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CONGRUENCE-PRESERVING ISOMORPHISMS OF THE 
TRANSLATION GROUP ASSOCIATED WITH A 

TRANSLATION PLANE 

F. RADÔ 

Let II, IT be projective translat ion planes, ^ , &' their sets of points, /œ, IJ 
the improper lines, and T, T' the corresponding t ranslat ion groups. T is an 
Abelian group, simply transi t ive on &\lœ. T h e set of the subgroups 
Ts = H r G T, cen r = S] for all S Ç lœ is called the congruence of IT 
(cen r = centre of r ) . An injective map ç\ se —» ^ ' , where s/ C ^ \ is said 
to be a collineation of se when <p(/œ C\s#) C /«>' and three points in s/ are 
collinear if and only if their images are collinear; the set of these <p is denoted 
by $(«*/, &') and for 0 € j / , (7 Ç ^ ' we write 

< W t < ^ ' ) = W\ <P 6 * (<^ , ^ ' ) , * ( 0 ) = 0 ' } . 
An injective m a p w: T0 —> T'(T0 C T) is called a congruence-preserving iso
morphism ofTo if TI, r2, r 2 r i G T0 =» co(r2ri) = CO(T2)CO(TI) and cen r i = cen r2 <=> 
cen co(ri) = cen co(r2) ; we denote the set of all these œ by fi(T0, T ') . 

For j / = ^ i t is known [4; 7] t ha t : (1) If <p Ç $ ( ^ \ ^ ' ) , then the m a p 
£>: T —» T' defined by <£>(T) = (pr<p~l is a congruence-preserving isomorphism of 
T. (2) <p\-> ç defines a bijection of $ 0 , o ' ( ^ \ ^ ' ) onto 12(T, T') . These results 
m a y be thought of as the core of the theorem on the representat ion of collinea-
tions of Desarguesian planes by semilinear maps . 

I t was realized t h a t collineations of certain subsets se of a Desarguesian 
projective plane also induced semilinear maps and could be embedded in 
collineations of the entire plane. This was proved in case se consists of four 
non-concurrent lines [1 ; 2 ; 3], in case se consists of three non-concurrent lines 
and a t least one more point [8], and for a more general case (requiring only two 
full lines to be in stf and certain addit ional conditions) [6], When stf contained 
four non-concurrent lines, any collineation of se could be embedded into a 
collineation of the whole plane under much more general assumptions as to the 
projective plane [5; 9]. 

Our aim in the present paper is to investigate wha t connections exist between 
the collineations of certain subsets in a translation plane II and the congruence-
preserving isomorphisms of corresponding complexes of the translat ion group T. 
We will also note subsets S$ such t h a t any collineation of s/ is embeddable in a 
collineation of II. 

Definition 1. W e call a set stf C & containing a t least two proper points a 
semi-anchor if for any translat ion plane IT, and <p Ç $>(<fl/, &'), and 
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T G T , j / P > r _ 1 j / (£ /oo implies that there exists r G V such that for any 
M £ s/ C\ T~1S/ we have r'<p(M) = <p(rM). In other words, we require a 
translation r ' G "F such that the diagram 

rSÏ Ç\SÏ - ^ ^ ' 
commutes. 

Note that the condition se C\ T~1S$ Ç/_ lœ ensures the existence of a proper 
point M such that both M and TM belong to s/. 

For a given semi-anchor s/ we denote the uniquely determined rr G T' by 
£ ( T ) . We write T ( J / ) = {r| r G T, j / H r " 1 ^ <£ IJ and have 

(1) <p(rM) = £ (T)*>(M) for any r G T( j / ) and i f G j / H r " 1 ^ . 

Since we shall be discussing only one collineation <p at any given time, we shall 
generally write <p(M) = M'', £ ( T ) = / . We then see that for all r G T ( J / ) 
there exists r ' G T' such that for any Jlf G j / H r - 1 j / , 

(1;) ( r ¥ ) ' = r'ilf'. 

Definition 2. If J^/ is a semi-anchor and £: T(j^) —>T defined by (1) is a 
congruence-preserving isomorphism for every <p G $(<8^, ^ 0 » then the set J ^ 
is called a near-anchor. 

Definition 3. A near-anchor ja/ is said to be an anchor if T ( J ^ ) = T. 

THEOREM 1. A semi-anchor containing the distinct lines I and lœ is a near-
anchor. 

The main part of the proof of this theorem consists in showing that 
(T2TI)' = T2 'TI / whenever n , r2, T2TI G T(&/). If there exists a proper point ikf 
such that M G j / , r^M G ^ , and r2riikf G *fl̂ , then using (10 we have 

(TznYM' = (TÏTIM) ' = T2'(TIMY = TI 'TI 'M' , 

so that 

( T 2 T I ) ' = r 2
/ Ti / . 

However, it is not difficult to construct an s/, even in the real projective plane, 
satisfying the conditions of the theorem, for which such a choice of M is not 
always possible (see for instance example (2) below). We therefore introduce 
the notion of projections. 

Let A = I P\ lœ1 and let 5 be any point of lœ distinct from A. The map from 
^\{S] onto I denned by P ^ SP C\ I (P G &\{S}) is called the projection 
onto I from S. We shall denote SP C\ I by P*, and shall call P* the projection of P 
onto I from S. 
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Given any r G T, there exists r* G TA such t h a t 

(2) T*P* = ( r P ) * for all P G ^ \ { 5 } . 

Indeed, let B be a fixed point in ^ V œ and determine r* G TA by 

r*£* = (TB)*. 

Denoting the line SB by b, we have rfr = r*fr, hence r~lr*b = b. Therefore the 
centre of the translat ion T~1T* is S. Then , for every point P different from 
S,T-1T*(SP) = SP,i.e.r*(SP) = T(SP). I t follows t h a t T*P*,TP} and 5 are on 

a line, hence r*P* = (TP)*. T h e m a p r ^-» r* is also called a projection and r* is 
/Ae projection of r onto I from S. This m a p r ^ r* is a homomorphism of T onto 
TA, for, using (2) we have 

(T 2 T 1)*P* = (T2T1P)* = r 2 * ( r i P ) * = T2*TI*P*, 
and hence 

(3) ( T 2 T I ) * = r 2 *n*. 

We introduce the symbol [Pi , ft ; P 2 , ft] to show t h a t the points P i , ft, P 2 , ft 
are on a line and t h a t there exists a translat ion r such t h a t ft = r P i , ft = TP2. 
Assuming [Pu ft; P 2 , ft] we have by (2) ft* = ( rP<)* = r * P , * (i = 1, 2) , 
hence 

(4) [Pi , ft; P 2 , ft] => [Pi*, ft*; P 2 * , ft*]. 

Proof of Theorem 1. Le t J3^ be a semi-anchor containing the lines / and lœ. 
Let <p be an arb i t ra ry collineation of s/ into any translat ion plane £Pf and let £ 
be the m a p induced by (1). 

Since <p sends collinear points onto collinear points, and since /œ C *$f, we 
may conclude t h a t 

(5) cen <Ç{T) = <p(cen r ) or cen T = (cen T)' for all r G T(&/). 

Using (5) and the injectivity of <p we can easily deduce t h a t the m a p 
<p: 1{^/) —»T' is congruence-preserving. 

Le t 5 denote any point of /œ\{^4} (where A = lœ H / as before) and let 
r G T(«flO, P € ^ \ { ^ } . Denote the projections of P , r onto I from 5 by P * , r* 
and denote the projections of P ' , r ' onto Z' from 5 ' by P ' * , r '*. Since p is a 
collineation, 

(6) P * ' = P ' * for all P G ^ \ { 5 } . 

Hence, using (2) (applied in I I ' ) , (1 ' ) , (6), (2), (1 ' ) , (6) in this order, we 
deduce t h a t for any proper point M G £0 C\ T~1S/, 

r ' * (M'*) = (T'M')* = (TM)'* = (TM)*' = (T*M*Y = T*'M*' = T * ' ( M ' * ) . 

Since T is simply transi t ive, we deduce t h a t 

(7) / * = r*' for all r G W ) . 
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Next we show tha t 

(8) ( T 2 T I ) ' = T2'TI provided n , r2, r 2 r i G T(&/). 

If Af is any proper point of /, then M, TI*M, r 2*ri*M all belong to /, and 
therefore to s/. Hence from (1/) we have 

(T2*Ti*)'Af' = ( T 2 * r 1 * M ) , = T2*'(Ti*Jlf) / = r 2 * / T i * , M / , 

hence 

\?2 Tl ) — T2 T\ . 

Using (3) and (7) we have 

\T2T\) — \T2T1) — \J2 T\ ) — T2 Ti — T2 Ti — (,T2 Tl j . 

T h e translat ions ( T 2 T I ) ' and T2T\ have the same projection onto /' and this is 
t rue regardless of the position of S on lœ. Considering two positions of 5 we 
conclude t h a t ( T 2 T I ) ' = T2 'TI' ' . 

All t h a t remains is to see whether the map <p: T'(&/) —> "P is injective. This is 
clear for the restriction £>|TA. Suppose now tha t n ' = r2 ' for some n , r2 G T( to/) . 
This and (7) imply t ha t n * ' = r2*'; since ri*, r2* belong to TA we obtain 
TI* = r2*. Two different projections yield, as above, n = r2. 

T H E O R E M 2. / / J ^ is a semi-anchor containing the proper line /, then every 
point-set Se containing s$ \J lœ is also a semi-anchor. 

Proof. Consider <p G <ï>(^, ^ ' ) , write again <p(P) = P ' , select r 6 T ( ^ ) , 
M £ & (~\ T - 1 J* ( M g /, U , and determine / G T' such t ha t T'M' = (r i l f) ' . 
We have to show t h a t 

T'P' = (jPy for all P G @ C\ r " 1 ^ . 

We may admi t t ha t r ^ 1. Let N = T M , Q = r P . If P is not on the line MN, 
we can construct the point Q by intersecting lœ with ik/TV, MP in £/, F , 
respectively, and then intersecting UP with VN in Q. T h e points M, N, P , <2, 
[/, V belong to 38 and their images under <p share jus t the same collinearity 
properties. Hence N' = T ' M ' yield Q' = T'P', i.e. r T ' = (rP)f. W e call this 
a rgument the "quadri lateral a rgument" . 

If P is on the line MN, we have [M, N ; P , Ç]. Choose 5 G /«,, 5 g /, MTV, and 
intersect / with SM, SN, 5 P , 5Q in M*f N*, P* , Ç*, respectively. Because of (4) 
we also have [M*, N*; P* , Q*]. Since / belongs to the semi-anchor s/, i t is 
easily seen from (1') t h a t [M*f, N*'; P* ' , Q*'] is also valid. Using projection 
onto M'N' from S' we deduce [M', Nf; P', Q'}. Hence N' = r ' i lP yields 
Q' = / ? ' ; t ha t is, T ' P ' = (TP)'. This completes the proof of Theorem 2. 

COROLLARY. Consider l, lœ C<$/ C £8 <Z & (I is a proper line). If s/ is a 
near-anchor, then 38 is also a near-anchor. If s/ is an anchor, then 38 is also an 
anchor. 
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Indeed, in both cases 38 is a semi-anchor by Theorem 2, bu t then it is a 
near-anchor by Theorem 1. If S$ is an anchor, then obviously 7(38) = T. 

Examples. (1) If the characteristic of the translation plane II is different from 2 
and if the point-set S$ contains lœ and no more than two proper points on any 
proper line, then s/ is a semi-anchor. Since two pairs of proper points corre
sponding in a translat ion will never occur on the same line, it is sufficient to 
apply the quadri lateral a rgument . 

(2) If S^ contains the concurrent distinct lines lœ, lu l2, it is a near-anchor. Be
cause of the corollary we have to consider only the case s/ = lœ U l\ \J l2 and 
apply the quadrilateral a rgument . 

A similar reasoning leads to the following generalization. 
(3) Le t s/ contain the dist inct lines lœ, I and suppose t h a t A, B, C, D G / and 

[A,B; C,D] imply the existence of proper points E, F no t on / such t h a t 
EF, /, lœ are concurrent and AE, BF, lœ are concurrent . Then se is a near-
anchor. 

(4) A point-set consisting of the non-concur rent lines lœ, lu l2 and at least one 
point more is an anchor. Pick out a point E of the given set s/ which does no t 
belong to any of the lines lœ, lu l2. Denote h H l2 = 0, lœ P\ h = Ou 
LC\l2 = 02} 02E C\h = Eu OiE H l2 = E2j and r0 G T, T 0 ( £ 2 ) = E. Rela
tion (1/) holds for r == ro by the quadri lateral a rgument . Nex t we see t h a t (1') 
holds for any r G T02 because one can project r0 on l2 from every point of lm. 
Using the projections of the translat ions belonging to T0 2 one concludes t h a t 
relation (1') is valid for any r G T ( J ^ ) , t h a t is se is a semi-anchor. By 
Theorem 1 it is also a near-anchor. W h a t we still have to do is to show t h a t 
T ^ T ^ T ^ His/). For r G T 0 l this is evident; thus suppose t h a t 

5 = cen r ^ Ou 

We intersect l2 with the image of h under r, join this point M2 with S, and cu t 
SM2 with h in Mu Then r{Mx) = M2 implies r G l{s/). 

T H E O R E M 3. Let 3P, 3P' be the point-sets of two translation planes, se a near 
anchor in 3P, such that for every S G srf C\ lm there are two proper points of s/ 
collinear with S and let O be a proper point of stf and O' G ^ ' . The map \p: (p*—><p 
determined by relation (1) is a bijection of $o,o'(&f, &') onto 12(T(tQ^), T') . 

Proof. Le t <p be an element of <£0 ,o'(^> &'). Using the nota t ion rAB for 
r G T, T(A) = B, we have, by (1), 

<P(T0MO) = V(TOM)<P(0) for any M G s / 0 , 

where S/Q is the set of the proper points in stf, hence 

(9) <p(M) = C{TOM)(0') for any M G s/*. 

If M G se C\ lœ1 consider dist inct points A, B £ s/Q, collinear with M. Since 
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M = cen TAB and since M, A, B are mapped in collinear points M ' , A'f B1', 
respectively, we have Mf — cen TA>B' = cen Ç{TAB) or 

(10) <p(M) = cen V{TAB) for any M e s / C\ lœ, A, B g J / 0 , 4̂ ^ P , 

M, ^4, P collinear. 

Formulae (9) and (10) show tha t \[/ is injective, for 

Vi = £2, <Pi, ^2 6 $o,o> (à/, &') 

implies t h a t <pi(M) = <p2(M) for any M £ s/. 
We take now an element « of Î 2 ( T ( J ^ ) , T') and look for an element <p of 

$o,o'(&^, &') which is sent into co by ip. Formulae (9) and (10) show t h a t if 
such a if does exist, it mus t be given by 

n n (M\ = / " ( ^ " K 0 ' ) for any M G J^o, 
Vii ; *><^U \ c e n « ( r A B ) for any i f e ^ n / œ , , 4 , P É ^ i ^ P , 

M, 4 , 5 collinear. 

Consequently, we consider the map <p: se —> ^ ' defined by (11) and will prove 
t ha t it is a collineation sending 0 into 0' and tha t £ = co. But first we have to 
see t h a t in the case of the second line of (11), <p(M) does not depend on 
the choice of A, P ; indeed, if C, D £ J3/0 are also collinear with M , then 
cen TAB = cen TCD and since œ is congruence-preserving, cen O)(TAB) = cen cu(rcz>). 

Suppose now t h a t <p(M) = <?(Mi) for M , Mi 6 ja^. Then either both M and 
M i belong to s/o or both belong to S$ C\ lœ. In the first case, writing the first 
row of (11) for M and Mi , we see t ha t the translations U(T0M) and CO(T0MI) 

have the same effect on 0 ' , hence they are equal ; œ being injective, T0M — TOMU 
therefore M = Mi. In the second case, we have cen co(rAB) = cen CO(TCD) with 
A, P , C, D £S/Q, M, A, B and Mi , C, D collinear, which implies t h a t 
cen TAB = cen TCD, t ha t is M = Mi . T h u s <p: JZ? —* <^' is an injective map . 

Now, take any points P , <2, R in J^/0 and write 

Q* = ^(Q) = « ( T O A ) ^ ) = O)(TPQTOP)(0')', 

since co is an isomorphism and since T0P, TPQ} T0Q G TÇs/), we have 

Q« = «(rpgîcoCrop)^ ' ) , 
or, by (11), 

(12) G* = « ( T P 0 ) ( P * ) , 

and similarly 

(12') P * = co(rP*)(P*). 

If P , Q, P are collinear, then cen TPQ = cen TP22 and since co is congruence-
preserving, cenœ(TPQ) = cen œ(rPR). I t follows from (12) and (12r) t h a t 

P*, <2̂ , ^ a r e o n a n n e - if P> Q> R a r e n o t o n a n n e > t n e n c e n TPQ ^ c e n rPK» 
hence cen U(TPQ) ?£ cen co(rPi2) and P*, (>, P* are not collinear. Consider now 
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P G stf C\ lœ, Q, R G J^o and denote the images of these points, as before, by 
P*, Q*, R*. If P , (?, P are collinear, then P = cen TQR\ using (11) we have 
P* = cen co(rQij) = cen TQ*R*, thus P*, (>, R* are collinear. If P , Q, R are not 

collinear, then P F^ cen r ^ . Choosing 5 , P Ç j / 0 such t h a t P = cen r s r w e 
conclude t h a t cen W(TQR) ^ cen œ(rST) or cen TQ*R* 7e cen r ^ ^ = P*; hence 

P^, (>, P^ are not on a line. T h u s <p is a collineation. 
<£>(0) = 0 ' is a consequence of (11) and of the fact t h a t the uni t element r0o 

of T is sent by the isomorphism w into the uni t element of "P. 
T h e comparison of (9) and (11) shows t h a t the translat ions <£>(r0M) and 

OO(TOM) have the same effect on 0', hence they are equal: 

(13) V(T0M) = U(TOM) for any M 6 J^o. 

An arbi t rary r 6 l{s/) may be writ ten as TPQ with P , Q Ç J^ 0 , and we have 

<P(I"PQ)<P(I~OP) — <P(TPQT0P) since £ is an isomorphism (se being a near-anchor) 

= V(TOQ) = CO(TOQ) by (13) 

= U(TPQT0P) = CO(TPQ)CO(TOP) since co is an isomorphism 

= CO{TPQ)^{T0P) by (13), 

therefore <P(TPQ) = LO(TPQ), i.e. ^ = co and the proof of Theorem 3 is complete. 

T H E O R E M 4. Every collineation defined on an anchor of a translation plane can 

be embedded into a collineation of the whole plane. 

Proof. Let s/ C & be a given anchor and let <p G &(£/,&>'). Since T ( j / ) = T, 
we have <p £ 0(T, T') . Consider the m a p 

M-> ~(M\ = ^^OM){0') for any M Ç ^ \ / œ , 
^ *^U) \ cen ^ ( r ^ ) for any M G /œ, ^ , P G j / 0 , 4̂ ^ P , 

M, 4 , P collinear, 

where O is a fixed point in J ^ 0 and 0 ' is its image under <p. If M Ç J ^ , then 
^ ( M ) = *>(M) by (9) and (10). On the other hand, <p: 0> - » ^ ' is a collineation 
of ^ by a proof similar to t h a t used to show t h a t formula (11) defines a 
collineation. 
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