
BULL. AUSTRAL. MATH. SOC. 46M05, 46M20
VOL. 36 (1987) 417-423

TENSOR PRODUCTS OF FUNCTION ALGEBRAS

ATHANASIOS KYRIAZIS

For appropriate topclogical spaces X,Y,Z the algebra C (X *„ ^

of ^-valued continuous functions on the fibre product X *_ Y in

the compact-open topology, describes the completed biprojective

CaCZ)-tensor product of Z^X], Q.JLY) .

The purpose of this note is to show the following:

THEOREM. Let X,Y,Z be completely regular spaces with X,Y

a-compact. Moreover, let X *„ Y be the fibre product of X,Y over Z .

Then,

(1) C (X x Y) = C (X) I C (Y)
c Z c c^(z) c

within an isomorphism of Fr4chet locally m-convex C^(Z)-algebras.

Concerning the definition of the topological C (Z)-algebra in the

second member of CD see [5: Definition 1.1 and also (1.6)]. Relations

analogous to CU are valid too for algebras of complex-valued holomorphic

functions on Stein manifolds and C^-functions on compact C'-manifolds

(see Scholium).

Received 18 November 1986.

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/87
$A2.00 + 0.00.

https://doi.org/10.1017/S0004972700003701 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700003701


4 1 8 Athanasios Kyr iaz i s

We f i r s t comment on the necessary terminology. Thus l e t X,Z be

topological spaces and y : X -*• Z a continuous map. The algebra C (X)

of jF-valued continuous functions on X with the compact-open topology

becomes a loca l ly m-convex C (Z) -algebra via a "y-convolution" given by

(2) a ^ f := (a • v).f

for a e C C.Z) , f e C (X) Csee [5: Section 1]1.

On the other hand, we say that a topological algebra M admits a

functional representation whenever one has C M CM)) = M , within an

isomorphism of topological algebras [7 : p.474, Theorem 3.1]. So first we

have.

LEMMA 1. Let XiY}Z be completely regular spaces and X x_ Y the

fibre product of the maps p : X -»• Z and v : Y -*• Z . Then, in the

category of topological algebras admitting functional representations3 the

algebra C CX x „ Y) is the pushout of the maps y^ .• C (Z) -*• C (X) and

v^: C (Z)_ -»• C CX) defined by v^(a):= a ° v, \>^Ca) := a » v (a e C (Z)).

Proof. Let p3 q be the canonical projections of

X *z Y := {(x,y) e X x Y : \i(x) = v(y)} onto X}Y respectively. Then,

one has

C3I y o p = v o ^

such, that the following diagram is commutative

c a; > c

Moreover, l e t (Mtrts) be a triad consisting of a locally m-convex algebra

M admitting a functional representation and continuous algebra morphisms
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r : C (X) + M, s : C (Y) •*• M such thato a

(5) r o \i* = s

The "transpose" continuous maps of r3s on the spectra of the respective

algebras, that is r* : M(

next diagram commutative.

algebras, that is r* : MfAfj -»• MfC (Xll, s* : V\CM) •+ MTC (I)) make the

MfW

(61 >

IMJ > A

i J,
T *• Z

v

(see also [6 : p.223, Theorem 1.2]). Thus, there exists a unique

continuous map

(71 i|i ; MCA/; •*• X x Y

such that

(81 poty=r*iqoty = s*

Csee [8 -. p.231, Definition 12]). Hence, one gets a continuous algebra

morphism

(9) *, : C (x x Y) ->• M

such that

(101 ** ° p* = r , tyA ° qA = e ,

which, yields the assertion Csee IS : p.255, Definition 10]). D

Now, if E is a topological algebra and J a closed 2-sided ideal

of E t one has M(E/I) = h(I), within a homeomorphism. Here

h(I) = {f e M.(E): I £ ker(f) } denotes the hull of J (see [6 : p.339,

Theorem 4.1]1. This yields the following

LEMMA 2. Let E be a topological algebra admitting a functional

representation and J a closed 2-sided ideal of E . Then, the quotient

topological algebra E/I admits a functional representation. •
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4 2 0 Athanasios Kyriazis

Let X,Y,Z be completely regular spaces and J the closed subspace

of Ca(X x Y) generated by the set T := {a * f - a *^ f : a e CQ(Z)

f e C (X x Y)} (see (2)). Then, J i s a closed 2-sided C (Z)-ideal of

CCCX x Y) (see (2) and also [5 : Section 1]) , such that CJX x Y)/J i s a

locally ^-convex C fzj-algebra (see [5], [6]) . Moreover, thec

homeomorphism MfC (X x Y)) = X x 7 (.see [6 : p.223, Theorem 1.2]) and

Lemma 2 imply the following

COROLLARY 1. If X,Y are completely regular spaces, the algebra
CQ(X x Yl/«T admits a functional representation. D

LEMMA 3 . Let X,Y,Z be completely regular spaces and X x Y the
u

fibre product of the maps y : X •*• Z and v : Y •*• Z . Then, the algebra

CCX x Y)/J is the pushout of C & ) , C(Y) over C(Z) in the
G Q G G

category of topological algebras admitting functional representations.

Proof, rf p,q are the canonical projections of X x Y onto X,Y

respectively, then Corollary 1 and (5) imply

(11) pt o y^ = q* o V;t

where p A , qA are the compositions of the continuous algebra morphisms

C CXI — — » C CX x Y) > C CX x Y)/J
(12) c p, c ir o

-\-Xi ~~r—* ̂ ^l-A x XJ > I* LA. x XJ/u
C q^ C Tl G

respectively Csee Lemma 1) . Moreover, let (M,r,s) be a system consisting

of a locally m-convex algebra M admitting a functional representation

and continuous algebra morphisms r,s satisfying (5)-. Thus, the (uniquely

definedl continuous map (.7) implies the existence of a continuous map

(12) i|i' : MM) -»• X x Y

sucK that poijj'=2»* , q o ty' = s* , Hence, one gets a continuous

algebra morphism
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(14) • ' 'Cttxij+M
" c

with i)^ o P4 = r, ty't ° q* = s (see (12), (8), (10)) . Furthermore, the

re la t ion J = kerfirj £ kerf i j^ (see Corollary 1, (12), (14)) implies the

existence of a (unique) continuous algebra morphism

(15) ty : CQ(X x Y)/J + M

with i|ij = tji o ir . Therefore, one gets r = $ » p^, s = $ ° qA (see (14) ,

(.11), C151), and the assumption follows LS : p.255, Definition 10]. D

Now, by the uniqueness of the pushout in a given category [S : p.255]

in connection with Lemmas 1,3 one gets the following

PROPOSITION. Let X,1,Z be completely regular spaces and X *z Y

the fibre product of X,Y over Z (see Lemma 1). Then,

(16) C (X x„ Y) = C (X x Y)/J

within an isomorphism of locally m-convex algebras. In particular, (16)

yields an isomorphism of locally m-convex C (Z)-algebras (see (2)). D

Let XjY be completely regular fe-spaces with X x Y a fe-space

as well (take, for example, X,Y to be locally compact spaces; see [/])•

Thus one has the following isomorphism of locally m-convex algebras.

(17) CJX) 9 C (Y) = C (X x Y)
C C G

(see [6 : p.392. Corollary 1.1]). Moreover, if Z is a completely regular

space, C.17} preserves the respective topological C.(Z)-algebra structures

(see (.2)1, such that (17) yields an isomorphism of locally m-convex

C (Z)-algebras. Furthermore, let I be the closed 2-sided C (Z)-ideal of

CQ(X) 9 CO(Y) defined by the set S := {(a *\i f) 0 g - f e (a *v g) •.

a e Ca(Z) , f e CO(X) , g e CjY) } . By C17) X is a dense subset of J

(see Corollary 11, hence

(18) Ca(X) ® Ca(Y)/I = Q.Q(X x Y)/J ,
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422 Tensor products of function algebras

within an isomorphism of (complete) locally m-convex C (Z)-algebras.

We are now in the position to give the

Proof Of Theorem. We first remark that C (X) 8 C (I) is a
a a

Frechet local ly m-convex CTZj-algebra (see L6 -. p.392, Corollary 1.1] ,

C3 : p .345, Proposit ion 2] and (17)). Hence ([5 : (1.6)] and [Z : p.113

and a lso p . 138, Theorem 2]) one has the next topological-algebraic

isomorphism

Ca(X) ®C (Z) Ca(I) " Cc(X) • Ca(Y)/} >a

such that the assumption now follows from C18) and the Proposition. D

SCHOLIUM. We get relations analogous to (.1) by considering (complex-

valued) holomorphic and C°°-functions. Thus, if XSY3Z are Stein spaces

[4], the fibre product X x Y is a Stein space [4 : p.225, E.51b];

so we get results analogous to Lemmas 1,3 in the category of Stein

algebras Csee also [6 : p.229; (3.2) ] for this type of algebras) . Thus,

one has

(19) OU *z I) = 0(X) %0(z)0(V

within an isomorphism of Frechet locally m-convex algebras (see the

Proposi t ion and [6 : p.402; (4.10)] .

Moreover, suppose tha t X3Y,Z are compact C^-manifolds, with

X x„ Y a (compact) C^-manifold too ( th is happens, for example, i f one
it

of the C°°-functions y,v (see Lemma 1) is a submersion). Hereafter

stands for the algebra of complex-valued C°°-functions on a smooth

manifold X endowed with the (canonical) C°°-topology (see for example

[6 : Chapter IV, 4. (2) ] ) . Thus consider now topological algebras

"admitting differentiable representations"; that is, topological algebras

M such that C°(V\(M)) = M , within a topological-algebraic isomorphism

(see [6 : p.227, Theorem 2.1]). So, by adapting Lemmas 1,3 and then the

Proposition and Theorem, we have
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Athanasios Kyriazis

(20) (Tu *z i) = C(x)

within an isomorphism of Fre'chet locally m-convex C°(Z)-algebras.
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