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EQUIVALENT PRESENTATIONS
OF MODULES OVER PRUFER DOMAINS

LASZLO FUCHS AND SANG BUM LEE

AsstracT.  If F and F/ are free R-modules, then M = F/H and M = F//H’
are viewed as equivalent presentations of the R-module M if there is an isomorphism
F — F’ which carriesthe submodule H onto H’. We study when presentations of mod-
ules of projective dimension 1 over Prifer domains of finite character are necessarily
equivalent.

1. Introduction. Let R denote a commutative domain with 1; all R-modules are
unital. In what follows, rk M will denote the rank and genM the minimal cardinality of
generating systems of the R-module M.

Let F and F’ be free R-modules, H and H" submodules such that F/H = F' /H’. We
say that F/H and F’ /H’ are equivalent presentationsof the R-moduleM = F /H if there
is an isomorphism ¢: F — F’ which carriesH onto H’.

Needless to say that, in general, there are no compelling reasons for the equivalence
of two presentations of amodule. Equival ent presentations of torsion-free abelian groups
were investigated by J. Erdés[3]; his results were extended to the mixed case by Fuchs
[4]. A more relevant study of presentations of abelian groups is due to Hill-Megibben
[7]: they succeeded in giving a necessary and sufficient condition for the equivalence
of two presentations. One of their numerous corollaries is the stacked bases theorem of
Cohen-Gluck [2]. Theresults of [7] are extended to presentationsover arbitrary valuation
domainsby L. Salce and P. Zanardo [unpublished].

The equivalence of presentations of finitely presented modules was established by
Levy [9] and by Brewer-Klingler [1] over Prifer domains of finite character (finite char-
acter meansthat every non-zero element is contained but in afinite number of maximal
ideals) and over Prifer domains of Krull dimension 1. Note that in the Prifer case fi-
nite presentation is equivalent to finite generation plus having projective dimension < 1.
Accordingly, in the infinitely generated case, it is natural to concentrate on modules of
projective dimension < 1. It turns out that then the problem is still manageable, at least
for torsion-free modules, thoughit isfar from being atrivial generalization of the abelian
group case. L et us note right away that over Prifer domainstorsion-freenessand flatness
are equivalent.

An obvious necessary condition for the equivalence of the presentations F/H and
F’/H’ of an R-module M is that the ranks satisfy

(%) tkF =rkF and rkH =rkH’.
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Our main purpose here is to show that if M is a flat R-module of projective dimension
< 1 (RisaPrufer domain of finite character), then (x) is a sufficient condition as well;
moreover, the equality rk H = rk H’ aloneimplies that the presentations F /H and F' /H’
are equivalent. (Observe that then rk F = rk F’ is automatically satisfied because of
rkF = rkH + rkF/H = rkH + rkM.) The main idea of the proof is borrowed from
Erd6s[3]; however, several essential modifications were needed to settle the problemin
our case.

If the condition of M being flat is dropped, then we can establish only a sufficient
condition for the equivalence of presentations of M. A main difficulty in obtaining a
necessary and sufficient condition in the more general case lies in the fact that for the
Hill-Megibben criterion the unique factorization of the integers seems to be a relevant
feature. On the other hand, the hypothesisthat the projective dimensionof M is < 1is
needed in order to assurethat H is projective—this property plays an essential rolein our
considerations.

Our results provide an additional evidence to justify our old claim that the behavior
of modules of projective dimensions < 1 over Prifer domains has a strong resemblance
to modules over Dedekind domains (see [5]).

2. Preliminary lemmas. For the proof of our main results, we require a couple of
preliminary lemmas.

LEMMA 1. If RisaPrifer domain and F is a projective R-module, then every finite
rank pure submoduleH of F isa summand of F.

PrOOF.  Without loss of generality we may assumethat F is afree R-module and H
is contained in afinitely generated free summand F’ of F. Then the factor module F’ /H
isafinitely generated flat R-module, so it is projective. Therefore, H isa summand of F/
and henceof F. ]

LEMMA 2. A projective module of infinite rank over a Priifer domain of finite char-
acter isfree.

ProoF. Thisfollows at once from Kaplansky [8] and Heitmann-Levy [6]. ]
The next two results are anal ogs of lemmas on abelian groups due to Erdés [3].

LEMMA 3. AprojectivepuresubmoduleH of afreeR-moduleF over a Priifer domain
R of finite character contains a summand of F whose rank is the same as the rank of H.
If H is of infinite rank, then this summand is free.

ProoF. If H is of finite rank, then by Lemma 1 it is a summand of F, and we are
done. So assume H is of infinite rank .

LetB = {b,} beabasisof F, and consider finite subsetsB; of B suchthat (B;)"H # 0.
Select a maximal pairwise digoint set > of such subsets B;, and a nonzero h; in each
(Bi) N H. Let (h;). denote the pure submodule generated by h;, i.e., (h)./(h;) is the
torsion submodule of H/(h;). Note that (h;). is a summand of (B;), and hence G =
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@(h;). is a (projective) summand of F, and so of H. Write F = (B; | Bj € ) & K
where K is generated by the basis elements not in any member of . Now KN H # 0
isimpossible, because then the basis elements b, occurring in alinear combination of a
non-zero element in thisintersection form afinite subset disjoint from every finite subset
in Z, contradicting the maximality of . Therefore, KNH = 0. Manifestly, the cardinality
of the set of all basiselementsb,, occurringin membersof X isthe sameasthe cardinality
of Z. HenceKNH = Oimpliesthat rk G = rk(B; | B; € £) = rkF /K > rkH = x. Now
G isaprojective module of infinite rank, so it isfree by Lemma 2. ]
The crucial lemmais the following.

LEMMA 4. Let F be a free module of infinite rank over a Priifer domain R of finite
character, and H a projective pure submodule of F. Assume that Sis a generating set
of F/H whose cardinality is equal to rkF, and T is a subset of F/H disjoint from S
satisfying | T| = |§. If |§ = rk H, then F hasa basis B whichismodH a complete set of
representativesof SUT.

Proor. Suppose|S = rkF = rkH = &. In view of Lemma 3, H contains a free
summand G of F withrk G = . Chooseabasis Y of G and extendit toabasisC = {b,}
of F. Next, well-order C in such away that the elementsof Y = CNH precedethe other
basis elementsin C. Moreover, we may assume that the well-ordering is donein such a
way that Y has order type k.

We are going to change the basis C to get one with the desired property. We use four
stepsin order to accomplish this goal.

Step 1. Wemodify C such that the new basis C’ will have the property that it con-
tains Y and two elements of C’ are congruent modH if and only if both belong to H.

If a basis element by in C is in the same coset modH as a basis element b, with
a < (inthe well-ordering, then we replace b in the basis C by b — b, with thefirst b,
congruent to by modH.

STEP 2. We passto anew basis C” of F which contains x elements of Y and every
element of Sis represented by exactly one basiselementin C”.

Consider aset S = {s,} (p < A < k) of representatives of elements of Swhich
have no representativesin the basis C'. If S is empty, there is nothing to do. If it is not
empty, then we proceed as follows. Without loss of generality we may assume that the
representatives s, € S have been selected such that in their representations as linear
combinations of the basis elementsin C’ no basis element from Y occurs. We split Y into
two disioint subsets: Y = Y, U Y, such that |Y;| = x and thereisabijectionf: Y, — S.
Using f, the basis elements b, € Y» are replaced by b, +f(b,).

Step 3. Wefind anew basis B’ with the property that every element of Sis repre-
sented by exactly one basis element in B’, and all the other basis elementsin B’ (exactly
r of them) belong to H.

We concentrate on those basis elements b, € C” which do not belong either to H
or to a coset in S. Since S generates F modH, to every b, € C” thereis at least one
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linear combination x,, of the basis elementsin C” representing elements of S such that
b, — X, € H. For each b, € C” whichisnotinH or in acoset of S, select such an x,
and replace b, in C” by b, — X,.

Step 4. Finally, we obtain a new basis B of F which is modH a complete set of
representatives of SUT.

Wefocusour attention onthe set T. For each cosetin T choosearepresentativev; € F,
expressed in terms of basis elementsin B’ representing cosetsin S Owingto |T| = k =
|B’ N H|, there is a bijection between the elements {b;} of B’ not representing elements
of Sand the set {v; + H} of cosets (where we have the corresponding elements carrying
the same indices). If in the basis B, the element b of B’ isreplaced by b, + v, then we
arrive at abasis with the desired properties.

This completes the proof. ]

It is worth while observing that the set SU T generates the module F /H, thus under
the hypotheses of Lemma4, F has a basis whose elements are incongruent mod H.

In some cases the condition stated in the preceding lemmais automatically satisfied.
Indeed, we can verify the following simplefact valid over any domain R; thiswasproved
by Hill-Megibben [7, Corollary 1.3] for abelian groups:

LEMMA 5. If M = F/H is a presentation of an R-module M such that rkF >
genM > Ry, then the submodule H of F contains a summand G of F withrk G = rk F.

PROCOF. Let ¢:F — M be the canonica epimorphism (with kernel H). Evidently,
there is a summand F; of F with rkFF; = genM which is mapped by ¢ onto M. Write
F = F1®F; anddenotetherestriction of ¢ to Fj by ¢ (j = 1,2). As¢1 issurjectiveand
isprojective, thereisamap p: F, — Fy suchthat ¢, = ¢1p. ThenG = {x—px | x € F2}
isacomplement of F; in F contained in H whoserank is necessarily equal tork F. =

3. The main result. We are now ready to verify our main result which we have
already mentioned in the Introduction.

THEOREM 6. Let Rbea Prifer domain of finite character, and F, F’ free R-modules.
Two presentations, F /H and F’ /H’, of a flat (i.e. torsion-free) R-module M of projective
dimension < 1 are equivalent if and only if

rkH =rkH’.

ProoOF.  Only sufficiency requires a proof. Supposerk H = rk H’; as already noted
above, thisimpliesrk F = rk F’. Actually, we are going to prove a bit more than stated,
viz. we will show that every isomorphism

YM=F/H—-F/H =M
isinduced by an isomorphism

¢:F—F with ¢H)=H"
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Notethat the submodulesH andH’ are pure (since M isflat and Ris Priifer) and projective
(since p.d. M < 1). Hence if H and H’ are of finite rank, then by Lemma 1 they are
summands of F and F/, respectively. In this case M is projective, and the equivalence of
thetwo presentationsof M isobvious. Hence, in the balance of the proof we may suppose
that rk H = rk H' isinfinite.

Choose aset Sof generatorsof M = F /H of minimal cardinality «, and pick asubset
T of M of the same cardinality, disjoint from S. This can be done as follows. If the char-
acteristic of Risnot 2, then after dropping from S one member of additive inverse pairs
among the elements of S we can choose T to consist of the additive inverses of elements
of S\ H. If the characteristic of Ris 2, then choose T to be s, + swith afixed element s
of Sand sranging over al elements of Safter deleting from Sgenerators of this form.

Weclearly havex < rkF.Let S, T’ denotethe setsin M’ correspondingto S, T under
the isomorphism . We distinguish three cases.

Casel. rkH = k. Thenrk H" = & likewise. In view of Lemma4, there exist abasis
B of F and a basis B’ of F’ which are complete sets of representatives of SU T mod H
and S U T"mod H’, respectively. (If S, T are chosen so as not to contain 0, then B will
be disioint from H.) The correspondence B — B’ which is well defined by mapping
b € Buponb’ € B if and only if 1» mapsthe coset b + H upon b’ + H’ extends uniquely
to an isomorphism ¢: F — F’ under which H’ is clearly the image of H. Thus the two
presentations are equivalent.

Case ll. rkH > k. Pick afree R-module G whose rank is rk H, then replace F by
F»GandF by F' &G, but keepH and H'. Application of Casel to the R-module M &G
(with ¢ extended by the identity map on G) implies the existence of an isomorphism
¢:F® G — F @ Gwith ¢H = H’ inducing 1. It is self-evident that ¢F = F'.

Caselll. rkH < k. Thereisadecomposition F = F; & F, suchthat H < F; and
rkH = rkF1 < rkF, = k. ThusM = F1 /H & F», and ¢ yieldsasimilar decomposition
M = F}/H’ @& F,. Casel guaranteesthe existence of an isomorphism F1 — F; mapping
H upon H’; this along with F, — F, (restriction of 1) provides a desired isomorphism
¢:F—F. n

ReEMARK. A careful examination of the proof reveals that the finite character of the
Prufer domain has been used only to guarantee that G of Lemma 3 isfree whenever it is
of infinite rank. Consequently, it is enough to require that every projective R-module of
infinite rank ~ contains a free summand of the same rank «. It is straightforward to see
that thisisthe case if and only if every projective R-module of countable rank contains
afree summand of rank > 1. This condition is satisfied, for instance, if Ris of countable
character in the sensethat every non-zero element of Riscontained in at most countably
many maximal ideals. Thus Theorem 6 continuesto hold for Prifer domainsof countable
character.

Weturn our attention to amore general situation, by dropping the condition of flatness.
From the proofs of Lemma4 and Theorem 6 it is easy to obtain a sufficient condition on
the equivalence of presentationsfor arbitrary R-modules of projective dimension < 1.
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COROLLARY 7. Let F and F’ be free modules over a Prifer domain R, and assume
F/H and F’/H’ are presentations of the R-module M of projective dimension 1. If
(i) rkF =rkF’;
(ii) H containsa free summand of F of rank gen M;
(iii) H’ containsa free summand of F’ of rank gen M,
then everyisomorphismv: F/H — F’/H’ isinduced by anisomorphism¢: F — F’ such
that ¢(H) = H'.

PrROOF. In the proofs above the flatness of M was used only to ascertain that con-
ditions (ii) and (iii) were satisfied. Therefore, assuming (ii) and (iii), and choosing a
generating set S of M of cardinality genM, the argument above establishes the present
claim as well (in view of Remark above, the condition of R being of finite character is
dropped). n

From the last corollary it follows at once:

COROLLARY 8. Let Rbea Priifer domain, and F /H, F’ /H’ two presentations of the
R-module M of projective dimension 1 where F, F’ are free R-modules. Then thereis a
free R-module G of rank < genM such that

F®G/HaG) and (FaG)/(H @G)

are equivalent presentations of M. ]

4, Application. Finally, wemention an application of our results. Thisisan analog
of one obtained by Erdés [3] for abelian groups.

COROLLARY 9. Let Rbea Prifer domain of finite character, and N a submodule of
an R-module M such that M /N isflat of projective dimension 1. If

No <genM/N and genN <genM/N,

then M has a generating system of cardinality genM /N whose elements are pairwise
incongruent mod N.

PrROOF. Represent M asF/H with afree R-module F suchthat rk F = genM. Then
N will be of the form F’/H with a submodule F’ of F containing H. Notice that F’ is
projective, since F/F = M/N has projective dimension < 1. Furthermore, in view of
rk F" = rkH+genN < genM +genN = genM /N (the last equality is a consequenceof
the hypothesis genN < genM/N) we can choose a free R-module G such that rk(G &
F)/(GaF) = rk(GDF'). Wenow appeal to the remark made after Lemma4 to conclude
that the free R-module G& F has abasis B whose elementsmod G4 F’ represent different
elementsof M /N. AsBmod H generatesM, thisyields agenerating system for M of the
desired kind. "
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