has a unique minimum point w, € (0, o). Similarly, for we
(—o0,0) we have f(w) <0 and f’(w) <0, and f(w)—1 as w—> —co and
f(w)y—1—2,1/r,as w—0. Soif ¥ 1/r; > 1 then f has a unique maximum
point w_e(—o0,0), while if ¥,1/r, < 1 then f is strictly increasing on
(— 0, 0), in which case we write w_ =0 and f(w.) = —2,5,.

LEMMA 4. We have a = f(w.) and b = f(w,) unless G is the free
product of two groups of order 2, in which case b = —a = 1.

Proof. We first show that S is not regular at ¢ and b. Suppose,
by way of contradiction, that S could be defined analytically in a neigh-
bourhood |z — b|<e¢ of b. Since S(Z) = S(z) for ze C\X, we must have
S(x)e R for xe(b — ¢, b + ¢). The Stieltjes Inversion Formula [6, p. 90]
tells us that p((b — ¢, b + ¢)) = 0, which contradicts the fact that be X
= Supp(p). The same argument shows that a is singular for S.

Now Theorem 1 tells us that z = f(1/S(2)) for z large, and so, by ana-
Iytic continuation, also for z € (b, o0). Furthermore, z = f(1/S(2)) is satisfied
for 2>z, = f(w,) because f/(w) = 0 for w > w,. Moreover, S(z) is not
regular at z,, for otherwise we would obtain the equation f(1/S(z)) = z
for z near z,, which is impossible because f/(w,) = 0. We then conclude
that b = z,. The same argument shows that a = f(w_), with an obvious
modification in the case w_ = 0. Similarly, slight modifications to the
above argument show that b = —a = 1 when G is the free product of
two groups of order 2.

LeMMa 5. For w e (0, o) we have f(w) = —f(—w), and thus b = —a.
Strict inequality holds unless r; = 2 for all j.

Proof. If we (0, ), we have

fw)=w+ (1/2) I {8,(r; — 2) — w + ~(w — B(r; — 2))* + 48;(r; — 1)}

and
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f(—w) = —w+ UDZ{B(r;—2) + w—v(w + B,(r; — 2) + 45i(r, — 1),
where the square roots are now all positive. But
VBr,—2) + wy + 485, — 1)

< V@r; —2) —w) + 4ﬁ2}(’j ry— 1)+ 28(r, — 2),

and so —f(—w) < f(w). By Lemma 4, we have b = f(w,) > —f(—w,) =
—f(w_) = —a. The inequality (4.4) is strict if r;, + 2, and so f(w) > —f(w)
for we (0, ), and b > —a unless all r’s equal 2.

4.4

Proof of Theorem 2. We apply Darboux’s method to

ip*”(x)u"+l = R(l, x) .
n=0 u

If x=ux,--x

im

is a reduced word in @G, then by Theorem 1,
B(—-, x) = = ru(whraw)- i w),
u w

where r,(w) = R, (2,(w), x,)/S;,(2;(w)) and where w satisfies 1/u = f(w).
By Lemma 3 and formula (4.2),

riw) = 1/(r; = DQw) — 1 + 1)
= {8(r; = 2) — w + V(w — Br, — D) + 45,(r; — D}/2B,(r; —

which has an expansion

rj(w) = rj(w+) + r;(w+)(w - w+) + -
about w, unless we are in case (iii) of the theorem. Notice that r(w,)
>0 and rj(w,) <0. Thus r (wr,(w---r(w)=A4,+Aw—w,) + -,
where

(4.5) ]'[ r,(w,) >0 and A, = A4, Z ri(w)r,(w,) <O0.

Now 1/u = f(w) = f(w.,) + /2w )w — w,)* + --- and f(w,) = b.
So w may be expanded in a power series in ((1 — ub)/w)"?, and thus in
V1 — ub:
(4.6) w=w++\/77—f«/1-—ub+

Combining (4.5) and (4.6), we have
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“.7 R<-1—, x) =B, + BNl —ub+ --- for u near 1/b,
u

where B, = wi'4, and B, = (—w:’4, + wilA)V2b/f"(w,) (<0). If x =e,
then R(1/u,e) = 1/w is given by an expansion (4.7) with B, = w;' and
B, = —w:2/2b[f"(w,). In case (i) of Theorem 2, Lemma 5 shows that 1/b
is the only singularity of R(1/u, x) for |u| = 1/b, and so Darboux’ Theorem
[3, p. 498], [21, Theorem 8.8.4] shows that (4.1) holds with ¢(x) = B,/I"(—1/2)
= —B,2J/T.

In case (ii) of Theorem 2, R(1/u, x) is clearly an odd or even function
depending on whether |x| is even or odd. So if |x]| is odd, we have
R(1ju, x)=B,+BwW1 + ub + - - - for u near —1/b, and if |x| is even, we have
RQju,x) = —B, — BW1+ ub+ ... for u near —1/b. Thus Darboux’s
Theorem implies that (4.1) holds with ¢(x) = —B,b/y/ 7 if n = |x|mod 2.

Finally, in case (iii) of Theorem 2, we have

riw) = (—w + Juw* + 48)/28,,

and we can solve equation (4.3) explicitly (see §4.3) to obtain w =
2@ — (B, — BN — DA

We find that r(w) = —w/28, + ¢,(2) and w = g(2)(z — 1), where ¢,(2)
and g(z) are analytic in a neighbourhood of 2=1, and ¢,(1) =1 and
g(1) = ¥/88,8,. It follows that R(1/u, x) has an expansion

1\ 1 o o
ﬂyg-%mf W+ By + Bl — u)” +

for u near 1. The rest of the proof of case (iii) follows as for case (ii).

Remark. Another natural choice for the probability on G is p’ =
Ya;p;, where pj(x) = 1/r; for all xe€ G,. Since

p= (Ziair?)‘se + Zfaj(rj - 1)7'}1171 ’

it is easy to derive from Theorem 2 the corresponding result for p’.

Let us conclude this section by pointing out that in two cases we
can solve the equation (4.3) explicitly, and thus find the resolvent and
the Plancherel measure.

§4.2. When |J|=n< o and a, = 1/n and r, = r for all j, equation
(4.3) becomes
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(11 r=2 4 n |, 20=-2,
_(1 2)w+2(r_1)+2\/w wr— 0 TR~

We can solve this for S(z) = 1/w and obtain

—(n—2)z — ,’ZT% e =T)GE =70
S(z) = - -
2tz + 1)

where
= [ff2+ \/n—l]
r—1 r—1

The square root must behave like z as 2z— oo, and so is positive on
(7., ) and negative on (—oo,7_). It follows that S has a removable
singularity at 1, while —1/(r — 1) is removable if and only if n>r. If
n<r, =1/(r — 1) (<r.) is a pole with residue 1 — n/r. The Stieltjes
inversion formula shows that the Plancherel measure is supported on

[r.,7.Jif n=r and on [r_, 7. JU{-1/(r — 1} if n<r. On [r_,7.], p is
absolutely continuous with respect to Lebesgue measure, with density

(i, —x)(x—7.)
2z(1 — x)(x + 1/(r — 1)) ’

(ct. 7], [8], [14]).

§4.3. When |J| =2, write a = 8, =B, T =T, § = 1, %, = (ar — 2)
+ B(s — 2))/2 and t = z — x,. Then (4.3) becomes

2 = V' — 2a(r — 2w + &'r* + V' — 28(s — 2w + fs°,
and solving for S(z) = 1/w, we obtain
S(z) = — %" + (a(r — 2) — B(s — 2))e’r* — £s°)/8 + tQ(?)

- (5o~ (752))

where Q(f) is the square root of

H

— 3((ar — Bs)* + 4af(r + s — 2))¢*
+ (ar — B8s)'/16 + afl(r 4+ s — 2)(ar — 8s)* + 2ap(r — s)*1/2
=@ - p ) —p.),

where
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P. = (ﬂ%_ﬁi)z + af(r +s — 2) = 2aBV/(r — 1)(s — 1).
Notice that 0 < p_ < p,. Let 7 and § be the positive square roots of p_
and p, respectively. Now Q(f) must be positive if |{| > § and negative if
|t| <7. It follows that S has a removable singularity at ¢ = (ar + 8s)/2,
a pole t = —(ar + ps)/2 with residue 1 — 1/r — 1/s, and a pole with residue
|1/r — 1/s| at either |(ar — Bs)/2, if (r — s)(ar — Bs) < 0, or at —|(ar — Bs)/2],
if (r — s)(ar — Bs) = 0. By the Stieltjes Inversion formula, the Plancherel
measure p is supported by [x, — 8, x, — "TU[x, + 7, %, + 8] U {x,, x,}, where
x, = x,— (ar+ 85)/2 = — (a+ B) and x, = x, + (ar — ps)/2 or x, — (ar — Bs)/2.
For v < |x — x,] <6, 1 is absolutely continuous with respect to Lebesgue
measure, with density

[ — %V (@ ~ (x — x))(x — %) = T°)

)]

Finally, p({x,})) =1 — 1/r — 1/s and p{x,} = |1/r — 1/s| (cf. [5]).

§5. The resolvent for quotient groups and amalgams

§5.1. Let G be the free product with amalgamation x,G, of a finite
or countable family of discrete groups G, having a common finite normal
subgroup H. There is a natural isomorphism between G/H and the free
product of the groups G,/H. We shall now show that the study of the
random walk associated with an H-invariant probability on G can thus
be reduced to the study of a random walk on this free product. To this
end, it is convenient to generalize the problem and consider any discrete
group G having a finite normal subgroup H. We also consider a measure
on G which is a convex combination of an H-invariant probability on G
and an arbitrary probability on the finite subgroup H.

Thus let G be a discrete group with finite normal subgroup H of
order d. We write X for xH ¢ G/H. Let p, be a probability measure on
G/H, with resolvent E,(z). Define a probability p, on G by pi(x) = (1/d)p,(%).
Let p, be a probability measure on H with resolvent R,(z). We define
px) =0 for xe G\H. Let a, = 0 with « + g =1, and let p(x) = ap,(x)
+ pBpAx). Denote by X, X, and X the spectra of p,, p, and p respectively.

TuEOREM 3. Let R(2) be the resolvent of the probability measure p
described above. If a, B> 0 and if z¢ (8 + aX,)UBX, then
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a'd'R((z — p)la,®)  if xeH
a'd[S(z — P)le) — al(z — p) + adf'Ry(zp™", x)]
if xeH.

5.1) R(z, x) = {

Ifa=1and =0, and if ze X,U{0}, then

d-'R/(z, %) if xe H

(6.2) R(z, %) = {d_lgl(z) —d 27t 4 2716, (x) if xeH.

Proof. Write 2 = (z — f)/a. Let f(x) denote the function defined by
the right hand side of (5.1). Notice that f(hx) = f(x) if he H and xe G\H
and that >,c» f(h) = S,(A)/a. Let V be a set of coset representations of H

in G. Then
(s F)®) = 3 3 PR (hva)
=L 3 BORG R + 5@EWed
= asz (B BO)®) .
Also,

(0 N = 3 W)

{f(x) — 1 Rox ifxecGH
ad

(P2 * f)(x) if xeH.
Thus

(p#f)x) = %(pl RO + -8 R %) =of(x)  if xeH.
ad
If xe H, then

(P F)) = 2 (B RANE) + pp.+ )
= d-08() — 1) + ﬁ[aid(él(z) _ %) + %(pz x R2<§))(x)]
- (80 (ren(Do
= 2f(x) — 0.(x).

Now notice that f is the sum of two functions, f = ¢ + , say, where
¢ has support in H and + is H-invariant and corresponds to a bounded
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convolution operator on ¢%(G/H). Standard arguments show that f defines
a bounded convolution operator on £%G). This proves the first part of
the theorem. The second part is proved in exactly the same way or by
taking limits in (5.1) and g— 0.

Now let G; be a family of discrete groups containing a common
normal finite subgroup H. Let G be the amalgamated product *,G; and
F the free product xG,/H. Let g, be an H-invariant probability measure
on G, for each j, and p, = Ya,q, where a;, >0 and Ya, = 1. Write p,
and §, for the corresponding probabilities on F and G,/H respectively.
Moreover, let p, be a probability measure on H and form p = ap, + Sp..

CoroLLARY. The resolvent of the probability measure p on G = x,G,
is given by Theorem 3, where the resolvent R, of p, is expressed in terms
of the resolvents of the §, using Theorem 1.

Before giving an example of the situation described in the corollary,
let us make some remarks about the spectrum X of p.

By Theorem 3, we have X < (8 + aXI)U,BXr If the probabilities p,
and p, of Theorem 3 are symmetric, we can be more specific. Indeed,
let j, ¢, and g be the Plancherel measures of p,, p, and p respectively.
For the sake of clarity we state explicitly the following elementary lemma
which describes p,.

LEMMA. Let 2, =1, 4, ---, 1, be the distinct eigenvalues of the con-
volution operator fw— p,xf on (*H), with corresponding multiplicities
n (=1, ny, -+, n,. Then p, = >7., (n;/d)s,. Furthermore, n, =1 if and
only if the support of p, generates H.

Proof. Let g, be the function in the algebra A* generated by p,
such that §,2,) = d,,. Then clearly R,(2) = > i(z — 2,)"'q,, and so g, =
2.1 9,(e)3;,. On the other hand, f— g, xf is the orthogonal projection ¢*(H)
onto V; = {f:p,xf = 2;f}, and thus n; = Trace(q;) = > .cx{q; %0 0,y =
dg,e). If K is the subgroup of H generated by the support of p,, then
the characteristic function of any right coset Kx of K in His in V,. Thus
n, = |H||K| To see that equality holds see, e.g., Proposition I. 6.2 of [18].

CoroLLARY 1. If p, and p, in Theorem 3 are symmetric and if o, 8 > 0,
then the Plancherel measure of p is given by

1 =1 :
(5.3) =yt b o,
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where w(A) = i ((A — B)|a) for any Borel set A = R. If, however, a« =1
and B =0, then

_ 1
(5.4) = (1= =)
Proof. If we take x = ¢ in (5.1) and use the lemma, we see that

dut) _1( dp®  _ (n—Djd | & njd
dsz—(at+ﬂ)+ z—f +Zz:z—,82j

R zZ—1 2z — (at + f oz —5

when «, § > 0. Thus (5.3) follows from the Stieltjes Inversion Formula.
For the same reasons, (5.4) holds.

CorOLLARY 2. With notation as above, if «, 8> 0 then the spectrum
X of p is (a)?l + B UBX,, with the possible exception of the point 5 (if
n,=1and 0¢X,). The spectral radius r of p is af, + Bif 7, is that of p,.

Proof. This is immediate from formulas (5.3) and (5.4).

§5.2. Application to local limit theorems

Let us briefly point out how Theorem 3 may be used to obtain a
local limit theorem for p if sufficient is known about the resolvent of p,.

In the notation of Theorem 3, if « = 1 and § = 0, we see from (5.2),
or directly, that p**(x) = d~'p}*(%) for all xe G and n = 1. The asymptotic
behaviour of p*"(x) as n— oo is therefore known once we know that of
P ().

When «, p > 0, the relationship between p*"(x) and pf"(x) and pi“(x)
is more complicated. Suppose, for simplicity, that p, is symmetric. If 7
denotes the spectral radius of p,, then it is clear from (5.1) that R(z, x)
is analytic for |z| > r = § + «F,. Furthermore, z = r is the only singularity
of R(z, x) on the circle |z| = r, because | — | <r and g <r. Suppose
now that, as was the case in Theorem 2, R,(1/z, %) has a Puiseux expan-
sion B,(1/z, %) = B, + BiW1 — zF, + --- for z near 1/, where B, = B/(X)
< 0. Then by (5.1), R(1/z, x) has a Puiseux expansion R(1l/z x) = C, +
Cw1 —zr + ... for z near 1/r, where C, = «"'d"'B,(1 — 8/r)"**. By Dar-
boux’s Theorem again, we have

p¥i(x) = ;gAn‘mr"[l + 0< 1 )] as n— oo .
2yx

n
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§5.3. Application to orthogonal polynomials

Let us consider the sequence {p,} of orthogonal polynomials associated
with the Plancherel measure p of a symmetric probability p on a discrete
group G. For G and p as in Section 4.2, the polynomials {p,} have been
studied in [7] and [14], and they are shown to be combinations of Cheby-
shev polynomials. The polynomials corresponding to the G and p of
Section 4.3 (with @ = g = 1) are more complicated and were described in
[5].

When G and p are as in Theorem 3, the Plancherel measure p is
obtained from that of p, by Corollary 1 above, and so the orthogonal
polynomials associated with p may be calculated by successive applications
of the following general proposition.

PrROPOSITION. Let {g,} be the monic orthogonal polynomials relative
to @ measure v on R. Form the measure p = av + bd,, where a, b >0,
a+ b =1 and where 5. is the unit mass at ce R. Then the monic orthog-
onal polynomials {p,} relative to y are given by

P@) = a3, ﬁk(c) @] +a@ innz1

5.5) q: P
. _ T [_qn(x)qﬂ—l((_");q": ‘(ic)q"(_(’l] + qn(x) if also x #+~ ¢ ,
1@ | x—c
where g, = |_a.(x/d2) and
(5.6) 5= —bq.@a+ b3 ﬁq("“‘

Proof. Define p, for n =1 by the first equation in (5.5), where o,
is given by (5.6). For n = 1, we have

jR p(x)dp = GJR Po(x)dv + bp,(c)

= a0, + bo[ 5 a0 lgul | + bas)
=0.

Furthermore, if n > m =1, then
| P@pudn = af pu@pu®d + bp.OPuO)

= 0,0, [mZ1 gic);] + @0,gx(c) + bp.(c)pn(c)
T gl
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= ao, p,(c) + bp.(c)p.(c)
=0,

because ag, + bp,(c) = 0. Thus {p,} are the monic orthogonal polynomials
for p. The second equation in (5.5) follows from the first by the Christoffel-
Darboux formula [21, Theorem 3.2.2].

ExampLE. Let G be the free product of n copies of the cyclic group
Z,, with the common subgroup Z, amalgamated. Define p by p(x) =
1/dn(r — 1) if x is an element of one of the copies of Z,, but x ¢ Z,, and
set p(x) = 0 for all other xe€ G. Then p(x) = (1/d)p,(%), where p, is the
probability on G/Z, (= the free product n copies of Z,) discussed in Sec-
tion 4.2. The Plancherel measure is given by (5.4) and the orthogonal
polynomials {g,} for 5 may be expressed simply as a combination of
Chebyshev polynomials of the second kind (see the lemma in [14]). Thus
by the above proposition with v = /i, ¢ =0, ¢ = 1/d and b = 1 — 1/d, the
orthogonal polynomials {p,} for the Plancherel measure pz of p are explic-
itly expressible in terms of these Chebyshev polynomials.

ExampLE. SL(Z) = Z,+;,7Z, [19, p. 11]. The orthogonal polynomials
for a natural probability on SL(Z)/Z, = Z,« Z, are described in [5]. Thus
the above proposition describes the orthogonal polynomials for the cor-
responding Z,-invariant probability on SL,(Z).

Note.

During the final preparation of this manuscript, the authors were
informed by W. Woess that he had also recently proved a formula for
the resolvent for probabilities on the free product of discrete groups.
His methods, which involve the study of several auxiliary functions, and
his applications are different however.
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