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The Rayleigh collapse time is the time it would take to shrink an empty spherical bubble
in an infinite liquid domain to zero size, which is a function of ambient pressure and
initial bubble radius. If a solid boundary is located in the vicinity of the shrinking or
collapsing bubble, then liquid flow is hindered, such that the collapse time is prolonged.
This can be quantified with the Rayleigh prolongation factor k. Here, we provide k for
intermediate to smallest bubble to wall stand-off distances. It is measured with single
laser-induced cavitation bubbles in water close to a solid boundary. Maximum bubble radii
are determined from microscopic high-speed imaging at one million frames per second.
Collapse times are measured acoustically via the acoustic transients emitted during bubble
seeding and collapse. The experimental findings are compared, with good agreement, to
numerical simulations based on a volume of fluid method. As a result, a polynomial fit of
k versus stand-off distance is given for the near-wall bubble collapse in water. Then the
influence of the viscosity on k is studied numerically in the near-wall regime.

Key words: cavitation, bubble dynamics

1. Introduction

A starting point for modern research in cavitation dates back to 1917 when Rayleigh
provided a theoretical description for the collapse of a spherical void in an unbounded
domain of incompressible and non-viscous liquid (Rayleigh 1917). The resulting model
can be considered the most basic description of cavitation bubble dynamics. Recently,
analytical (Kudryashov & Sinelshchikov 2014) and approximate analytical (Obreschkow,
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Bruderer & Farhat 2012) solutions for the model have been reported, and the equation
of bubble oscillation has even been solved for more than three dimensions (Klotz 2013).
Rayleigh’s derivation uses the conservation of energy, where the potential energy of the
fully expanded and empty bubble at ambient pressure pa is converted to kinetic energy
within a spherical converging flow field. Given that the bubble is initiated with radius
Rmax, the Rayleigh collapse time TC – i.e. the time until the bubble reaches radius zero –
can be derived from the continuity equation and the integration of the energy equation:

TRayleigh
C = 0.91468 Rmax

√
ρ/pa, (1.1)

where ρ denotes the mass density of the liquid. The proportionality constant 0.91468
is called the Rayleigh factor. Experiments with single cavitation bubbles per se do not
start with a void at maximum radius Rmax; instead, these bubbles are seeded from a
small radius by depositing energy into a small liquid volume that induces a rapid bubble
growth, e.g. through a liquid–vapour phase transition. The energy may be deposited by
an underwater detonation, a spark discharge or a focused laser pulse (‘optic cavitation’).
The latter technique offers excellent precision on the location of bubble nucleation, and
with suitable measures, also excellent repeatability. As a result, at maximum expansion,
an almost empty and spherical bubble is formed, sharing its centre with the location of
the initial energy deposition. Then the pressure difference between bubble interior and the
ambient pressure drives and accelerates the shrinkage of the bubble. This phase of the
flow is commonly termed the bubble collapse. The temporal radius evolution and time to
collapse are very well predicted by the Rayleigh model and the Rayleigh collapse time
TRayleigh

C (Lauterborn 1972). Under the assumption of Rayleigh collapse, where the liquid
is inviscid and the collapsing flow is spherical, the expansion and the collapse phases are
symmetrical. Thus we can define the bubble lifetime from the nucleation to collapse as
TRayleigh

L = 2TRayleigh
C .

In most technical applications with cavitation, however, the bubbles are collapsing at
and interacting with material boundaries. There exists an unlimited variety of boundaries.
They can be of any geometry and mechanical compliance. From the unlimited variety
of boundaries, we chose a planar and rigid wall with dimensions much larger than the
bubble dimensions. Such a boundary restricts the liquid flow around the collapsing bubble,
and as a consequence, the collapsing bubble develops a rich and non-spherical dynamics
together with a complex flow field. A prominent feature is the radial jet that pierces the
bubble, shapes it toroidally, and impacts onto the boundary (Plesset & Chapman 1971;
Lauterborn & Bolle 1975; Lauterborn & Kurz 2010). Ring vortices can be formed and can
spread along the boundary (Brujan et al. 2002; Reuter et al. 2017). And with a bubble
close to a solid body, significant wall-normal forces and large wall shear stresses can
be induced onto the boundary (Krasovitski & Kimmel 2004; Dijkink & Ohl 2008; Vos
et al. 2011; Reuter & Mettin 2018; Zeng et al. 2018a). These forces may be exploited or
avoided, depending on the use case, e.g. they may be beneficial in ultrasonic cleaning,
laser ablation of liquids, or cavitation peening, but are unwanted in cavitation erosion. The
precise bubble dynamics is known to depend sensitively on the stand-off distance d of
the bubble to the boundary, which is commonly non-dimensionalized by the maximum
radius of the bubble as γ = d/Rmax (a sketch is given in figure 1). The significant
regime for cavitation material interaction can be considered to be in the range γ < 4,
where the long-ranging vortex ring still reaches the boundary (Reuter, Cairós & Mettin
2016), but for smaller stand-offs, the interaction with the boundary tends to be more
intense. Recently, for closest distances to a solid boundary (γ <≈ 0.2), a needle jet with
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Figure 1. (a) Experimental set-up. The bubble is high-speed imaged from the same perspective as sketched
here, in the direction perpendicular to the plane of the paper. (b) Example of the hydrophone signal used for the
measurement of TL. (c) Definition and measurement of γ . The images show the plasma spark during seeding
(left) and the instance of maximum bubble expansion (right), with the rigid boundary located horizontally at
the bottom.

an impact velocity of over 900 m s−1 was predicted numerically (Lechner et al. 2019)
and found experimentally (Reuter & Ohl 2021). This particular small-distance regime is
exploited for the production of nanoparticles by laser ablation in liquids in combination
with cavitation bubbles (Barcikowski et al. 2019). While this small stand-off regime is
likely the most relevant for many applications, the Rayleigh lifetime is valid only for large
distances, i.e. γ → ∞. To derive the lifetime for a bubble at an infinitely extended rigid
boundary with potential flow, Rattray (1951) accounted for the bubble deformation and
centroid motion, and obtained with perturbation theory for γ � 1 a modified Rayleigh
collapse time TC = k TRayleigh

C with prolongation factor k(γ ) = 1 + 0.205/γ (Plesset &
Chapman 1971). Shima & Tomita (1981) report on the work of Sato & Shima (1980),
who included surface tension and found, by employing a variational method, a similar
factor k = 1 + 0.190/γ for water. These factors k, however, are valid only for γ � 1 and
weak bubble deformations. In potential flow, for γ → ∞ the prolongation factor must
approach unity, for decreasing γ the prolongation factor must first increase, and for γ → 0
the prolongation factor should approach unity again, as the flow field of the hemispherical
collapse is of spherical symmetry again. Thus there must be a local maximum of k as a
function of γ .

A few experimental studies reported on the prolongation factor at intermediate
stand-offs (Fujikawa & Akamatsu 1978; Shima & Tomita 1981; Godwin et al. 1999;
Shaw, Schiffers & Emmony 2001; Chen et al. 2011), with only few of them including
smaller stand-offs (γ � 0.6) (Vogel, Lauterborn & Timm 1989; Gregorčič, Petkovšek &
Možina 2007). So far only Yang, Wang & Keat (2013) report experimental measurements
of the Rayleigh prolongation factor from a larger number of of data points based on single
laser-induced bubbles in water. Thus for probably the most relevant regime of cavitation
material interaction, there are currently very few experimental data available, which do
not allow us to deduce a quantitative description of k.
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The collapse time should be affected further by the viscosity of the liquid, already in
the spherical case but in addition via viscosity-dependent bubble shapes in the near-wall
regime (Hupfeld et al. 2020; Zeng, An & Ohl 2022).

Here, we measure the prolongation factor for single laser-induced bubbles of millimetre
size in water for γ → 0, and compare it with direct numerical simulations using a volume
of fluid method. With validated numerics, we study computationally the influence of the
viscosity on k.

2. Methods

The experimental set-up is shown in figure 1(a). A single bubble is produced in deionized
(DI) water with a nanosecond-long laser pulse (Litron nano S, frequency-doubled
Nd:YAG) in a glass cuvette (dimensions approximately 50 × 50 × 80 mm3; the open
surface in the sketch is located vertically on the right). At the focus, a plasma is
generated and a spherical bubble develops. Focusing through the cuvette bottom is
achieved with a submerged long-working-distance microscope (Mitutoyo 50x, NA = 0.42,
nominal working distance 20.5 mm, in-house modified with water-tight sealing) after
beam expansion. The bubble is generated close to a polished metal slab (2 mm thick brass
or stainless steel, 25 × 25 mm2) that serves as the rigid boundary. To vary the stand-off
distance to the boundary, the metal slab is attached to a motor-controlled micrometre stage.
Focusing the laser parallel to the solid boundary avoids the formation of spurious bubbles
from the residual light that was not absorbed within the plasma at the laser focus.

A needle PVDF hydrophone (Müller-Platte Needle Probe, rise time ≈ 50 ns) is
positioned at a distance of about 4.5 mm from the spot of plasma generation. The
hydrophone is connected to an oscilloscope (Teledyne LeCroy WavePro 404HD) operating
at sampling frequency 1 GHz, with internal low pass with cut-off frequency 500 MHz.
In the acoustic measurements, the instances of bubble generation and bubble collapse
become detectable easily as distinct peaks from their respective shock wave emission.
The delay between the peaks allows the measurement of TL; an example is shown in
figure 1(b). This approach is possible as the propagation velocity of the shock waves from
seeding and collapse are the same. This is confirmed by tracking the respective shock
fronts in a high-speed imaging series with a large field of view of several millimetres (not
shown). The reason is that the shock wave propagation velocity approaches the speed of
sound already after a few hundred micrometres (Vogel, Busch & Parlitz 1996), which is
less than 10 % of the distance to the hydrophone, and both shock waves are of similar
peak pressures. The two main peaks in the image are each followed by a smaller one
after about td = 21 μs from the reflection of the shock wave at the cuvette boundaries,
the water surface and in particular the focusing objective. This was also confirmed by
schlieren high-speed imaging of the shock front (not shown here). Using the speed of
sound in water, the time delay td = 21 μs corresponds to a travelled distance of 3.15 cm,
indicating a distance 1.58 cm to the nearest cuvette boundary. The bubble shape dynamics
is recorded with a long-working-distance microscope objective or a macro lens (Mitutoyo
5x long working distance microscope objective or Canon MP-E 65 mm) with a high-speed
camera (Shimadzu HPV-X2) operating at one million frames per second. The exposure
time is effectively set as short as 220 fs as the scene is illuminated with a short laser pulse
(Ekspla Femtolux, wavelength 515 nm) delivered via a glass fibre. The timing is controlled
via a pulse generator (BNC 525, Berkeley Nucleonics, CA) using a LabView script
developed to measure the selected stand-off range automatically. The data are evaluated
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Figure 2. Comparison of experimental and numerical bubble dynamics for the case γ = 0.64. The numerical
bubble interface in red is overlaid on the experimental image. Times indicated are in μs. The lifetime of the
bubble TL is 150.76 μs in the experimental and 150.42 μs in the numerical case. The maximum radii are
Rmax = 681 μm in the experiment and 685 μm in the simulation, respectively. The rigid boundary is oriented
horizontally in the bottom of the frame, and shows a mirror image of the bubble in the experimental case. The
arrow indicates the kink in the bubble.

with Matlab and ImageJ. In total, 142 bubbles covering a stand-off range 0.02 < γ < 1.03
were evaluated with mean maximum radius 749 μm and standard deviation 40 μm. The
position of bubble generation is highly repeatable to better than one pixel or 3.56 μm or
5.50 μm, respectively, depending on the imaging objective. We estimate the error in pixel
resolution to 1 %. To exclude any potential influence from cavitation erosion on the metal
slab, after each bubble event, the slab is moved to a pristine position.

To compare the experimental result, we simulate the laser-induced bubble as a gas
bubble using a compressible volume of fluids (VoF) solver accounting for both viscosity
and surface tension. The expansion and shrinkage of the bubble during the first cycle
can be described with a polytropic equation of state with specific heat ratio κ = 1.4.
Although the bubble content is different from the experiment, where the cavitation bubble
is a mixture of vapour and various gases (Lauterborn & Kurz 2010), this treatment
has been well validated in our previous works on bubble collapse near a single wall
(Zeng et al. 2018a) and within a thin gap (Zeng, Gonzalez-Avila & Ohl 2020), as
well from other groups (Popinet & Zaleski 2002; Koch et al. 2016; Li et al. 2019).
The numerical bubble starts from a spherical gas pocket with radius 50 μm and high
pressure. This pressure is determined based on the comparison in figure 2, where both
the size and period of growth and collapse of the bubble are about the same as the
experimental result. The initial pressure is found to be 1400 bar and is kept the same
for the following studies. When the bubble reaches maximum expansion, it starts to
collapse from the pressure difference Δp = pa − pi, where pa is the ambient pressure,
and pi is the pressure of the bubble interior. We insert Δp for pa in (1.1), which then
reads TRayleigh

C = 0.91468 Rmax
√

ρ/( pa − pi). In the simulations at maximum expansion,
pi fluctuates between 2448 Pa and 2744 Pa for all simulations carried out here. This is
close to the interior pressure expected in the experimental case, which is the water vapour
pressure pv = 2339 Pa. In the following, we use pv ≈ pi, and calculate the Rayleigh
lifetime in all cases according to

TRayleigh
C = 0.91468 Rmax

√
ρ/( pa − pv). (2.1)

Thirty bubbles in the stand-off range γ = 0.05 to γ = 1.5 were simulated with mean
maximum radius 699 μm and standard deviation 34 μm. For details on the simulations, we
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refer the reader to Zeng et al. (2018b, 2020). The numerical bubble lifetime is measured
from t = 0, i.e. the beginning of the simulation to the collapse, which is considered as
the instance of minimum gas phase volume that coincides with the shock wave emission
as well as the numerical seeding. Experimental and numerical definitions of TL then can
be considered the same if the seeding volumes are equal in both cases. Numerically, the
bubble is initialized with radius 50 μm, which is chosen based on the size of the plasma
in the experiment.

The maximum discrepancy between the definitions is negligible as estimated in the
following way. A lower boundary for the bubble wall velocity Ṙ(t) at seeding is given
by the simulations as 250 m s−1, yielding a difference of less than 100 ns between the
numerical and experimental measurements, which corresponds to less than 0.125 % of TL.
Thus experimental and numerical procedures on the measurement of the lifetime yield
the same results within the experimental uncertainties. The measurements of Rmax and
stand-off distance are depicted in figure 1(c). Even though widely used, the definition of
the stand-off γ raises some ambiguities when non-spherical bubbles close to boundaries
are studied. In the experiments, we define the bubble centre as the centre of the plasma
region; see figure 1(c). Also, Rmax is taken as the distance between the bubble centre
and the point reached by the bubble interface farthest from the boundary over the full
high-speed framing sequence (which turns out to be identical to the instance of maximum
bubble volume). The distance to the boundary d is measured from the centre of the
plasma region to the boundary. To determine the boundary position, an appropriate image
of the time series is chosen once the bubble and the reflected image of the bubble are
visible simultaneously. The boundary location is the location of the mirror axis. This
yields a well-defined and robust measurement of γ . In the theoretical derivations of
Rayleigh, due to the energy ansatz, the bubble volume plays a special role, and often
an alternative definition of γ is used, where RVeq

max is taken as an equivalent radius of
a sphere that has the same volume as the deformed bubble at maximum (volumetric)
expansion.

We benchmark both definitions with our numerical results in Appendix A by calculating
the difference between the volumetric definition γ V and the geometric definition γ

used for the experimental data: Δγ = γ V − γ . It turns out that 0.009 < Δγ < 0.023
in the stand-off interval 0.05 to 1.50. Thus for our purposes, both definitions can be
considered to yield almost identical results. In the present experiment, the uncertainty in
the measurement of γ is smaller than 0.023, when assuming an uncertainty of 0.5 pixels
for measurements of each of the boundary position, the plasma position and the location
of the bubble wall, and using the pixel resolution 3.56 μm px−1.

3. Results and discussion

We start with a validation of the numerical simulation by comparing the time evolution of
the bubble shapes; see figure 2. The computed bubble interfaces are drawn as red contours
superimposed on the experimental images at the same time instance. Times are given
in μs. Then the bubble is generated at t = 0, and collapses at TL. The experiment and
simulation have very close TL values, which are 150.76 μs and 150.42 μs, respectively.
The interframe time of the first six frames is constant at 20 μs; from t = 120 μs
onwards, the interframe time is reduced to resolve the fast collapse dynamics. Note that
during the expansion, the bubble acquires a hemispherical shape with its low interface
flattened. Then during the collapse, the axial jet indents and pierces the bubble from the
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boundary-distant pole. At t = 145 μs, the bubble interface appears rugged, which is a
result of splashing within the bubble following the jet impact onto the boundary. Please
note that the numerical image provides a cut through the bubble shape, which allows
us to see the jet indentation in the central axis, while in the experimental image, the
toroidal shape is projected in the viewing direction. Thus for the first bubble oscillation,
experimental and numerical bubble shapes are in excellent agreement. This is the case for
the entire stand-off range under investigation here.

From these data, experimentally and numerically, using the acoustic measurement
of shock wave emission, the prolongation factor k = TL/TRayleigh

L of the lifetime of
non-spherical bubbles as compared to the Rayleigh collapse time is measured. Here,
TRayleigh

L is calculated using (2.1), using mass density ρ = 998 kg m−3 and ambient
pressure pa = 101.325 kPa. The measured Rayleigh prolongation factor k is presented
in figure 3 as a function of the stand-off distance. Regarding the trend, experimental
and numerical data show excellent agreement over the entire considered stand-off range.
However, the numerics predict a k that is about 2.5 % larger than the experimental findings.
As the main reason that contributes to an overestimation of the numerical collapse time,
we identify the shock waves that are emitted during bubble seeding. These are reflected
at the domain boundaries and are focused back, much stronger than in the experiment
due to the cylindrical symmetry. This reduces mainly Rmax but not TL to the same extent,
thus increasing k. In the experimental data, k may be underestimated as the rigid plane
is not extended infinitely but is provided by a metal slab of finite dimensions where the
bubble has at least a distance 4 mm to the closest edge here. An additional systematic
error may stem from an error in the imaging scale that we estimate at 1 %, which would
effect k linearly. A 7th-degree polynomial kfit = ∑7

i=0 piγ
i is fitted to the experimental

data:

kfit(γ ) = 0.9777 + 1.427γ − 4.504γ 2 + 8.562γ 3 − 9.66γ 4 + 6.102γ 5

− 1.991γ 6 − 0.2619γ 7. (3.1)

This fit is valid in the γ range 0 < γ < 1.0. Here, the root-mean-square error of
the fit is 0.0068. As anticipated, the lifetime increases as the bubble is brought closer
to the boundary from infinity. A maximum increase in lifetime is observed for γ =
0.69; thereafter, TL decreases monotonically. Indeed, at γ = 0, the prolongation factor
approaches approximately 1, and the fit yields kfit(γ = 0) = 0.978. For comparison,
Rattray’s corrections up to first (Rattray 1951; Plesset & Chapman 1971) and second
(Rattray 1951) order, as well as the correction of Sato & Shima (1980), are plotted. They
are valid only for weak bubble deformations, which explains the divergence from the
measured curve in particular for γ < 1. The overestimation for γ > 1 is due mainly to
the different definitions of Rmax and RVeq

max. In Appendix A, this effect is discussed further,
and for comparison, k is presented normalized on the volumetric equivalence radius RVeq

max.
There, we also compare our data with the volumetric numerical data given by Lechner
et al. (2020). The reduction of the collapse time in the range γ < 0.69 is caused by the
approach of the bubble dynamics towards the hemispherical case. The Rayleigh collapse
time implies a spherical flow field, which results in the fastest way to collapse a spherical
bubble and thus yields the shortest lifetime. The same holds by symmetry considerations
for the hemispherical collapse γ = 0 when viscosity is neglected. Thus, in particular, the
hemispherical case is characterized by boundary parallel flows, which in the case of a
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Figure 3. Rayleigh prolongation factor obtained experimentally and numerically. The purple line is a
numerical fit to both data with a polynomial of 7th degree. The dashed lines show the Rattray corrections
of first and second order, kO(1)

R (γ ) = 1 + 0.205/γ and kO(2)
R (γ ) = 1 + 0.205/γ − 0.0225/γ 2, as well as the

Sato & Shima correction for water, kS(γ ) = 1 + 0.19/γ .

viscous liquid, such as water, can be identified via kinks in the bubble wall (see the arrow
in figure 2, at t = 133 μs). The smaller γ , the earlier the kink appears during the dynamics,
because the bubble centre reaches the boundary earlier. Consistently with the maximum of
k around γ = 0.69 found here, the kinks were shown to appear only for γ < 0.73, for the
bubbles under consideration (Reuter & Ohl 2021). The flows associated with the kinks can
become so dominant for smallest γ that they converge and collide at the axis of symmetry
even before the regular jet from the apex passes the respective point on the axis. Then a
supersonic needle jet is formed in the direction towards the boundary (Lechner et al. 2019,
2020; Reuter & Ohl 2021).

For a comparison of our data with the data available in the literature, see figure 4; an
overview of Rmax is given in table 1. All studies employed laser-induced single bubbles
in water and measured the bubble lifetime by acoustic means via detection of the shock
wave with different techniques. It should be noted, though, that it seems no work so far had
focused in particular on a precise measurement of the Rayleigh prolongation factor in the
very small stand-off distance regime. Accordingly, the measurement data available show
some significant scatters, and it is difficult to derive a clear trend. Some data sets are based
on measurements on differently sized bubbles. In addition, many authors do not specify
how the normalized stand-off distance was measured, and sometimes inexact maximum
radii where given. For the data provided in Yang et al. (2013), we have calculated
average values for k to reduce scatter and number of data points. For comparison, our
fit is plotted as a solid line. The fit lies in between the literature data, which can be
taken as a confirmation of the data, but in addition for γ < 0.6 shows a clear trend
to k → 1.
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1.40
Vogel et al. (1989)
Godwin et al. (1999)
Shaw et al. (2001)
Gregorčič et al. (2007)
Zhao et al. (2007)
Chen et al. (2011)
Yang et al. (2013), Rmax = 1.6 mm
Yang et al. (2013), Rmax = 1.4 mm

1.35

Yang et al. (2013), Rmax = 1.2 mm
Yang et al. (2013), Rmax = 1.0 mm

Experimental fit, (3.1)

1.30
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k
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1.00

0.95
0 0.2 0.4 0.6 0.8

γ

1.0 1.2 1.4 1.6

Figure 4. Comparison of Rayleigh prolongation factors obtained experimentally by several authors on single
laser-induced bubbles in water.

Reference Rmax (mm) Remarks

Vogel et al. (1989) 1.6–4.5
Godwin et al. (1999) Not specified
Shaw et al. (2001) 1.09–1.85 γ was tuned by changing the bubble size via the laser energy

(at two fixed stand-off distances); TL was rounded to 10 μm.
Gregorčič et al. (2007) < 1.6 For γ → ∞, Rmax = 1.55 mm; for all other cases, Rmax <

1.60 mm. Distance to free surface is 10 times Rmax.
Zhao et al. (2007) Not specified Rmax = 2.6 mm in one case.
Chen et al. (2011) 2.00–3.00 Authors report that they controlled the bubble size from

2.00 mm and 3.00 mm to achieve γ = 1.0–1.5.
Yang et al. (2013) 1.0–1.6 Four maximum radii, as indicated.

Table 1. Overview of experimental parameters in the studies reported in figure 4.

4. Influence of liquid viscosity and maximum radius

Besides the shown stand-off dependence of k, the bubble lifetime may also depend on
the viscosity of liquid μ and to some extend on Rmax through viscous forces (Ivany &
Hammitt 1965; Brennen 2014). We now fix Rmax ≈ 700 μm according to our experimental
values, and vary the viscosity. One example of the dynamics is shown in figure 5, where
we compare the bubble shapes in liquids with two selected viscosities μ = 10−3 Pa s
and μ = 0.02 Pa s for the same stand-off distance γ = 0.52. In general, the two bubbles
undergo similar deformation, but in the liquid with μ = 0.02 Pa s, the bubble expands
and collapses more slowly as the drag force owing to viscosity increases. In both cases,
during expansion the bubbles acquire a similar hemispherical shape, yet some details of
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0 10500 µm 40 70 80

130 134 138 142 146

150 152 154 156 160

Figure 5. Comparison of numerical bubble shape dynamics for two viscosities, μ1 = 1 mPa s (black
contours) and μ2 = 20 mPa s (red contours), with γ = 0.52.

bubble deformation are modified by the higher viscosity. For example, the thickness h of
the liquid layer between wall and bubble has increased from about 4 μm to 20 μm, as a
thicker boundary layer has developed (Schlichting & Gersten 2003).

We now present the prolongation factor k(γ ) for six viscosities, μ = 10−3, 0.01, 0.02,
0.03, 0.04 and 0.06 Pa s, in figure 6. Viscosity in general and viscous boundary layers
are expected to retard the collapse and thus to increase the prolongation factor k for
all γ values. This occurs monotonically. Still, for all viscosities, k drops quickly for
γ � 0.25, i.e. when the bubble approaches the hemispherical collapse. At intermediate
distances from the boundary, 0.25 < γ < γm, k grows slowly to the peak value at γm
where the collapse time is longest. For increasing viscosities, this maximum is seen for
larger stand-offs, as with higher viscosities the influence of the boundary ranges further
into the liquid. For γ > γm, the lower bubble wall is further from the boundary and
thus affected less by the viscous boundary layer. This results in a decrease of k with γ .
Eventually, for γ → ∞, k is expected to approach a minimum that is a function of Rmax
and μ (Proussevitch & Sahagian 1998).

Next, we explore the dependency on Rmax and fix the viscosity at μ = 1 mPa s. In
figure 7, k is shown for three maximum radii. All three curves show qualitatively the same
behaviour but are scaled by some factor.

In an effort to estimate the respective scalings, we consider a spherical bubble and the
normal viscous stresses pμ = 4πμṘ/R (Franc 2007) at the bubble interface. Then (2.1)
reads

Tμ
C = 0.91468 Rmax

√
ρ/(Δp − pμ), (4.1)

where Δp = pa − pv . With characteristic radius R = Rmax and deformation rate Ṙ =
Rmax/TRayleigh

C , one obtains a viscosity modified collapse time Tμ
C , and consequently a

viscosity modified prolongation factor for the spherical case:

kγ→∞(μ, Rmax) = Tμ
C

TRayleigh
C

=
(√

1 − 4π

0.915
√

ρ Δp
μ

Rmax

)(−1/2)

≈ 1 + 2π

0.915
√

ρ Δp
μ

Rmax
,

(4.2)
where for the approximation, the square root has been linearized.
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Figure 6. Comparison of the factor k as a function of γ for bubbles in liquid of six different viscosities
(Rmax = 700 μm).

1.25

1.20

1.15

1.10 Rmax = 400 µm
Rmax = 700 µm
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k

1.05

1.00

0 0.5
γ

1.0 1.5

Figure 7. Numerical measurements of the prolongation factor k as function of the stand-off distance γ for
three different maximum radii Rmax.

However, this scaling clearly fails to predict the results, in particular as it largely
underestimates the prolongation factor. For example in figure 7, (4.2) would predict a
negligible factor of only 1.0012 between k(Rmax = 1300 μm) and k(Rmax = 400 μm),
while the numerical results show a factor of around 1.036 between the two curves. To
understand if the prolonged collapse time is due to viscous dissipation in the boundary
layer, we conducted simulations where the boundary condition at the wall has been altered
to free slip. Interestingly, even at the higher viscosities, this had only a minor influence on k
for γ < 0.9, and did not affect significantly the prolongation factor at all for γ > 0.9. Thus
the prolongation due to viscosity stems from the entire non-spherical flow field, which is
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known to have a complex structure (Zeng et al. 2022). This observation may help to derive
an appropriate scaling of the prolongation factor that accounts for viscosity, too.

5. Conclusions

We measured experimentally and numerically the prolongation factor k of the lifetime of
a single cavitation bubble that collapses near a rigid boundary in water. Simulations and
experiment show the trend of k(γ ) in excellent agreement, but the simulation predicts
a value about 2.5 % larger for all stand-offs. The longest lifetime in water is found
for γ = 0.69 in both the numerics and experiments with k ≈ 1.2. It decreases quickly
for smaller stand-off distances where the dynamics approaches an ideal hemispherical
collapse. The numerical parameter study of k(γ ) for smaller ratios Rmax/μ shows, besides
a general increase of the prolongation factor, a shift of the maximum collapse time
towards larger stand-offs. Even though during most of the bubble lifetime – i.e. up to
a few microseconds before the bubble collapse – similar bubble shapes are observed
independently of the viscosity, a general scaling over a wide range of maximum radii
and viscosities seems difficult, as the substantial viscous dissipation is associated with the
entirety of the complex, non-spherical flow field. These experimentally confirmed data
could be useful for the validation of numerical simulations of single bubble dynamics, for
evaluation of the distance of bubbles for surface treatment and particle generation (Soyama
2015; Barcikowski et al. 2019), and to test advanced analytical models of the collapse at
small stand-off distances.
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Appendix A. On the definition of γ and the prolongation factor for the equivalent
volumetric maximum radius RVeq

max

In figure 8, the Rayleigh case of a bubble at a boundary is shown. The geometric definition
of Rmax as we use it throughout this paper and explain in the experimental section
is appropriate to describe the hemispherical collapse (figure 8a). For comparison, the
definition of the maximum radius from a volume equivalent is shown too; see figure 8(b).
In that case, the bubble is described by a sphere of an effectively smaller radius. The two

radii are related by RVeq
max = 3

√
1
2 Rmax for this ideal Rayleigh case of bubbles of spherical

cap shape.
In figure 9, we show the same data as in figure 3, but this time as functions of γ V

and scaled on RVeq
max, i.e. kVeq = TL/(0.1837 RVeq

maxm−1 s). As expected, in the range γ > 1,
the measured data fit the theoretical predictions by Rattray or Sato & Shima better as the
latter are based on a volumetric definition. For γ → 0, the deviations from the theoretical
descriptions again are large, and kVeq does not approach a prolongation factor of unity for
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Rmax

Rmax
Veq.

(a)

(b)

Figure 8. Definition of the maximum bubble radius for the Rayleigh case at γ = 0. The hemispherical bubble
with radius Rmax in (a), in the volume equivalent description in (b) is considered as an entire sphere of smaller
radius RVeq

max.

Experimental

Numerical

Numerical: Lechner et al. (2020)

Rattray O(1)

Rattray O(2)

Sato & Shima

0 0.5

γV

1.0 1.5

1.25

1.35

1.30

1.20

1.15

kVeq.

1.10

Figure 9. Rayleigh prolongation factor obtained experimentally and numerically as in figure 3 but now
normalized on the equivalent volumetric maximum bubble radius RVeq

max. The dashed lines show the Rattray
corrections of first and second order, kO(1)

R (γ ) = 1 + 0.205/γ and kO(2)
R (γ ) = 1 + 0.205/γ − 0.0225/γ 2, as

well as the Sato & Shima correction for water, kS(γ ) = 1 + 0.19/γ . The red triangles show numerical results
from Lechner et al. (2020).

the hemispherical case but seems to approach 3√2. This is because effectively, it predicts
the collapse time of a bubble of the smaller radius RVeq

max.
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Figure 10. Numerical results relating the volume equivalent radius RVeq
max to the geometric maximum radius

Rmax, and the fit with parameters given in (A1), as a function of γ .

While k has a maximum at γ = 0.69, with this scaling, kVeq rather shows a plateau
when γ → 0. This is because with decreasing γ , the value of RVeq

max decreases as the bubble
volume decreases, as sketched in figure 8.

In figure 9 the numerical results by Lechner et al. (2020) are plotted additionally (orange
triangles). They agree well in trend and in values with our results. However, an additional
fluctuation with a local minimum around γ = 0.25 is seen, which is not present in our data.
Kindly note that their data was normalized on a fixed value of Rmax = 500 μm measured
on one free bubble, neglecting the effects of the boundary on the bubble size. Furthermore,
their data is measured on the collapse phase only and not over the entire bubble life time;
for details see Lechner et al. (2020).

In the following, we work out the relationship between the volumetric and geometric
definitions, and also give a conversion function derived from our simulations that we used
to re-scale our experimental data in figure 9. This is justified by the perfect matching of
bubble shapes at maximum expansion (see figure 2). In figure 10, the relation RVeq

max/Rmax
is shown together with the fit function given in (A1) below. For the fit, we use a rational
of the form p1x4 + p2x3 + p3x2 + p4x + p5)/(x4 + q1x3 + q2x2 + q3x + q4), and find the
fit parameters

RVeq
max/Rmax = 0.9526γ 4 + 0.1514γ 3 + 0.4080γ 2 + 0.09755γ + 0.06398

γ 4 + 0.006959γ 3 + 0.5873γ 2 + 0.02949γ + 0.08072
, (A1)

with a root-mean-square error 0.0008 in the range shown in figure 10. For γ = 0, the

fit yields, as expected, 0.06398/0.08072 = 0.793 ≈ 0.7937 = 3
√

1
2 . The data also allow

us to convert γ to γ V easily according to γ V = γ Rmax/RVeq
max; the numerical results are

shown in figure 11. Finally, we consider the difference in stand-off values between the
volumetric and geometric stand-off definitions, γ V − γ ; see figure 12. It turns out that
the difference between the definitions is below 0.022 for all stand-offs. This small value
is often negligible and within the range of measurement errors. The maximum radius,
however, varies for both definitions up to a factor ≈ 21/3 (at γ = 0).

Note that for γ → ∞, both definitions are the same. Here we chose to use the geometric
definition because it allows the correct prediction of the collapse time for γ = 0 and
γ → ∞, and we feel that it is the adequate description for the hemisphere, while with
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Figure 11. Numerical conversion factor between geometric and volumetric normalization of the stand-off as a
function of γ .
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 γ

 γ
V  

–
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Figure 12. Difference between the geometric and volumetric stand-offs γ and γ V . The difference is smaller
than 0.023 in all cases, which is negligible most of the time.

the volumetric stand-off, this is only the case for γ → ∞. In addition, the geometric
definition offers some experimental advantages that we use here because it is sufficient to
measure the bubble boundary at only one position, while for a volumetric measurement the
boundary needs to be determined along the entire bubble contour, along which, typically,
the illumination conditions change, in particular when close to the solid.
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