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Abstract

A maximality principle on quasi-ordered pseudo-metric spaces is used to obtain a number of Lipschitz
attraction results for non-semigroup evolution processes with respect to time-dependent families. As
particular cases, a multivalued version of Dieudonné’s means value theorem and the Kirk-Ray
lipschitzianness test are derived.
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0. Introduction

An important question concerning a wide class of evolution processes acting on
(pseudo-) metric structures is that of determining sufficient “local” conditions in
order that a “global” attraction property be obtained (the word “attraction”, not
reducible to that used by Bhatia and Szegd [2, Ch. V, §5], being made precise by
the context of the problem). As basic results in the semigroup case, one must
quote the 1970 Brézis’ invariance theorem [4] proved by a differential inequality
procedure, and the 1976 Brézis-Browder attraction test [5] obtained by the use of
a general principle on ordered sets. A non-semigroup counterpart of these
contributions was performed in the 1981 author’s paper [21}, through a metrical
Zorn argument. It is the main intention of the present exposition to get a
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time-dependent extension of these developments, the basic tool of our investiga-
tions being a pseudo-metric maximality principle appearing as a common exten-
sion of the above quoted Brézis-Browder and author’s ones. As direct applica-
tions, a “multivalued” version of Dieudonné’s mean value theorem [11, Ch. VIII,
§5} and Kirk-Ray lipschitzianness test [16] are given; a number of subsequent
extensions of this last result (including a “multivalued” variant of Clarke’s fixed
point principle [10]) will be discussed elsewhere.

1. A pseudo-metric maximality principle

Let X be a nonempty set and let < be a quasi-ordering (that is, a reflexive and
transitive relation) on X. A sequence (x,; » € N) in X will be said to be increasing
if x; < x; whenever i < j, and bounded above provided that x, < y, n € N, for
some y in X called in this circumstance an upper bound of the considered
sequence. Furthermore, d being a pseudo-metric (that is, a non-sufficient metric)
on X, and Y a subset of X, let us term the element z in Y, (d, Y )-maximal when
z € y € Y implies d(z, y) = 0. Concerning this notion, the following maximality
principle will play a central role in the sequel.

THEOREM 1 ([27]). Suppose the quasi-ordered pseudo-metric space (X, d, <) and
the subset Y of X are such that

(i) any increasing sequence in Y is d-Cauchy (in X)

(ii) any increasing d-Cauchy sequence in Y is bounded above (in Y).
Then, to every x in Y there corresponds a (d, Y )-maximal element z in Y with
X <2z

As already noted in the above quoted paper, when d is taken of the form

d(xs y)=|q>(X)—<p(y)|, x,y €X,

¢ being a function from X into R whose restriction to Y is decreasing and
bounded from below, condition (i) will be clearly fulfilled so that, under the
acceptance of (ii), Theorem 1 is applicable to these elements; of course, its
corresponding statement [to any x in Y there corresponds a z € Y with (a) x < z,
(b) z < y € Y implies ¢(z) = ¢(y)] is nothing but the Brézis-Browder ordering
principle [5). Particularly, when X is endowed with a uniformity % satisfying

(ii), for every U in ¥ there exists € > 0 such that, x,y€ Y, x <y and
lo(x) —e(¥)| < eimply (x, y) €U

(ii), any increasing ¥-Cauchy sequence in Y is bounded above (in Y')
condition (ii) will evidently take place and the appropriate statement of Theorem
1 [to any x in Y there corresponds a z € Y with (a)’ x < z, (b)’ z < y € Y implies
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(z, y) € U for all U in #] coincides in fact with a related Broendsted’s one [6]
proved by a direct Zorn procedure. Moreover, it was shown these developments
may be regarded as a generalization of the variational type Ekeland’s result [12]
(see also Turinici {21]) or equivalently—after Brendsted’s pattern [7]—of the
fixed point Caristi-Kirk theorem [9, 15] (see in this direction Kasahara [14],
Browder [8], Wong [28], Pasicki [19], Siegel [20] for a number of related view-
points concerning this problem) so, the result under consideration extends all
these contributions. Finally, a slight generalization of Theorem 1 may be obtained
if, instead of a single pseudo-metric 4, a denumerable family D of such elements
would be taken; an explicit statement of this assertion, together with an applica-
tion to nonlinear mapping theory may be found in Turinici [25].

2. The main results

In what follows, a precise statement of the considerations exposed in the
introductory part of the paper will be performed. Let (V, d) be a complete
pseudo-metric space and let J be a real interval. By convention, any mapping
(¢, v) = S(1,v) = S(t)v from J X V into V will be termed a J-evolution process
(on V); also, a mapping ¢~ F(t) = F, from J into 2" (the family of all
non-empty subsets of V') will be called a J-family (in V). At the same time, for
any mapping S defined as above and any ¢ € J, W € 2", S(¢)W will indicate the
subset of all S(¢)w, w € W. Finally, given the couple X, Y in 2%, by D,(X, Y)
(D,(X, Y)) we shall denote the supremum over x € X (y € Y) of the expressions
d(x,Y)=inf{d(x, y); y € Y} (d(X, y) = inf{d(x, y); x € X}); clearly, D =
max(D,, D,) is nothing but the (generalized) Hausdorff pseudo-metric in 2.
Finally, given the increasing function 4 from J into R, let us term the J-family F,
D, (D,)-globally h-attractive with respect to the J-evolution process S, provided
that

. D,(S(a)F,, S(b)F,) < h(b) —h(a), a,beJ,a<b,
) (D,(S(a)F,, S(b)F,) < h(b) —h(a), a,beJ,a<b).

Concerning this notion, the first main result of the present paper is

THEOREM 2. Suppose the couple (S, F) possesses the strong closedness property
(iii) for any increasing (decreasing) sequence (t,; n € N) in J and any sequence
(v, neEN)inVwitht,>t€ J,v, € F(t,),n €N, and S(t,)v, > w € V, there
exists v € F, with S(t)v = w
and let the strictly increasing function h: J — R be such that, a denumerable subset
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A of R may be found with
(iv) for any s in J \ A not identical with the eventual right(left) end-point of J we
have

liminfd(S(s)v, S(r)E)/(h(r) —h(s)) <1, v€EF,
ros+
(lminfd(S(s)v, S(r)E)/(h(s) —h(r)) <1, v€EF,)
r—s—
(V) for any s in J N A not identical with the eventual right (left) end-point of J we
have
liminfd(S(s)v, S(r)F)<h(s+0)—h(s), vEF,
r—s+
(liminfd(S(s)v, S(r)E) < h(s)—h(s—0), ve F;).
r—s—
Then, F is necessarily D, ( D,)-globally h-attractive with respect to S.
PROOF. Let n — a, be a bijection from N to A and let g: R — R be defined, for
everyt € R, by
g(t)=X{1/2"a,<1t(a,<1)}, if{ne€N;a,<1t(a,<t)}isnotempty,
=0, otherwise;
evidently, g is increasing and satisfies 0 < g(¢z) < 1,¢ € R, as well as

g(t) —g(a,) >1/2", whenevert > a,,

@ (g(a,) — g(t) > 1/2", whenevert < a,).

Now, y > 1 and & > 0 being arbitrary fixed, let us define the function f: / - R
by

f() = yh(t) +eg(r), 1€,

and let X denote the graph of the J-family F (the subset of all pairs (¢, v)inJ X V
with v € F,) endowed with the pseudo-metric

e((t,u), (s,0)) =t — 5|+ d(S(t)u, S(s)v), (t,u),(s,v) € X,
and with the quasi-ordering

{(t,u)s(s,v) ifandonlyif ¢<s(¢t>s),andd(S(¢)u, S(s)v)
< f(s) = (1) (d(S(t)u, S(s)v) < f(t) = f(s)).

Furthermore, given a4, b in J with a < b, let Y denote the subset of all (¢, v) in X
witha <t < b, and let ((¢,,, v,); n € N) be an increasing (modulo <) sequence in
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Y, that is

From the first part of this inequality, (¢,; n € N) appears as an increasing
(decreasing) sequence in [a, b] so that, necessarily, ¢, — ¢ for some ¢ in [a, b];
also, from the second part of (3), (S(¢,)v,; n € N) is a d-Cauchy sequence in V
and therefore, by completeness, S(¢,)v, = w for some w in V. It immediately
follows by these properties ((z,, v,); n € N) is an e-Cauchy sequence in X and
moreover (by the strong closedness property (iii)) that a v € F, may be found with
S(t)v = w; consequently, performing the limit as m — oo in (3), we get

(3)

t,<t,d(S(t,)v,, S(t)v) <f(¢) - f(2,), neN,
(t, > 1,d(S(1,)v,, S(t)v) < f(1,) = f(t), neEN),

proving (1, v) € Y is an upper bound of the considered sequence. By Theorem 1
we conclude that, given (a, u) ((b, u)) in Y there exists a (e, Y )-maximal element
(s, v) in Y with (a, ) < (s, v) ((b, u) < (s, v)). Suppose s < b (s > a). For any
(r,w) in Y with s < r < b (a < r < 5) we necessarily have (by the definition of
our quasi-ordering)

d(S(s)v, S(r)w) > f(r) = f(s), weF,
(d(S(s)v, S(r)w) > f(s) = f(r), weF),

that is,

(4)
d(S(s)v, S(r)w) > y(h(r) — h(s)) + e(g(r) —g(s)), s<r<b,we€F,

(d(S(s)o, S(r)w) > y(h(s) = h(r)) + e(g(s) —g(r)), a<r<s,weF).

Now, two cases are open before us: either s belongs to J\ 4 or s belongs to
JNA.
Case 1. s € J\ A. Then, as an immediate consequence of (4)

d(S(s)0, S(r)E) > y(h(r) = h(s)), s<r<b,
(d(S(s)0, S(VE) > ¥(h(s) = h(r)), a<r<s),

so, dividing by A(r) — h(s) (by h(s) — h(r)) and taking liminf as r — s + (as
r — s—) we obtain a contradiction to (iv).
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Case 2. s € J N A that is, s = a, for some n € N. Then, as another conse-
quence of (4) we get (by (2))

d(S(s)v,S(r)F) > y(h(s + 0) — h(s)) +e/2", s<r<b,

(d(S(s)v, S(r)F) = v(h(s) —h(s = 0)) +&/2, a<r<s),
in which situation, passing to liminf as r —» s + (as r — s-), (v) will be con-
tradicted.

From this discussion it is clear that we are forced to accept the possibility s = b
(s = a). But then, relation (a, u) < (b, v) (b, ) < (a, v)) gives immediately

d(S(a)u, S(b)F,) < v(h(b) — h(a)) + e(g(b) — g(a)),
(d(S(a)F,, S(b)u) < v(h(b) — h(a)) + e(g(b) — g(a))),

and therefore the result follows, because vy > 1, ¢ > 0 and u € F, (F,) were
arbitrary.

Let (V, d) and J be endowed with their previous meaning. We shall say the
increasing function k: J — R is i-admissible (d-admissible) with respect to the
J-family F provided that the subset F,(u, k(b) — k(a)) (F,(u, k(b) — k(a))) of
all v € F, (F,) with d(u, v) < k(b) — k(a) is not empty, for any couplea, b € J,
a < b and any element u € F, (F,). Furthermore, calling the J-family F, i-normal
(d-normal) when the class A,(F) (A,(F)) of all i-admissible (d-admissible)
functions k: J — R is not empty, let us indicate, for any function k € A4,(F)
(A,(F)), by F,(F,, k(b) — k(a)) (F,(F,, k(b) — k(a))) the union of the subsets
Fy(u, k(b) — k(a)) (F,(u, k(b) — k(a))) with u € F, (F,) and, given the increas-
ing function h: J — R, let us term the J-family F, k-sectionally D, (D,)-globally
h-attractive with respect to the J-evolution process S provided that

ay
D,(S(a)F,, S(b)F,(F,, k(b) ~ k(a))) < h(b) = h(a), a,beJ,a<b,
(D,(S(a)E,(F,, k(b) — k(a)), S(b)F,) < h(b) — h(a), a,beJ,a<b).

Under these conventions, the second main result of the paper may be stated as
follows.

THEOREM 3. Suppose the J-family F are such that the couple (S, F) possesses the
weak closedness property

for any increasing (decreasing) sequence (t,; n € N) in J and
any sequence (v,; n € N) in V with v, € F(t,), n € N, and
t,»>tel,v,ovev,St,), >weEV, wehavev € F,and
SWv=w

(i)
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and let the i-admissible (d-admissible) function k: J — R and the strictly increasing
function h: J — R be such that, a denumerable subset A of R may be found with

(iv)’ for any s in J \ A not identical with the eventual right (left) end-point of J we
have

liminfd(S(s)o, S(r)E(v, k(r) = k() /(k(r) =h(s)) <1, w€EE,
(timinfd(S(s)v, S(r)E(v, k(s) = k(r)))/(h(s) = h(r)) <1, weEE),

(VY for any s inJ N A not identical with the eventual right (left) end-point of J we
have

liminfd(S(s)v, S(r)F.(v, k(r) — k(s))) <h(s +0) —h(s), vEF,
r—ss+
(timinfd(S(s)v, S(r)E(v, k(s) — k(r))) < h(s) —h(s —0), ve F).
Then, F is necessarily k-sectionally D, ( D,)-globally h-attractive with respect to S.

PROOF. Let the functions g and f be defined as in the above theorem; also, let X
denote the graph of the J-family F, endowed with the pseudo-metric
e((t,u), (s,0)) =t = s|+ d(u,v), (t,u), (s,v) € X
as well as with the quasi-ordering
(t,u) < (s,v) ifandonlyif t<s(t>5),
d(u,v) < k(s) — k(t) (d(u,v) > k() — k(s)) and
d(S(t)u, S(s)v) < f(s) = f(2) (d(S(t)u, S(s)v) < f(1) = f(s))

and by Y the subset of all (¢, v) in X with a < ¢t < b. Suppose ((¢,,v,); n € N) is
an increasing (module <) sequence in Y, that is

<f(tn) = f(t,), n<m,

(trl > tm’ d(vn’ Um) < k(tn) - k(tm)’ d(s(tn)vn’ S(tm)vm)

<f(tn) —f(tm)a nSm).
From the first and the second part of this inequality, it immediately follows, by
completeness, ¢, — ¢ and v, — v for some t € J, v € V (hence, a fortiori, that (i)
will be satisfied); moreover, by the last part of (3)’ we derive (again by complete-
ness) S(¢,)v, = w for some w € V so (by the weak closedness hypothesis (iii)")
v € F,and S(t)v = w in which case, passing to limit as m — oo in (3), (i) will be
satisfied too and Theorem 1 applies. The remaining part of the proof is the same

as in the above result except that we have to replace F, by F.(v, k(r) — k(s)) (by
FE (v, k(s) — k(r))) in the analysis of the corresponding cases 1 and 2. Finally, it
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suffices to observe relation (a, u) < (b, v) ((b, ¥) < (a, v)) yields immediately

d(S(a)u, S(b) F,(F,, k(b) — k(a))) < y(h(b) — h(a)) + (g(b) — g(a)),
(d(S(a)F,(F,, k(b) ~ k(a)), S(b)u) < y(h(b) — h(a)) + e(g(b) — g(a)))

and this will complete the proof, because y > 1, ¢ > 0 and u € F, (F,) were
arbitrary.

A close analysis of the assumption (iv) ((iv)’) essentially involved into the first
(second) main result shows it may be expressed under a more symmetric form
with respect to its component elements. To do this, let us introduce, for any
function f: J — R and any ¢t € J not identical with the eventual right (left)
end-point of J: the notation D}, f(¢) (D7, f(¢)) to mean limsup/inf as s — ¢ +
(as s = t-) of the quotient (f(s) — f(1))/(s — t); of course, this expression is
nothing but the upper/lower right (left) Dini derivative of the function f at the
point . Now, as a useful “combined” variant of these results, we have

THEOREM 4. Suppose in the first (second) statement the function h: J — R is only
increasing and that assumption (iv) (respectively, (iv)') is substituted by
(V) for any s in J \ A not identical with the eventual right (left) end-point of J we
have
+o0 # limsup/infd(S(s)v, S(r)F)/(r — s) < D},h(s), vE€EF,

ros+

(+ o # limsup/infd(S(s)v, S(r)F)/(s —r) < D ,h(s), wve FS),

r—s—
[respectively
(Vi) for any s in J \ A not identical with the eventual right (left) end-point of J we
have

+ o0 # limsup/infd(S(s)v, S(r)F,(v, k(r) — k(s)))/(r = s) < D',)h(s),
o veF,

(+ o # limsup/infd(S(s)o, S(r) E, (v, k(s) = k(r)))/(s = r) < Dh(s),
o ve F)]

Then, the conclusion of the first (second ) main result will remain unchanged.

PrOOF. Let f: J — R be defined as
f(2) = yh(t) + eg(t) + 6¢, tel,
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v > 1,& > 0 and § > 0 being arbitrary fixed. Repeating—under this choice of the
function f—the arguments we already exposed, it is not hard to see the inequali-
ties of the Case 1 yield the evaluations

d(S(s)v,S(r)F,) > y(h(r) —h(s)) +8(r—s), s<r<b,
(d(S(s)o, S(r)E) = y(h(s) —h(r)) +8(s—r), a<r<s),

(respectively

d(S(s)v, S(r)E(v, k(r) = k(s))) = v(h(r) = h(s)) + 8(r — s),
s<r<hb,

(d(S(s)v, S(r)E,(v, k(s) —k(r))) = y(h(s) — h(r)) + 8(s — r),
a<r<s)l,

so, if we divide by » — s (by s — r) and take limsup/inf as r = s + (asr — 5-)
in both sides, condition (vi) (respectively, (vi)’) will be contradicted. This com-
pletes the proof.

Concerning the other elements implicated into these results, some remarks are
in order. Firstly, it is clear that, in case the J-family F is order-usc in the following
sense

for any increasing (decreasing) sequence (t,; n € N) in J with
(vii) t,— t € J and any sequence (v,; n € N)in V withv, > v € V,
relations v, € F(t,),n € N, imply v € F,

a sufficient condition for (iii) is

if the increasing (decreasing) sequence (t,; n € N) in J with
(viii) t, >t €J and the sequence (v,; n € N) in V are such that
S, >weE VithenV, = Vand S(t)v = w for somevinV;

particularly, if we suppose there exists a J-evolution process T having the
property
S(HT()v=T)S()v=v, teJ,veV,

condition (viii) holds if T is continuous at the left (right) with respect to its first
argument and in the usual sense with respect to the second argument [that is, (¢,;
n € N) increasing (decreasing)in J, t, > t € J,(y;n € N)in Vandv, > v €V
imply T(t,)v, = T(t)v]. Moreover, still assuming (vii) is accepted, it is also clear
that a sufficient condition for (iii)’ is

if the increasing (decreasing) sequence (t,; n € N) in J with
(vii)’ t, =t € J and the sequence (v,; n € N)in Vwithv, >v eV
are such that S(t,)v, > w € V then S(t)v = w
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a condition that may be interpreted as an order-closedness property of the
J-evolution process S; note that, in such a situation, the corresponding variant of
the second main result is comparable with Theorem 2 of Turinici [21] proved by a
similar method. Finally, supposing in what follows J = R _, let @, ¢ be a couple of
functions from R, into itself. We shall say the J-evolution process S is a
(@, ¥ )-quasi-semigroup in case it satisfies the “functional” translation property

d(S(t)u, S(s)v) > @(s)d(S(Y (1 — s))u,v), t>s20u,0€V;
also, let us term the function h from R | to itself, p-admissible provided that
e(s)h(t —s)<h(t)—h(s), t=>s5>0.

Now, it is a simple exercise to verify that, in case the “decreasing” part of (iii)
(respectively, (iii)’) would be accepted, the couple of conditions
(ix) for every s > 0 not belonging to A, we have

liminf d(s(\ll(t))l), F;‘—t) g 1, v e 173,
=0 h(t)

(x) for every s > 0 belonging to A, we have

liminf(s ~ 1)d(S(¥(1))v, F._)) <h(s) =h(s = 0), veF,

[respectively
(ix)’ for every s > 0 not belonging to A, we have

iming ASCO)0 (0. k(s) =~ k(s = 1)

<1, UEP;’
t—0 h(t)

(X)’ for every s > 0 belonging to A, we have
limislf«p(s ~1)d(S(¥(1))v, F,_ (v, k(s) — k(s — 1)) < h(s) — h(s — 0),
ve F]

appears as a sufficient one for the validity of the “decreasing” part of the couple
(iv) + (v) (respectively, (iv) + (v)); of course, when the R ,-family F is a constant
one, the corresponding statement of these assumptions may be viewed as a
quasi-semigroup counterpart of the “normality” condition used in Theorem 2 of
Brézis and Browder [5] (see also Turinici [22]). Concerning this last aspect, it is
not without importance to point out that, in case ¥ (¢r) = ¢, t € R, an effective
“time-dependent” extension of the above quoted results may be obtained along
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the following lines. Suppose the decreasing part of (iii) is substituted by

if the decreasing sequence (t,; n € N)in R witht, >t € R,
and the sequence (v,; n € N) in V with v, € F(¢t,), n € N, are

(xi) such that d(S(t, — t,)0,, U,,) < Yh(t, — t,,), n < m, for some
Y> 1,thenav € F,exists withd(S(t,, — t)v,, v) < Yh(t, — t),
neN

then, under a normality condition similar in essence to (ix) we necessarily have
the “translated” attraction property

D,(F,,S(b—a)F,)<h(b—a), a,beR,,a<b.

The essential idea of the proof is that of introducing a pseudo-metric and
quasi-ordering structure on X by the conventions

e((t,u),(s,v))=lt—s|, (t,u4),(s,v) X,
(t,u) < (s,v) ifandonlyif ¢>sandd(S(z— s)u,v)<vyh(t—3s),

and to apply Theorem 1 to its segment-subsets Y; a detailed exposition of the
argument will be given in a forthcoming paper.

3. Applications

Let (V, d) be a complete pseudo-metric space and J a real interval. In what
follows, by a multivalued mapping from J into V we shall mean any J-family in V'
introduced as in Section 2. Now, given the function 4: J — R, we shall say the
multivalued mapping T from J into V possesses a D, (D,)-mean value property
with respect to h, provided that

D,(Ta,Tb) < h(b) — h(a), a,beJ,a<b,

() (Dy(Ta, Tb) < h(b) — h(a), a,beJ,a<b).

As already pointed out in the introductory part of the paper, the basic problem is
that of determining sufficient local conditions in order that such a global property
be obtained. In this direction, as a straightforward consequence of the first main
result, we have

THEOREM 5. Suppose the order-usc multivalued mapping T from J into V and the
strictly increasing function h: J - R are such that (iv) + (v) are fulfilled with
S(yv=v,t€J,vE V. Then, T possesses a D, (D,)-mean value property with
respect to h, in the sense of (5).
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Let (V,d) and J be as before. Given the i-normal (d-normal) multivalued
mapping T from J into V and the i-admissible (d-admissible) function k: J — R
we shall say T has a k-sectional D, (D,)-mean value property with respect to h:
J — R, provided that

D,(Ta, Tb(Ta, k(b) — k(a))) < h(b) —h(a), a,beJ,a<b,

5y (D,(Ta(Tb, k(b) — k(a)), Tb) < h(b) — h(a), a,beJ,a<b).

Now, as an immediate consequence of the second main result, we get

THEOREM 6. Let the order-usc i-normal (d-normal) multivalued mapping T from J
into V, the i-admissible (d-admissible) function k: J — R and the strictly increasing
function h: J — R be such that (iv) + (v)' hold with S(t)v =v, t€J, v € V.
Then, T has a k-sectional D, (D,)-mean value property with respect to h, in the
sense of (5)'.

At this point, let us remember that—as already underlined in the preceding
section—the basic hypothesis (iv) ((iv)") of the first (second) main result may be
expressed under the symmetric form (vi) ((vi)’) with respect to its component
elements; this fact, combined with a univalence assumption about our mapping
leads us—via Theorem 4—to the following extension of the well-known
Dieudonné’s mean value theorem [11, Ch. VIII, §5}, [3, Ch. I, §3] (see also
Turinici [26])

THEOREM 7. Suppose the mapping T: J — V satisfies an order-closedness property
of the form

(vid)’ for any increasing (decreasing) sequence (t,; n € N) in J with
t,>t€JandTt, > veE Vwehave Tt =v

and let the increasing function h: J — R be such that, a denumerable subset A of R
may be found with

(xii) for any s in J \ A not identical with the eventual right (left) end-point of J we
have

+ o0 # limsup/inf da(Ts, Tr)
ros+ (r - S)

+ 00 # lim sup/inf 4(Ts, Tr)
ros- (S - I')

(xiii) for any s in J N A not identical with the eventual right (left) end-point of J

< Diyh(s),

< D('_)h(s) ,
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we have
liminfd(Ts, Tr) < k(s + 0) — h(s),

r—s+

(timinfd(Ts, Tr) < h(s) — h(s — 0)).

r—s—
Then, necessarily, T possesses a mean value property with respect to h in the sense of

-

Now, returning to the muitivalued framework, suppose the pseudo-metric
structure on V is generated by a norm || - || with respect to which ¥ appears as a
Banach space. Let [a, b] denote (for any pair a, b € V, a # b) the linear segment
between a and b (that is, the image of the segment I = [0, 1] under the mapping
t—>x,=a+t(b—a) from I to V) metrized and ordered by the standard
procedure and put also (a, b) = [a, b]\ {a, b}. Given a multivalued mapping T
from V into itself (equivalently, a mapping T from V into 2*) and a function h:
R, — R with #(0) = 0, we shall say T is D-lipschitzian with respect to h provided
that

D(Tx, Ty)<h(||x—y||), x,y e V.

The problem of determining a number of sufficient conditions (of a “segment-
local” type) in order that such a global property be obtained will be referred
to—after a terminology introduced by Kirk and Ray [16]—as a lipschitzianness
test concerning the couple (7, 4). In this direction, as an immediate application of
the preceding developments, the following lipschitzianness test may be for-
mulated.

THEOREM 8. Let the multivalued mapping T from V into itself and the increasing
function h: R — R with h(0) = 0 be such that, for any pair a, b € V, a # b, the
“combined > order-closedness property is fulfilled.

for any increasing or decreasing sequence (x,; n € N) in [a, b]
(xiv) with x, = x € [a, b] and any sequence (v,; n € N) in V with
v,—> v €V, relations v, € Tx,, n € N, imply v € Tx
and also, that a couple of denumerable subsets A, , and B, , in V may be found with
(xv) for any x in [a, b]\ A, , distinct from b,

d

+ o0 # limsup/inf —(l-)-’—m < DYyh(lIx — al), veE Tx,
(x,b)By—bx “x _y”

and for any x in [a, b]\ B, , distinct from a,

+ 00 # limsup/inf M

<D h(||x — a)), veETx,
(a,x)dy—>x lx = yli SO
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(xvi) for any x in[a, b] N A, , distinct from b,

liminf d(v,Ty) < h(||x — all + 0) — h(||x — a|}), v € Tx,
(x,b)2y—x

and for any x in[a, bl N B, , distinct from a,
liminf d(v,Ty) < h(|lx — alf) —4(llx — a|| —0), ve Tx.

(a, x)3y—x

Then, T is D-Lipschitzian with respect to h, in the above sense.

PROOF. Let the multivalued mapping T, , from I into V and the increasing
function &, ,: I — R be defined as

T,5(1) = T(x,), hop(1) =h(lx,—al), t€L

It is a simple exercise to verify that, in view of (xiv)-(xvi), all conditions
appearing in Theorem 4 are satisfied and the proof is complete.

As a first remark about this result, it must be noted that, under some
smoothness assumptions about the couple (7, &), the above statement provides us
with the local variant of the multivalued fixed point theorem established by the
author [23] (see also Nadler [18]). Secondly, under the assumptions T is univalent
and 4 is linear, Theorem 8 clearly reduces to the Kirk-Ray lipschitzianness test we
already quoted (see also Altman [1] or Turinici [24]). Finally, it is not without
interest to emphasize that, by the use of an argument similar to that exposed here
one may put this result into a metrically convex or, even an “abstract” metric
framework, extending in this way some related contributions due to Husain and
Sehgal [13] in the multivalued case, and respectively, to Clarke [10] (see also Kirk
and Ray [17]) in the univalued case; some aspects of this problem will be
discussed elsewhere.
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