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We prove the following 

THEOREM 1. Let f (z), f (z) be entire functions of 1 2 
exponential type r , r respect ively. Suppose that for cer ta in 

constants K . K , 1 2 

K l K 2 
f^x) = 0 ( j x | 1), f2(x) = 0 ( | x | *) 

on the rea l line. Then for every r > r + T , 
* 1 2 

(1) l . u . b . | c 4 e ' i T X + c 2 e i T X - f 1 (x) / f 2 (x) | > ( I c j ' 2 + l ^ ) 2 ) 2 , 
-00<X<00 

where c , c a r e a rb i t r a ry constants . It is understood that 
1' 2 l 

f (z), f.(z) a re not both identically ze ro . 
1 2 

Proof. If the function f (z) is identically zero the r e ­

sult is obvious. So we assume that f (z) f 0. Let us f i r s t 

choose an integer K and then a rea l number 5 such that the 
entire functions 

F fz) =f ( z ) ( ô z f K ( s i n ô z ) K , F fz) = f9 (z)(5 z f K (sin 5 z ) K , 
1 1 2 2 

which a re clearly of exponential type T = T +5K, T = T +5K 
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2 
r e s p e c t i v e l y , belong to L on the rea l l ine, and T + T < T , 

By the P a l e y - W i e n e r t h e o r e m [ l , p . l 0 3] we have 

T T 
1 . 2 

F ^ z ) = / e 1 Z t 4 ± ( t )d t , F 2 ( z ) = / e ^t)ût , 

w h e r e 

•T - T 
1 2 

4 t ( t ) € L ^ - T ^ T ^ , + 2 ( t )6 L 2 ( - T 2 , T 2 

If the t h e o r e m i s f a l s e , then 

i - i r x iTx ,. / v /,. / v i /i 12 i . 2 . 1 / 2 
| c d e + c 2 e - f ^ x J / ^ C x ) ! < ( ( c j + | c 2 | ) 

for -oo<x<oo . Since the left hand s ide of th i s i nequa l i t y i s the 

I *~ iT x in" x i 

c , e + c e - F (x ) /F^ (x ) we get 
1 2 1 2 

. - i r x , iTx - r ^ / v / ^ / x i , i |2 , • 2 v 1 / 2 
| c l e + c 2 e - F ( x ) / F 2 ( x ) | < ( I c J + | c | ) ' 

for a l l r e a l x . Thus 

(2) | ( C l e " i T X + c 2 e i T X ) F 2 ( x ) - F ^ x ) | < ( J c J 2 + | c 2 | V | F 2 ( x ) | , 

e x c e p t for t hose v a l u e s of x for wh ich F (x) v a n i s h e s . Howeve r , 

th i s e x c e p t i o n a l s e t i s c o u n t a b l e . 

It i s c l e a r tha t 

T + T 
/ - 1 T Z , 1TZ. ^ , , ^ , , r 2 l Z t , , v , 
( c e + c e ) F (z) - F (z) = J e 4(t)dt, 

- (-r+T2) 

w h e r e cj>(t) c o i n c i d e s wi th c <j> (^ + r ) , -cj> (t), c §At - r) in 

the i n t e r v a l s - ( r + T ) < t < - ( T - T ), - T < t < T , 
2 - 2 1 - ~ 1 

(T - T ) < t <_ (T + T ) r e s p e c t i v e l y , and is z e r o e v e r y w h e r e e l s e 
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in the range of integrat ion. F r o m (2) it follows that 

Z " 2 U( t ) | 2 d ,<( | c |2 + l s l 2 ) / 2 I4,(t) |2dt, 

or 

l c J 2 J ( T " T 2 ) | < i > 2 ( ^ ) | 2 d t + / * | < j , . ( t ) 2 d t + | c 2 | 2 

1 - ( T + T J - T , 

Z 1 

/ + T z i 4 2 ( t - r ) i 2 d t < d e i2 + ic i2) j T z i 4 2 ( t ) i 2 d t 
r - T 2 " T 2 

But this is the same as 

T 
/ * | 4 i ( t ) | 2 d t < o . 

l 

Hence our assumption that the theorem is false leads to a con­
tradict ion. This proves the theorem. 

Remark . If the function f (z) of the theorem is such 

that h (TT/2) = b where h (0) is its indicator function [ l , p . 66], 
2 2 

then 
T 

FAz) = J 2 e 1 Z t 4 (t)dt, 
2 -b-ôK 2 

and from the above proof it is clear that for every r > r + b , 
1 

(3) l . u . b . | c e 1 T X - f^xJ /^Cx)! > j c | . 1TX 
|ce 

-o«x<oo 

It is easy to see that for T > r + b this inequality is t rue 

also if 
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f i ( x ) = / V ^ c ^ t j d t , 4 i e L 2 ( - = o > T l ) 

and 
00 

f2(x) = / e1 X t 42(t) dt, 4 2 e L (-b, «>) , 
-b 

i . e . f (x) is the Four ie r t ransform of a function à At) be-
1 2 * 

longing to L. (-00,00) and vanishing a. e. in (f ,00), whereas 
f (x) is the Four ie r t ransform of a function cj> (t) which belongs 

2 
to L (-00,00) and vanishes a . e . in (-co, -b) . In analogy with this 
we prove the following 

THEOREM 2. If the function f (z) is analytic every­

where in J z J :> 1 except at the point at infinity, where it has a 

pole of order m , and f (z) is analytic in f z | < 1 , then, for 

every n > m, 

(4) max Icz11 - f (z)/f (z) | > | c | . 
I z |= i l 2 " 

Proof. We may assume that f (z) and f (z) do not have 

any common zeros on | z | = 1 . Now, if f (z) has a zero on the 

unit c i rc le the resu l t is obvious. So let us suppose that f (z) 4 0 

for | z | = 1 . If the resu l t is false, then 

| c z n f 2 ( z ) - f ^ z ) ! < | c | If^z) I 

for | z | = 1. Let f (z) have the power ser ies expansion 
00 

J -1 
2 b. z valid on and inside the unit c i r c l e . If f ( z ) = 

J=o J 1 

00 

2 a. zJ for 0 < Izl < 1 , then 
J=-m J 

ce 2 b. e J - 2 a . e J < c 2 b . e J 

J • 1 . 1 
J = o J j=-m J j=o J 
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for 0 £ 9 < 2 IT . On s q u a r i n g the two s i d e s and i n t e g r a t i n g wi th 
r e s p e c t to 9 f r o m 0 to 2TT we get 

| c | 2 Z | b . | 2 + Z | a . | 2 < | c | 2 S | b , | 2 . 
j = o J j = - m j j=o J 

This g ives a c o n t r a d i c t i o n and the r e s u l t is p r o v e d . 

The following r e s u l t is of the s a m e g e n e r a l n a t u r e and, in 
fact , g e n e r a l i z e s T h e o r e m 2 . 

T H E O R E M 3. J£ f (z) i s r e p r e s e n t e d in Im z < 0 by 

the a b s o l u t e l y c o n v e r g e n t D i r i c h l e t s e r i e s 
00 

_ -iza*. 
E a e X1 , -oc< a< a^ < . . . < a < a , < . . . , u r n or = oo, 

n 1 2 n n+1 n 
n=l n-*oo 

and if f (z) i s a funct ion defined in I m z _> 0 by the a b s o l u t e l y 

c o n v e r g e n t D i r i c h l e t s e r i e s 
00 

2 b e 1 Z f 3 n , 0 < ( 3 < p ^ < . . . < 6 < 0 < . . . , l i m p = oo, 
n 1 2 n n+1 n 

n= 1 n-*-co 
then, for T > - a - (3 , 

l . u . b . j c e 1 T X - f ^ x J / ^ C x ) ! > | c | . 
-oo<x<oo 

T h e r e i s equa l i ty only if f (z) = 0 . 

P r o o f . Le t f (z) t O . If the t h e o r e m is f a l s e then 

| c e i T X f 2 ( x ) - f ^ x ) ! < | c | | f 2 ( x ) | 

a. e . on the r e a l l i n e . Hence 
T . T 

l i m j - f | c e 1 T X f fx) - f ( x ) | 2 d x < | c ! 2 l im j - f |f ( x ) | 2 d x , 
T-*co 2 T - T 2 * T ^ = c 2 T - T 2 

i . e . 
00 00 00 

| c | 2 S |b | 2
+ S |a | 2 < | c | 2 S j b J 2 

A n ^ n ^ n 

n=l n=l n=l 

- a c o n t r a d i c t i o n . 
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A COROLLARY OF THEOREM 1. A function of the form 

n n-1 
a x -fa x + . . . + a 

o 1 n 
u n , u n " 1 , u 
D X T D X t . . . r b 

o 1 n 
where the denominator does not vanish identically is called a 
ra t ional function of x of degree n . Noting that, if p(z) is a 
polynomial of degree n then p(cos z) is an entire function of 
exponential type n , we conclude the following resu l t from 
Theorem 1 with c = c = 1/2 . 

1 2 

COROLLARY. If the degree m of the Tchebycheff 
-1 

polynomial cos (m cos x) is at least 2n + 1 , then, on the 
interval [-1, l ] , it cannot be uniformly approximated more 

1 
closely than — , by rat ional functions of degree n . 
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