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In fusion devices, the geometry of the confining magnetic field has a significant impact
on the instabilities that drive turbulent heat loss. This is especially true of stellarators,
where the density-gradient-driven branch of the ‘trapped electron mode’ (TEM) is
predicted to be linearly stable if the magnetic field has the maximum-J property, as is
very approximately the case in certain magnetic configurations of the Wendelstein 7-X
experiment (W7-X). Here we show, using both analytical theory and simulations, that
the benefits of the optimisation of W7-X also serve to mitigate ion-temperature-gradient
(ITG) modes as long as an electron density gradient is present. We find that the effect
indeed carries over to nonlinear numerical simulations, where W7-X has low TEM-driven
transport, and reduced ITG turbulence in the presence of a density gradient, giving
theoretical support for the existence of enhanced confinement regimes, in the presence
of strong density gradients (e.g. hydrogen pellet or neutral beam injection).

Key words: fusion plasma, plasma confinement, plasma instabilities

1. Introduction

In magnetic confinement fusion devices, there are usually three processes limiting
the energy confinement: radiation losses, neoclassical transport, which encompasses
collisional diffusion – including the effect of particle drifts that arise due to gradients
and curvature of the confining magnetic field – and turbulence. While tokamaks are
never critically affected by collisional transport owing to their axisymmetry, stellarators
historically suffered from poor confinement due to the lack of symmetry and the
resulting high neoclassical transport losses at high temperature. Optimised stellarators
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using the concepts of quasi-symmetry (Nührenberg & Zille 1988; Boozer 1995), like the
quasi-helically symmetric experiment HSX (Anderson et al. 1995), or quasi-isodynamicity
(Helander & Nührenberg 2009; Nührenberg 2010), like the recent superconducting
stellarator Wendelstein 7-X (W7-X) (Beidler et al. 1990; Klinger et al. 2013), are designed
to overcome the problem of large neoclassical transport (Canik et al. 2007; Beidler
et al. 2011), rendering turbulence the dominant transport channel. As in tokamaks,
ion-temperature-gradient (ITG) modes and trapped-electron modes (TEMs) have been
identified as the most transport-relevant amongst the electrostatic instabilities. Recent
research has focussed on studying the effects of the magnetic geometry available to
stellarators on the instability of the ITG mode and TEM. For quasi-isodynamic and other
omnigeneous stellarators, the second adiabatic invariant J of fast-bouncing particles such
as electrons is constant on flux surfaces with flux surface label ψ (Helander 2014) and
depends through the velocity v on the total energy E with ∂J/∂E > 0 at high normalised
plasma pressure:

J =
∫

mv‖ dl = J(ψ,E), (1.1)

where v‖ denotes the velocity parallel to the magnetic field. If now an instability with
frequency below the bounce frequency, ωτb � 1, moves a particle outwards by �ψ , the
energy �E necessary for this follows from the conservation of J (Helander et al. 2012):

�J = ∂J
∂ψ

�ψ + ∂J
∂E
�E = 0 → �E = −∂J/∂ψ

∂J/∂E
�ψ. (1.2)

This means the movement is at the expense of the instability and thus is stabilising if
∂J/∂ψ < 0, i.e. if J has its maximum at the magnetic axis (Rosenbluth 1968). Proll
et al. (2012) and Helander, Proll & Plunk (2013) showed analytically that stellarators
with the maximum-J property, where all trapped electrons can be shown to experience
bounce-averaged ‘good’ curvature, ω∗eω̄de < 0 (where ω∗e is the electron drift wave
frequency and ω̄de is the bounce-averaged magnetic drift frequency of the electrons),
should be largely stable to collisionless electron-driven TEM thanks to the stabilising
property of the trapped electrons. While the theory states that this resilience should
hold for perfectly quasi-isodynamic stellarators with the maximum-J property, linear
simulations (Proll, Xanthopoulos & Helander 2013; Alcusón et al. 2020) showed that
W7-X, which is only approximately quasi-isodynamic, indeed benefits from reduced TEM
growth rates, too. These results are however only linear and raise the question whether the
enhanced stability actually results in less turbulent transport. Recent nonlinear analytical
theory using the concept of available energy (Helander 2017, 2020) and preliminary
simulations (Helander et al. 2015; Xanthopoulos et al. 2020) have hinted that this is
indeed the case. The present paper investigates the question directly, demonstrating the
fully nonlinear effect of trapped electron stabilisation on TEM turbulence, and also how
the effect extends to ITG turbulence, by comparing simulation results obtained in the
high-mirror configuration of W7-X, HSX and the DIII-D tokamak (Luxon 2002). We
also provide analytical arguments for why, in quasi-isodynamic configurations, trapped
electrons also have a stabilising property for ITG modes.

2. ITG-stabilisation through trapped electrons

To argue why trapped electrons in maximum-J configurations are also stabilising for
ITG modes, we investigate the ITG in two different limits: near marginal stability and in
the strongly driven limit. Near marginal stability, we can revisit the derivation from Proll
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et al. (2012) and Helander et al. (2013), where we defined the rate of gyrokinetic energy
transfer from the electrostatic field to species a as

Pa = eaIm
{
(iv‖∇‖ga − ωdaga)φ

∗J0 (k⊥v⊥/Ωa)
}
. (2.1)

Here, ea is the charge of particle species a, φ∗ is the complex conjugate of the electrostatic
potential, J0 is the zeroth-order Bessel function of the first kind, v⊥ is the velocity
perpendicular to the magnetic field, Ωa is the Larmor frequency of species a and k⊥
is the magnitude of the perpendicular wave vector k⊥ = kψ∇ψ + kα∇α with α being
the binormal coordinate used in the Clebsch representation of the magnetic field, B =
∇ψ × ∇α. The magnetic drift frequency is given by ωda = k⊥ · vda, with the drift velocity
vda = b̂/Ωa × ((v2

⊥/2)∇ ln B + v2
‖ b̂ · ∇b̂), where b̂ is the unit vector along the magnetic

field. Additionally, ga = fa1 + (eaφ/Ta)fa0 denotes the non-adiabatic part of the perturbed
distribution function with the equilibrium distribution function fa0 being Maxwellian and
Ta the temperature of species a. We have also used the notation

{· · · } =
∫ ∞

−∞

dl
B

∫
(· · · ) d3v, (2.2)

i.e. we integrate over velocity space and along the field line in Ballooning space (Connor,
Hastie & Taylor 1979). It was shown that when using the general solutions of the linear
electrostatic gyrokinetic equations as introduced by Connor, Hastie & Taylor (1980) and
Tang, Connor & Hastie (1980), thus imposing no limit on the frequencyω of the instability,
the energy transfer rate near marginal stability can be written as

Pa = ω

∫ ∞

0
(ω − ωT

∗a)Posa(x, ω) dx, (2.3)

where Posa(x, ω) is a positive definite function and the velocity-dependent diamagnetic
frequency is given by ωT

∗a = ω∗a[1 + ηa(x2 − 3/2)], with ω∗a = (Takα/ea) d ln na/dψ ,
x2 = mav

2/2Ta and ηa = d ln Ta/d ln na as the ratio between the temperature and density
gradients (Proll et al. 2012; Helander et al. 2013). For a typical ITG mode travelling in the
ion diamagnetic direction, i.e. ωω∗i > 0, and as long as 0 ≤ ηe < 2/3, i.e. the electron
temperature gradient is not too large compared with the density gradient, the energy
transfer rate of the electrons will always be positive, Pe > 0, meaning the electrons will
draw energy from the mode rather than provide it. This finding does not only hold for
maximum-J configurations but is, in fact, independent of any details of the geometry. This
is perhaps a rather trivial finding when we only consider two species: to reach the point
of marginal stability, where the sum of the energy transfer rates must be zero, only one
species can provide the drive while the other will have to draw energy from the instability,
and it is no surprise that the ions would be found to provide the drive for an ITG and the
electrons to be stabilising. However, the result is also valid for more than two species, i.e.
the stabilising property of the electrons remains even in situations with impurity species.

Far from marginality, we can still show that electrons are stabilising for ITGs in
maximum-J configurations: as described by Plunk, Connor & Helander (2017), in the
strongly driven limit,

ωda

ω∗a
� 1, (2.4)

which applies when gradients are large (and thus far from marginality), the dispersion
relation of electrostatic modes can be cast into the form

ω = − 1
2P
(Q ±

√
Q2 − 4PR), (2.5)
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with

P =
∫ ∞

−∞

[
1 + Te

Ti
(1 − Γ0)

]
|φ|2 dl

B
− 1

2

∫ min

1/Bmax

∑
j

τj

∣∣φ̄j

∣∣2
dλ, (2.6)

Q = ω∗iTe

Ti

∫ ∞

−∞
[Γ0 − ηib (Γ0 − Γ1)] |φ|2 dl

B
+ ω∗e

2

∫ min

1/Bmax

∑
j

τj

∣∣φ̄j

∣∣2
dλ, (2.7)

R = ω∗iTe

Ti

∫ ∞

−∞

ωdi

x2 (1 − λB)
[
Γ0 − b (Γ0 −Γ1)

2
+ ηiΓ0 (1 − b)2 + ηiΓ1b

(
3
2

− b
)]

|φ|2 dl
B

+ 3 (1 + ηe) ω∗e

4

∫ min

1/Bmax

∑
j

ω̄dej

x2
τj

∣∣φ̄j

∣∣2
dλ, (2.8)

where we have defined the bounce averages of the potential φ and the electron drift
frequency ωde within a trapping well j with magnetic field strength B < 1/λ in the
following form:

φ̄j(λ) =
∫

φ(l) dl√
1 − λB(l)

/∫
dl√

1 − λB(l) =
∫

φ(l) dl√
1 − λB(l)

/
τj, (2.9)

where τj denotes the bounce time. For the integral over all trapped particles, we then need
to sum over all possible trapping wells j for a given pitch angle λ.

In the derivation of this dispersion relation, ion motion along the magnetic field has
been neglected, which excludes slab ITG modes from the consideration but includes the
curvature-driven ITG mode. While P can be shown to be positive definite (Helander et al.
2013), Q and R can have either sign. Importantly, from (2.5), we see that we require 4PR >
Q2 for ω having an imaginary part and thus an instability to exist. With P positive, only a
positive R can lead to an instability, and a larger R would mean a more unstable instability.
As argued by Plunk et al. (2017), the electron contribution to R, i.e. the second term, is
negative and thus stabilising for all ηe ≥ −1, due to the proportionality to ω∗eω̄dej, which
is negative for all particle orbits in maximum-J devices. Only the ion contribution, i.e.
the first term in R, can be destabilising. Note that this form implies that stabilisation is
expected from both the electron temperature and density gradients in the strongly driven
limit.

These arguments thus predict enhanced stability of maximum-J configurations also
to toroidal ITG modes, as soon as a density gradient is present, and thus add to the
prediction of enhanced stability to TEMs shown analytically linearly (Proll et al. 2012;
Helander et al. 2013) and nonlinearly (Helander 2017). The nonlinear argument in fact also
extends to ITGs, as it can be shown that less energy (in the electrons) is available to drive
instabilities when the density profile is slightly peaked than when it is flat (Helander 2020).
Although they are not immune to ITG modes, maximum-J devices should thus benefit
from somewhat reduced turbulence over a large range of parameter space, whenever a
density gradient is present. In the absence of any electron drive, i.e. for flat density and
electron temperature gradients, the presence of trapped electrons (second term in P) will
deplete the Boltzmann electron density response. This will reduce P and thus increase the
growth rate of the ITG (see (2.5)), as will be seen when comparing ITG simulations with
adiabatic and kinetic electrons.
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3. Simulation set-up

Collisionless electrostatic simulations were performed with the flux-tube version of the
Eulerian code GENE (Jenko et al. 2000, see genecode.org for code details and access),
which solves the gyrokinetic equation together with Maxwell’s equations and incorporates
realistic geometry when coupled to the GIST code (Xanthopoulos et al. 2009). For
W7-X and HSX, the flux tubes studied cross the outboard midplane in the bean-shaped
cross-section of the stellarator at the midpoint of the flux tube, as these flux tubes have
been found to be the most unstable ones to ITG modes and TEMs in previous studies
(Proll et al. 2013; Faber et al. 2015). While for W7-X, one poloidal turn has found to
be sufficient for convergence, for HSX 4,poloidal turns have been found to be necessary
(Faber et al. 2018). In all three devices, the flux surface chosen was at half-normalised
toroidal flux, i.e. s = ψ/ψ0 = 0.5. For more information about the geometry, the reader is
referred to Proll et al. (2013) for DIII-D and W7-X and to Faber et al. (2018) for HSX. ITG
turbulence was modelled with both adiabatic (ITG-ae) and kinetic (ITG-ke) electrons, and
TEM with a pure density gradient; the resolution was chosen as seen in table 1. There,
nz refers to the number of grid points along a field line, nkx the number of grid points
in the radial direction, nky to the number of Fourier modes in the binormal direction (i.e.
perpendicular to both the field line and the radial direction), nv to the number of grid points
in the direction of parallel velocity v‖, nw to that in the direction of the magnetic moment
μ and kymin to the minimum value of the wavenumber in units of inverse gyroradius.

For TEMs in HSX, kyρs = 0.1 was found to be sufficient as the smallest binormal
wavenumber. The simulations are performed with a realistic mass ratio for hydrogen
plasmas of me/mi = 1/1836 and a temperature ratio of Te/Ti = 1,1 where me and mi
are the electron mass and the ion mass, respectively, and Te and Ti the electron and ion
temperatures, respectively. To assess the relative strength of the turbulence in different
devices and for different types of drive, we will compare the sum of the electrostatic
heat fluxes for both species s, Q = ∑

s Qs, and the particle flux Γ = Γe = Γi, defined
as follows:

〈Qs〉
Qgb

=
〈∫

d3v 1
2 msv

2fs,1vd,r
〉

Qgb
, (3.1)

〈Γs〉
Γgb

=
〈∫

d3vfs,1vd,r
〉

Γgb
, (3.2)

with fs,1 as the fluctuating part of the particle distribution function of species s, vd,r is
approximated by the radial component of the generalised E × B velocity, ms is the particle
mass and where 〈· · · 〉 denotes the average over the flux tube. Both fluxes are normalised
to gyro-Bohm units,

Qgb = niT
5/2
i m−3/2

i /(Ω2
i a2), (3.3)

Γgb = niT
3/2
i m−3/2

i /(Ω2
i a2), (3.4)

with ion density ni, ion temperature Ti, ion mass mi, minor radius a and ion gyro
frequency Ωi typically evaluated at the magnetic axis. In this formulation, differences
in surface-to-volume ratio are not accounted for. To compensate for that, factors of 5 or 4
for W7-X or HSX, respectively, would have to be used when comparing against DIII-D.

1In HSX experiments, the electron temperature Te usually exceeds the ion temperature Ti, but we always set them
equal since our aim is to study the effect of magnetic geometry rather than modelling specific experiments.
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6 J.H.E. Proll and others

ITG-ae ITG-ke ∇n TEM

DIII-D 192, 64, 64, 48, 20, 0.05 192, 64, 64, 48, 20, 0.05 192, 48, 64, 48, 20, 0.05
HSX 128, 32, 512, 48, 8, 0.1 128, 48, 512, 48, 8, 0.1 128, 32, 256, 32, 8, 0.1
W7-X 384,64, 128, 48, 20, 0.05 256, 64, 96, 48, 10, 0.05 256, 64, 96, 48, 10, 0.05

TABLE 1. Resolution for turbulence simulations (nkx, nky, nz, nv, nw, kymin) for ITGs with
adiabatic (ITG-ae) and kinetic (ITG-ke) electrons and TEM with a pure density gradient.
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with a/Ln=1

Q
/Q

gb

a/LTi

W7-X
HSX

DIII-D

FIGURE 1. ITG adiabatic electrons: Flux-tube-averaged and time-averaged (in the
quasi-stationary phase) normalised heat fluxes in W7-X, HSX and DIII-D for
ion-temperature-gradient-driven turbulence with adiabatic electrons. The full symbols
show how the heat fluxes change for an ion-temperature gradient of a/LTi = 3 once a small
density gradient a/Ln = 1 is present.

For the linear simulations, we typically scan over the binormal wavenumber kyρs, where
ρs = √

Ti/mi/Ωi, and we use the radial mode number kxρs = 0.

4. Nonlinear simulation results
4.1. Ion-temperature-gradient (ITG) modes

First, we study the effect of the magnetic geometry on ITG turbulence by varying the
ion temperature gradient a/LTi = −a d ln Ti/dr while setting the electron-temperature
gradient and the density gradient to zero. It is found that the heat flux of turbulence
resulting from ITGs with adiabatic electrons (ITG-ae) is smaller in both stellarators than
in DIII-D, see figure 1. The difference can likely be attributed to the strong local shear
and low global shear in both stellarator devices (Plunk et al. 2014) – with HSX having
particularly low global shear, also compare McKinney et al. (2019) – as well as generally
smaller local curvature in W7-X. This difference is also reflected in the linear growth rates
(for W7-X and DIII-D, see Proll et al. 2013). If we now add a density gradient a/Ln = 1 for
the case with a/LTi = 3, we see the typical (Coppi, Rosenbluth & Sagdeev 1967) partial
stabilisation of ITG through the density gradient, resulting in reduced heat fluxes in all
three devices.

Returning to the scenario with a flat density profile, the aforementioned inter-machine
trend changes significantly if we also consider kinetic electrons: Initially we note that
with kinetic electrons, the relative magnitude of the fluxes – now also the particle flux
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FIGURE 2. ITG kinetic electrons: flux-tube-averaged and time-averaged (in the quasi-stationary
phase) normalised heat fluxes (a) and particle fluxes (b) in W7-X, HSX and DIII-D for
ion-temperature-gradient-driven turbulence with kinetic electrons. The full symbols show how
the fluxes change for an ion-temperature gradient of a/LTi = 3 once a small density gradient
a/Ln = 1 is present.

in addition to the heat flux, see figure 2 – between the devices remains similar, with
DIII-D having the highest fluxes and W7-X having the lowest (even though the particle
fluxes of HSX are only barely larger than those of W7-X), and that all heat fluxes have
increased compared with the case of adiabatic electrons, with the increase being strongest
for HSX and weakest for W7-X. This increase in ITG activity when going from adiabatic
to kinetic electrons is also observed in the linear growth rates and was discussed above.
Now, if again a density gradient a/Ln = 1 is added for the case with kinetic electrons
and an ion-temperature gradient a/LTi = 3, we observe that the three devices behave very
differently: for DIII-D, both the heat flux and the particle flux increase strongly. This can
be explained by trapped-electron-modes being destabilised (as is also seen in the linear
growth rates, see figure 3), which then contribute to both fluxes. In W7-X and HSX, we
see the opposite behaviour: the particle fluxes remain nearly constant, and the heat fluxes
even decrease. This is rather remarkable, and to understand it, one needs to consider the
linear growth rates for the ITGs with and without a density gradient, see figure 3. In
W7-X, we see a reduction in linear growth rates once a density gradient is present, but
not in DIII-D or in HSX. We attribute this to the high degree of maximum-J property of
W7-X, which leads to a large fraction of trapped electrons having favourable curvature
and thus being stabilising, as discussed above. An alternate explanation (Kotschenreuther
et al. 2020) involves enhanced electron adiabaticity; assessing the relative effectiveness of
these mechanisms is beyond the scope of the present work. As this reduction in growth
rates is only seen at low wavenumbers (kyρs ≈ 0.1–0.2), the effect may be insufficient in
fully explaining the reduction in nonlinear heat flux. However, to properly appreciate the
linear effect of the maximum-J property, one needs to contrast the mild stabilisation of
W7-X with the robust destabilisation for all wavenumbers in HSX, as expected when the
TEM drive is increased, discussed immediately hereafter. Thus, one may conclude that the
response of the heat flux of W7-X to increased density gradient indeed benefits from the
stabilising influence of the maximum-J property.

In HSX, no linear stabilisation is observed but rather a destabilisation like in DIII-D,
which is very well understandable as HSX is far from maximum-J. However, the nonlinear
heat and particle fluxes show the opposite behaviour and decrease or remain constant,
respectively, rather than increase, just like in W7-X. We thus note that in HSX, a strong
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FIGURE 3. Normalised growth rates γ of ITGs with kinetic electrons (ITG-ke) at a/LTi = 3
with (full symbols) and without (open symbols) added density gradient of a/Ln = 1 in W7-X,
HSX and DIII-D, for a large range of wavenumbers (a) and only the small wavenumbers (b).

nonlinearly stabilising mechanism exists in the form of enhanced energy transfer to stable
eigenmodes (Hegna, Terry & Faber 2018; Terry et al. 2018), as measured, e.g. by the
triplet correlation time (Terry et al. 2018; Whelan, Pueschel & Terry 2018; Li et al. 2021;
Pueschel, Li & Terry 2021). The process underlying the substantial nonlinear stabilisation
observed in HSX is likely also at work in W7-X, though to a smaller degree due to, among
other factors, the differences in magnetic shear. The delicate task of evaluating the relative
importance of the linear and nonlinear stabilisation will be left for future work. We note
the possibility that both effects may be exploited in future stellarator designs.

4.2. Trapped-electron modes (TEM)
To study density-gradient-driven TEMs, both temperature gradients are set to zero and
only the density gradient is varied. The heat and particle fluxes in both stellarators are
up to two orders of magnitude smaller than that in the DIII-D geometry (see figure 4). In
W7-X, the explanation for the low fluxes lies again with the high degree of maximum-J
property: not only are the linear growth rates of the density-gradient-driven TEM much
smaller than in the two other devices (figure 5) – as predicted (Proll et al. 2012; Helander
et al. 2013)– but we conclude that the enhanced stability also holds nonlinearly. One
surprising observation is that in W7-X, the fluxes at a/Ln = 1 are slightly larger than those
at a/Ln = 2 (figure 4). This cannot be explained by the difference in linear growth rates
(figure 6), which increase monotonically with increasing density gradient, as expected. We
do, however, observe distinctly different modes at large perpendicular scales (kyρs ≤ 0.5
with kxρs = 0)): for both a/Ln = 2 and a/Ln = 3, the modes at these large scales propagate
in the electron diamagnetic direction and have recently been classified as ‘Universal
instabilities’ (Cheng & Chen 1980; Chowdhury et al. 2010; Helander & Plunk 2015;
Landreman, Antonsen & Dorland 2015a; Landreman, Plunk & Dorland 2015b; Costello,
Proll & Plunk 2021), while the mode that is seen at smaller scales in all cases, but that
also dominates the large scales at a/Ln = 1, propagates in the ion diamagnetic direction
and is most likely the ion-driven trapped electron mode (iTEM) described by Plunk et al.
(2017). Both types of mode may have different nonlinear properties and therefore lead
to differences in saturated amplitude. For HSX, understanding the low heat flux requires
taking into account nonlinear saturation mechanisms. Just as for the ITG simulations with
a density gradient present, the growth rates are much higher than in W7-X due to the lack
of the maximum-J property. Even though the TEMs in HSX have shorter wavelengths
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density-gradient-driven turbulence with kinetic electrons.
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FIGURE 5. Normalised growth rates γ and real frequencies ω of density-gradient-driven
modes in W7-X, HSX and DIII-D for a/Ln = 3.

than in DIII-D, a simple quasi-linear theory or mixing-length estimate cannot explain why
the heat flux in HSX is comparable to, or even smaller than, that in W7-X. However,
at very low background magnetic shear as in HSX, nonlinear energy transfer to stable
eigenmodes can be enhanced, leading to lower-than-expected heat flux. Note that similar
nonlinearly stabilising features have been seen in ITG turbulence comparisons between
HSX and an axisymmetric configuration (McKinney et al. 2019). One final observation
regarding W7-X is that, in spite of the TEM heat flux being small compared with the ITG
heat flux or the heat fluxes in DIII-D, it is still large compared with the neoclassical flux
as calculated by the SFINCS code (Landreman et al. 2014) at typical values of density
n = 1019 m−3 and temperature T = 1–5 keV (see figure 7). This clearly supports turbulent
transport as the dominant transport channel in W7-X, and is very much in line with the
experimental observations (Dinklage et al. 2018), where it was found that the heat flux
calculated by neoclassical theory is not sufficient to explain experimental measurements.
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In summary, we find that in W7-X, the turbulent heat flux of both density-gradient-driven
TEM and ITGs with a small density gradient is much lower than in a tokamak geometry.
We attribute this enhanced stability to the maximum-J property of W7-X, though also
enhanced electron adiabaticity (Kotschenreuther et al. 2020) cannot be ruled out as a
possible explanation. HSX seems to benefit from a more powerful saturation mechanism,
despite lacking maximum-J optimisation. This suggests that turbulence in stellarators like
W7-X or HSX can be mitigated by increasing the density gradient, for example, through
pellet injection, as recently reported for W7-X (Bozhenkov et al. 2020), thus providing a
path toward enhanced fusion performance.
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