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ABSTRACT. An a na lys is o f th e linea r sta bilit\, o f m a rin e ice sh ee ts un co upl ed 
fro m assoc ia ted ice shelves is present ed, Th e principa l fea ture is a ze ro eige ll\ 'a lue 
assoc ia tcd with in[initcs im a l shifts a lo ng th c linc o f neutra l equilibrium in ph ase space, 
te rm ed th e "eq uilibrium m a nifold " , A finit e-difIc ren ce sc hem e is co nstru cted \\'hi ch 
res pcc ts thi s s ta bility p ro pe rt y. 

The zero eige ll\'a lu e a ppea rs to a ll o \\' m od elling e rro rs to acc umul a te ra th er th a n 
dissipa te as occ urs in la nd-based ice shee ts, The prac ti ca l sig nifi ca nce o f thi s is th a t 
e \ 'e n ra th er fine sp a ti a l g rid s ma y a llow substa nti a l numeri ca l error to acc umul a te. 

1. INTRODUCTION 

E ver sll1 ce a ha ndful o f ex tre m ely influ e nti a l a rticl es 
(Hug hes, 1973 ; \\'ee rtm a n , 1974; Tho m as a nd Bentley, 

1978) we re published in th e 1970s, m a rin e ice shee ls ha \'e 

been \l id ely regard ed as being unstable, S la bilit\, is a n 

e lusi\e co ncept a nd it is no t surpri sing th a t this insta bility 
has been disc ussed in rat he r d ifferent terms by a number 
o f different a utho rs, \\'h at a ll o f th ese a na lyses h ave in 
eomm o n is th e a bse nce o f a di sc ussio n o f th e stability of 

ma rin e ice shee ts in terms of two of th e m os t wide ly used 

no ti oll s o r sta bility, asy mplo ti c sta bilit v a nd L ya puno\' 

sta bili ty (e ,g, H a le a nd KO~'ak , 199 1) , 
r n thi s pape r \\'e sha ll co nsid e r the limited bu t 

importa n t tec h nica l objee ti \'e o f th e lin ear s ta bilit y a nd 

t'\'o lution of m arine ice shee ts w hi ch d o no t conta in a ny 

ice stream s a nd a re mod ell ed as be ing d eco upl ed fro m 

th eir ice sheh 'es , W e d o this by considering a norma l

m od e sta bilit y a na lys is, w hich info rms a bo ut th e lin ea r 
s ta bilit\, o f m arin e ice sheets. 

t\ m a rin e ice-sh ee t sys tem co nsists o r two o r three 
pa rts, a gro un ded ice shee t, fl oa ting ice she h-es a nd 

perha ps a n interve nin g ice strea m, In th e gro und ed shee t, 

sh ea r-(]o w d om ina tes. w hil e in th e !loa tin g shelr, th e !lo \\' 

is ex tens i\'e , In th e shee t, th e \ 'e rti cal shea r-s tress g radi e nt 
ba la nces th e lo ng itudin a l \ 'cni cal no rm a l-stress g radi cnt , 
while in th e ice-sh elf shea r-stress g radi ent s a nd lo ng

itudin a l d e\'ia toric s tresses g radi e nt s ba la nce th e \ 'e rti ca l 

no rm a l-stress g r adi ent. C learl y, th ere must be a n int e r

m edi a te zo ne in th e g ro und ed ice \I'he re lo ng itudin a l 

s tresses play a n impo rta nt ro le . 
\\'e sha ll fo 11 0\\ ' th e \ 'ie ll' o f Hindm a rsh (1993 ) , \\' ho 

rega rd ed th e tra nsitio n zo ne as being o r such limit ed 
ex tent in th e directio n o r !I 0 \\ ' as to be unable to a frec t th e 

!lows in th e ice shee t a nd in th e ice shelC in muc h th e 

sa m e way as th e a no m a lo us !lows in th e di\'ide a re no t 
be li e \ 'ed to a ffec t th e la rge-scale [low , The tra nsiti o n zo ne 

is thus rega rd ed as a pass i\'e bo und a ry laye r. ~ume ri ca l 

ca lcul a ti o ns ( H e rte ri c h , 198 7; L es trin ga nt , 1994 ) a nd a 
rel a ted a na lv ti ca l so lutio n (Ba rcil o n a nd !\l ac Ayea l, 
1993 ) support thi s \' ie ll', Hindm a rsh (1993 ) re\ 'ie \\ ecl 

OppOSlll g n ews. 

Those w ho a rg ued tha t th e tra nsiti o n zo ne is a passi\ 'e 

bo undan' laye r a rc logica ll y fo rced in to th e pos iti o n th a t 
th e ice-shelf fl ow does no t a ffec t th e ice-shee t !l ow (a pa rt 
[i'o m cases \\'here th e icc shelf gro unds) and th a t se nsibl e 
predi ct io ns ca n be m ade a bo ut m a rin e ice sheets witho ut 

computing !1011'S in a ny assoc ia ted ice shelf. This is equ a ll y 

true o f co nfin ed a nd un co nfin ed ice shee ts, th e point being 

(Hindm a rsh , 1993 ) th a t bac k- p rcssure terms a rc o f th e 
sa m e o rd er of m ag ni tud e as th e long itud ina l stress
g rad ie nt term s, These cl o no t a flec t gro und ed ice-shee t 
fl o \\ a t lead i ng o rd er. 

Ind eed , it is possibl e to co nstru c t a g ro undin g-lin e 

ach'a nce fo rmul a based Oll kin em a tics (Sal a m a tin , 1989; 

Hindm a rsh . 1993 ) w hi ch d oes no t requi re a n\' info rm a
tio n fro m a n ice sh elf. S uc h a [()I'm u!a res pec ts m ass 
co nsen'a ti o n by sta tin g th a t w ha t le<l ITS th e ice shee t is 
d e termined by th e fl ow in th e ice shee t, usi ng th e usua l 

shea r-stress fo rmu la, up to a zo ne Cl fe ll' ice-shee t 

thi c kn esses upstrea m o f th e g ro unding line. This is e~ac tlY 

th e sam e as ass umin g th a t o nc ca n sa fe lY describe th e 
la rge-sca le !l O ll ' o f gro und ed ice shee ts ig no rin g th e 
a no m a lo us m ec ha ni cs nea r th e m a rg in , a nd ind ced th e 

a ppropri a te m a rg in-ad\'a nce fo rmul a (e ,g , Hind m a rsh 

a nd o th e rs, 1987 ) is based o n th e sa m e co nse n 'a ti o n / 

kin em a tica l prin ciples as the m a rin e ice-shee t g ro undin g

line ad\'a nce fo rmula , 
\\ ' hil e it is comlll o n in g lac io logy to asse rt th a t 

lo ng itudin a l s tresses III list be m od ell ed a t th e gro unding 
lin e, th ere has bee n no ri goro us disc uss io n o[\\'h )', i[lhis is 

so, it is no t a lso equall y necessa ry a t la nd-based m a rg ins, 

Th e a pproach in thi s pa per is entirely co nsistent with th e 

app roac h ad o pted by th e a uth o r and co-\\'o rke rs in 
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pre\'io us mO\' ing-g rid modelling of la nd-based ice shee ts, 
bo th in its a pplica tion of th e ma rg in /g rounding-line 
ad va nce lo rmula a nd in ass uming th a t the a noma lo us 
mecha ni cs nea r the m a rg in a nd g ro un d ing line form a 
passive bo und a ry laye r, th e mecha nics of which do no t 

a ITec t th e la rge-scale mecha ni cs . 
Eve n if ignoring ice streams is no t a good mod el of 

la rge ma rine ice shee ts, o ne may no te th a t ice rises are 
simpl y mini-ma rine ice shee ts. Th e ere\'assing between ice 
shelf a nd g ro und ed ice is a n indi ca ti on of a lack o f 

coupling; ce rta inly, there is no bas is [or ass uming tha t 

stress fi elds a re diITerenti a ble ac ross these zones, which 
asks th e ques ti on of bow ice shelves a re then supposed to 
innu ence the mecha nics o f slowly mov ing grounded ice . 
The onl y reason fo r suppos ing th a t increased longitudin a l 
stresses in th e tra nsition zo ne sho uld des ta bilize the 

gro unding lin e is if one can show tha t no oth er stabili zing 

mecha ni sms exist. A sta bili zing mecha ni sm based on 
kinem a ti cs is o utlined in sec ti on 3. 

l ce ri ses arc no t dra in ed by ice strea ms, meaning th a t 
they a re desc riba bl e a nd presuma bl y mod ella ble in the 
si m pie terms d escribed a bove. For th is reason a lone, 

modelling m a rine ice shee ts witho ut ice strea m or ice shelf 

is a va lid a nd releva nt scientifi c problem , a nd is a na tura l 
first step lO und ersta nding the d yna mics of mo re complex 
ice shee ts. It is a n obvious qu es ti o n lO as k wh ether th e 
la rge-sca le now of d ecoupled ma rin e ice shee ts is stable or 
unsta ble. This pa per ex plicitl y shows that the d yn a mi cal 

ch a rac te ri s tics of th e gove rn i ng eq ua ti o n a nd th e 
co rres po nding finite-diITerence scheme a re the sam e. Such 
d emonstra ti ons a re surely a prerequi site lO cla iming th a t 
a g i\ 'en model informs a t a ll a bo ut the sta bility of ma rin e 
ice shee ts. 

When one as ks the next ques ti on , whi ch is " Ca n we 

cha rac teri ze the asympto ti c o r Lya punov stability of 
ma rin e ice shee ts", one runs into major difficulti es . 
Hindm a rsh ( 1993) has shown th a t a n infinity of equilibri a 
ex ists a nd has a rgued that thi s im pli ed neutra l equili
brium or metas ta bility. Thus, ra th er th a n lying on a p oint 
or poin ts in phase space, the se t o f equilibri a are non

d enum era ble a nd li e on a line in phase space. In this 
pa per, we term the line in ph ase space, where th e ice shee t 
is in neutra l equilibrium , the "equilibrium ma nifold " (to 
a \'o id ca lli ng it the equilibrium line). 

Th e ques ti on th en a rises of wheth er thi s metas ta bili t y 
property is structurally stable, tha t is stable und er sm a ll 

perturba ti o n to the model equ a ti ons, a nd also how th e 
iss ue of structura l sta bility ex tends to the itera ted ma ps 
used lO so lve di scre ti zed representa ti on of the parti a l 
differenti a l equa tions desc ribing the e\'olutio n of un
coupled ma rine ice shee ts. This iss ue of structura l stabilit y 
is the reason \\'hy it is much more impo n a lll, in th e case of 

ma rine ice shee ts, to demo nstra te th e d yna mi ca l equi va 
lencc of gQ\'ernill g equ a ti o ns a nd a linitc-difference 
ma rching scheme. The d yna mi cs of ground ed ice shee ts 
a rc st ru c tura ll y sta ble except at bi furca ti o n points, 
mea ning tha t d yna mi ca l equi\ 'a lence is lax eas ier to 

o bta in a nd is no t reall y a n iss ue. 

Hindma rsh ( 1993 ) d em o nstra ted som e of the con
sequ ences o f structura l insta bilit y by compa rin g a se mi 
a na ly ti ca l icc-shee t mod e l based o n th c simil a rit y 
so lutio n fo r ice-shee t sprcading (H a lfa r, 198 1) a nd a 
numeri ca l linite-diITc rence sc hem e. Th e semi-a na lyti cal 
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m e thod produced valid so lutio ns to the ice-shee t pro fil e
e\"o l u ti o n eq ua tion uscd by M a ha ffey ( 1976) a nd showed 
me tas ta bility. This mod el had a redu ced number o f 
d eg rees o f freed o m (o nl y ce rt a in spa ti a l pa tterns o f 
accumula ti o n could be accommod a ted ) . A numeri ca l 

finite-difference mod el (which could accept as m a ny 
d eg rees of freedom of rorcing as there were grid points) 
showed different qu a lita ti ve behav iour with th e ice shee t 
g rowing unsta bly. Th e ra te o r unsta ble gro wth was 
st rongly d epend ent o n the spa ti a l di sc re ti za ti on illlerval, 

suggest ing num eri cal effec ts were y ielding a fa lse 

qu a lita ti\'e d yna mics . Thus, the itera ted map was no t 
struc tura ll y sta bl e to disc re ti zati on error and led to 
spuri o us unsta ble beha\'iour which m a nifes ted itself a t 
lo ng wa\"C leng ths ra ther th a n th e sho rt wa vel eng ths 
typica ll y a ssocia ted with nume ri cal insta bi li ty . 

Th e implica tion of thi s, ta ken with the arg ument th a t 

ice shelves were not a necessa ry pa rt o f the calcul a tion , 
was th a t other m a rine ice-shee t models we re also poss ibl y 
ge nera ting a spuri o us qu a lita ti ve d yna mi cs thro ug h 
num e r ica l erro r , a nd th a t th e difTe rent qu a lit a ti\"C 
behaviour reponed by diITerent modell ers could be a 

consequence of diITerences in the numerical schemes, Also 

implicit in this is tha t basic res ponse o f ma rine ice shee ts 
(o r a t leas t ice ri ses) to fo rcing is simpl y no t kn own. 

I t is qui te easy to find cxam pies o f numeri ca l sc hem es 
wh ich give spurious d yna mics for example, a forw a rd 
Euler integ ra tion schem e on Newton 's equa tions for th e 

mo ti o n of a bod y orbiting und er g ra vita ti ona l attrac ti on 
will no t produce a sta ble soluti on. This is no t too serious a 
problem for sys tems whose d yna mi cs a re reasonabl y well 
unde rslOod a nal ytica ll y. Such a n understa nding is no t ye t 
present for ma rine ice shee ts. 

Th e purpose of this pa per is to ca rry out a linea r 

sta bi li ty a na lysis of the ice-shee t eq ua ti on around a stead y 
soluti on a nd to construct a num eri cal schem e which has 
the same stabilit y properti es, a t least in the vicinit y of th e 
equilibrium manifold . 

2. STABILITY AND METASTABILITY 

i\ d yna mi ca l sys tem is cha rac terized by a n e\'olution 
equa ti o n of th e form 

du 
dt = fd(U,t), 

whil e a n itera ted m a p is cha rac teri zed by a n equ a tion of 
th e fo rm 

k+l _ f ( k) U - 111 U 

\\'here u is a \'ec to r. It can readil y be seen tha t o ne 
exa mple o f a n itera ted ma p is a finite-diITerence or finit e
cle me nt ma rching scheme. Th e as)'lI7jJ l olir sta bility o f a 
d yna mi ca l sys tcm or a n it era ted m a p is usuall y d clin ed in 
tcrms o f neighbo uring traj ec to ri es in ph ase space which 
a re close at on e point in tim e mO\'ing towards each o th er 

with a n exponenti a l decay, whil e unsta ble sys tems ha \"C 
neighbouring points which mo\"C a pa rt. Th e less res tri c
ti\ 'C Lya pun o\ ' sta bilit y simpl y requires th a t on a\"C rage 
tra jec tori cs do no t di\·erge . Loca l lin car sta bilit y fo r a ll 
these cases ca n then be a na lysed by first computing a 
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J aco bia n m a tri x, i. e . 

Th e solutions [or sm a ll perturba tio ns u ' a re 

u ' = u~ CXp(J dt ) 

[o r th e d yna mi ca l sys tem a nd u'" is 

lA- _ (J )" 10 u - III U 

fo r th e it era ted m a p. The sta bility of th ese lin eari zed 

sys tems can th en be assessed b y computing th e eige m ·a 

lues o [ th e J aco bia n m a tri ces using sta nd ard techniques 

(e .g . Wilkinso n , 1965) . 

F o r a d yna mica l sys tem , L ya puno\· sta bility occ urs 
when none of th e eigenva lues has positi ve real p a rts, whil e 
asym p to ti c sta bility requires th a t a ll th e eige l1\ a lues ha \ e 

nega ti ve rea l pans (H a le a nd K oc,:a k, 199 1). Insta bilit y 

occurs when one o r more of th e eigen va lues have positi\ "C 

rea l p a rt. F o r a n itera ted m a p , th e conditi ons rel a te to th e 
m odulus o f th e e ige nva lue insta bilit y occ urs if a n y o f 
th e eige nva lu es have (complex ) m odulus g rea te r th an I , 
asy mpto ti c sta bilit y if a ll th e eigel1\·alues h ave modulus 
less th a n I. 

No n-lin ea r sys tems ha \ ·e J aco bia ns which d epend 

upon th e sta te vec tor u a nd , in ge nera l, we ex pec t th e 

sta bility cha rac teri sti cs to cha nge with u. Points in ph ase 
space wh ere th e sta bility cha rac teri sti cs cha nge a rc ca lled 
bijill"{(lliol/ /Joil/ts a nd for our purposes we sha ll consider 
th em as po in ts in ph ase space ha \·ing eige l1\·alu es w ith 

zero real pa rts. 

l\'Ie tas ta bility is loose ly considered to occ ur when 

severa l equilibrium point s exist but true m etas ta bili ty 
occ urs when th ere is a m a nifo ld o f non-ze ro dimensio n 
(i. e . a sm oo th object in ph ase sp ace w hi ch is bigge r th a n a 
point, in thi s case a line ) which represents equilibrium 

co nfi g ura ti ons in phase space . 'I'Ve sha ll see th a t th e re 

must exist a zero eige nvalue with a n associa ted eigen

, ·ec to r w hi ch co rres p ond s to m ovem ent a lo ng th e 
equilibrium m a nifo ld. 

Ite ra ted m a ps can possess equi,·alcnt m a nifo lds w here 
th e com plex m odulus o f th e e ige nva lue has m agnitud e 

exac tl y I . Ind eed , thi s is p rec isely th e point of th e pa pe r; 

ca n we d esig n a n ite ra ted m a p w hich is a co nsistent finit e
di ffe rence representa ti on of a re la ted d yn a mica l sys tem , 
bo th of whi ch have equilibriu m m a nifo lds? As po inted o ut 
in the introd uction , no-onc m od elling m a rin e iee shee ts 

hithe rt o has ca rri ed o ut the basic technical requirem ent of 

prO\ ing th e d yna mica l co nsistency of th e nume ri ca l 

sc lw m e a nd gO\·ernin g equ a ti ons. In co nsequence, th e 

q uo ted res ults sim pl y tell us a bo ut th e sta bilit y ch a rac te r
ist ics o f th eir m arc hin g sc hem es. Th ese m ay be the sam e 
as th e dyna mi cal sys tem ; ,,·he th er thi s is so o r no t is th e 
m ain iss ue co nside red in thi s pa pe r. 

3. BOUNDARY CONDITIONS AT THE GROUND
ING LINE 

L e t us co nside r th e fo rce ba la nce ac ross a na rrow 

gr o unding zo ne, whi ch requires th a t two bo und a n 

conditi o ns be sa tisfi ed, one prescribing th e ta nge nti a l 

H il/dl/larsh: Slabilil)' of ire rises alld II l1eolljJied maril1e ice sheets 

trac ti on a nd th e o th er the no rm al trac ti on . \\·e a lso need 

a kin em a ti cal condition , whi ch here d esc ribes th e speed o[ 

tra nslation of th e g rounding line . 

Flo ta ti o n occ u rs w hen th e norm a l trac tion o n th e base 
o r th e g lacier eq ua ls th e wa te r press ure . U nd er reduced 
mod el ass umpti ons ro r bo th ice shee t a nd ice shelf (e.g . 

M orla nd , 1984, 1987) , th e upwa rds ta nge nti a l trac ti on is 

igno red. In th is case, th e norm a l trac ti on is g lacios ta ti c, so 

fl o ta ti on occurs \,·hen 

(1) 

w here f is th e ,,·a ter d epth , H is tb e thickn ess o f th e ice 

shee t , 9 is th e acce leration due to g ravity a nd Pi, Pw a rc 

th e d ensiti es o f ice a nd wa te r, res pec ti,'e ly. Th e co

ordina te sys tem is illustra ted in Fig ure I. Num eri ca l 

ca lcul a ti ons (Les tringa nt , 1994 ) indica te th a t th e d e, ·ia 
tion from hydros ta tic conditi ons is sm all. 

lIce Sheet I 

-
I 

Notional 

Thickness H Depth! 
I ice shelf 

~.t...-----~-:z~=b(x, t) 

Span S 

I Base 

Fig. 1. Illuslratillg lite coordillale s),slell1 used. T he 
Ilotional ice shelf illdicales Ihal lite jJreJenfe or absellce oIall 
ice shelf does llol (uleel Ihis model of grounded ice. 

Th e norma l fo rce F'.r fl ·om th e ice shee t ac tin g on th e 

tra nsiti on zo ne is 

F ,. = t Pi.9(S - z) dz + 2 t U.Lt dz 
./b ./b 

H 2 
= p.g _ + 2H i5,hpet 

1 2 .r.r' 

whil e th e fo rce from th e ice she lf is 

H 2 . 
P 0- + 2 H ;T,helf 

1 .~ 2 v f.r . 

H ere, U.r .r rep resents th e longitudin a l d eyi a to ri c stress, S 

the ice-surface elc,·a ti o n , b the ice-base e le, ·a ti on , z is th e 
\T rti ca l coo rdin a te, :r is th e ho ri zo nt a l coo rdin a te a nd th e 
supersc ri p ts "shc('l" a nd "shel P· re prese n t e, ·a l ua ti ons 

sulTi cientl y fa r upstream a nd d ownstrea m of th e tra nsiti o n 

zo ne 1'0 1' th e n t\u es or th e lo ngitudina l s tress to be 

co m p ut a bl e using th e a ppropri a te sta nd a rcl reduceel 
mod e ls. These ci om a in s or , 'a li d it y a rc ex pected to occ llr 
a rC\,· ice-shee t thi ckn esses fro l11 th e grounding line, bo th 
on th e bas is 0 (" o rd e r-o f~m agnitud e a rg um ent a nd li-o m 

looking a t num e ri ca l so lutions (H e rte ri ch, 198 7; L es trin

ga n l. 1994). 

Th e d i Oe rencc be t ,,"Ce n th ese t,,·o fo rces is 2H (i5;I:clf 
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-a,~liPCI) a nd fo rce ba la nce in th e tra nsiti on zone is 
sa tisfi ed by a n increased ta nge nti a l basa l trac tion since 
ice-shel f a \'e rage lo ngi tudin a l stresses a re in ge nera l la rge r 
th a n th ose in ice shee ts, This integ ra l fo rmu lati on d oes 

no t spec ify uniquel y h ow th e long itud ina l stresses a nd 

ta nge nti a l trac ti on inc rease in th e tra nsition zone, and 

increases in bo th stresses wi ll lead to increased veloc ity, 
but th e profi le ca n sti ll be stead y, a lbeit with a n increased 
slo pe, 

Th ose wh o a rg ue th a t th e tra nsitio n zone is unsta ble 

in effec t say th a t th e term HEJ./'u bccomes yery la rge 

(which may be true) a nd th a t in consequencc OtH < O. 
leadin g to g ro unding-line re trea t, a nd th a t thi s e{fec t is 
counterac ted by buttress ing from th e ice shelf, \\'hi ch ac ts 
to reduce th e longitudina l stresses . H owever, buttressing 
is no t th e on ly stabili z ing mec ha ni sm. C onsider th e 

continuity rela tion 

w here u is th e a\'e rage \,(, Ioe it y in th e ice , An y thinning 
\\' il l immedi a tel y ca use f)" H to become more nega ti\ 'e a nd 
th e te rm fio,rH no\\' ac ts in such a fashi on such as to 

sta bi lize th e sys tem . This sta bili za ti on mecha n ism \\'o rks 

("\'en if thinning lead s to enh a nced sliding velociti es as a 
res ult o f a decrease in e{fec ti\ 'C pressure o r th e in creased 
shea r stress . There 117(~)I be a n insta bil it y a r ising from th e 
sli d ing law (Buclcl a nd o th ers, 1984) but it is no t a 
necessa ry consequence of th e prope rti es o f th e g rounding 

line. I n short , sta tem ents a rg uin g th e insta bility of th e 

tra nsitio n zone a re no t we ll born e o ut. 
1 f th e tra nsition zo ne is sta ble a nd is o r th e o rd er of a 

fe\\' ice-shee t thi ckn esses in le ng th , th e di scharge a nd 
discha rge g radi ent \\ill no t increase a g rea t d ea l [i'om th e 
d ownstream end of rh e zone of n didity of th e reduced 

mode l to th e ice fro nt. This is a consequencc of continuit y 

a nd means th a t we can com put e th e discha rge fro m th e 
slope a nd thi ckn ess a t th e gro undin g line as th o ugh rh e 
sha llow-ice a pprox ima ti on held good . Th is is equi n11ent to 
th e proced ure adopted by a ll iC(' -shee t model le rs a t la nd
based g lac ier margins a nd is \'a li d because th e mO\'ing

boundary condit io n in bo th cases is consistent with th e 

sha ll ow a pprox im a ti on a nd does no t th erefore require th e 
im positi on o r further bounda ry cond itions. This principle 
has been d isc ussed furth er by f m"'er (1992 ' , 

4. THE ICE-SHEET EQUATION IN A STRETCHED 
GRID 

The gO\"(Tning equ a ti o n we a rc consid e rin g is th e Ice
sheet eq uat ion 

o, H = 0., ( CH'"IO,rs l',- 1 O,IS ) + a (2) 

\\'here H (.r, t) is th e thi ckn ess of th e ice shee t, s(.c. t ) is th e 
upper surface a nd a is th e surface mass-ba la nce excha nge . 
\\'e d efin e a mass nu:-; 

CH illi;:) 1"- 1;:) q = - V.,S V" s . (3) 

Th e hori zo nta l, \-e rtical a nd time coo rd ina (('s a re (x , z , t ). 
This equa ti on d escribes th e e\'o lut ion of ice-shee t thi ck
ness \\'he re th e now mecha nism is either interna l defo rm a-
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ti on acco rdin g lO som e no n-l inearly \·isco us Do\\' la \\' or 
sli din g accord ing to some \\'ee rtma n-type la \\', \\'e can 
inc lud e bo th effec ts but it wo uld ma ke th e present a na lys is 
unn ecessa ri ly cumbersome, 

T hus, the qu a ntit y C is direc t ly rela ted to eith er a ra te 

['ac tor Al used in the visco us re la ti onsh ip 

E = Adu" 

\\' here E is a seco nd ill\'a ri a nt of th e d eforma tion ra te a nd 
u is a second ill\ 'a ria nt of th e d evia to r stress (Glen , 1955 ) 

o r com es from a sliding rel a ti on of'th e fo rm 

wh ere U h IS th e basa l shea r stress. \\'e construct th e 
fo ll ow ing qu a nt ities fo r use in the ge nera l e\ 'o luti on 

equ a t io n 

v = { ~ interna l d eformation 
sliding 

/n= 
{

1? +2 
€+ l 

internal d eforma tion 

sliding 

interna l d eformation 

s lidillg 

Th e d eri\'a ti on of th e e\'o luti on Eq ua ti on (2) using th e 

sha ll m \--ice a pp rox im a ti on is sta nd a rd (Hutter, 1983; 
\ Io rl a nd, 1984; F O\"'e r. 1992 ) a nd \\'h a t amo unts to 
essenti a ll y th e sa me formu la ti on has a lso been ske tched b\' 
Hincl ma rsh (unpub lished ), 

L e t us writ e cl own th e m O\'ing-bo und a ry conditio n for 

a ma rin e ice shee t. Th e no ta ti on conditi o n IS 

where f is th e d ep th of th e wa te r a t the g ro unding lin e 
a nd , if we write thi s in to ta l difrerenti a l fo rm , fo llowin g 
th e m o\' ing g ro unding line , 

Pi H = Pwj 

\\'hi ch IS 

a nd whi ch yield s a n express ion fo r th e g rou nding-line 

m ig ra ti on ra te Cl" 

( Pw ) PII' fJ. , H - -o,,f Cl' = - ad - Ot H 
Pi Pi 

a nd using th e continuity equa ti o n o/ H + D.r q = a we Ill ay 

w ri tt 

Cl' 
p\\, f) f ;:) Pi / + v" q - a 

( 8 H - 6.. 8 'f') .1 Pi ,I 

(4) 

\I'he re a ll th e qu a nt iti es on th e ri g hlh a ncl sid e a rC' 

entlu a ted a t th e g ro und ing lin C' . If we ig no re sclf
g ra \'it a ting effec ts (\\'hi ch a lso a ffect the ice shee t) a nd 
ta ke sea 1('\'('1 to be consta nt in space, \I'e may write 
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fJ.l' f = - (),I' b, This g ro unding-linc ac"'a ncc f()r!TIul a Il'as 

g il'cn Il'ith incorrect sig n o n th c bcd-profile term by 
Hindmarsh 1993 ) , Salamatin 1989 ) const ru cted a 
simil ar correct i eq uati o n but introduccd a n unnecessa n ' 
(fo r th c purposcs or co nstru c tin g a simpl e- Ill od el) ex tra 

ass umpti o n or sliding in th e transiti o n zone , This to ta l 

difTerent ia l co nst ru c tion is cquil"alc nt to proccdures fo r 

comput ing th e migration 1"(' loc it y of" marg ins in land
based icc shccts ( H i ndmarsh and o thers, 1987 ) , 

:-\ cruc ia l part of" th e procedure or assessing the 
s tabilit y of" iterated maps is th e computa ti o n or th e 

J aco bian , \\ 'hi ch ill\'o h"es differelltiation, Fixed-g rid ice

shee t model s must hm'e so nlE' rul e for dClcrminin~ \\'hi e h 
g rid s a rc occ upi ed hI" ice and which a rc not , \I'hi ch are 
essent ial parts or the timc-stepping procedure, Th e use or 
th ese rules within a computa ti o na l a lgo rithm \I'o uld see m 

to il1\ 'o h"e, in ge nera l, th e use o r conditi o na l exec ution 

(" if ' s ta tements), Th ese ca nno t be differe ntia ted in a ny 

meaningru l \l'ay , impl ying that thc simplest \I'ay to ca rry 
out a s tability analysis is to usc a mOI'ing-g rid a lgo rithm, 

Thus. l'o ll o\l'illg [or exam ple Hincim ars h a nd o thns 
( 1987 ). \IT deline a no rm a li zed ho ri zo nt a l coo rdinate 

~ = ,1' / 5. \I'here 5 is the semi-span 0[' th e ice shee t a nd \le 

consider the case symmetric a bout the di\'id e a t :r = ~ = 0 
on l~ ' , Thu s, Cl' = S, The tim e coo rdin a te corresponding 
to t is defloteci T , a nd \IT choose T = t , 

Fo ll o\l'ing Hincim a rsh a nd othe rs ( 1987 ) , the ('\'o lu
ti o n eq ua ti o n in s tretch ed g rid [arm may be written 

(5) 

\I' here , in o ur s tre tc hed coo rdin atcs th e g ro unding-line 
mlgra tlon [() rm u la becomes 

(6) 

5. NORMAL-MODE STABILITY ANALYSES 

Lin eariza tions or non-lin ea r partia l differential eq ua tions 

a nd computa ti on o r th eir no rm a l mocles a re commonl y 
used in fluid d yna mi cs, in o rd er to a ssess th e linea r 
s ta bilit y of the sys tem ( Pedl os ky, 1986; Trit LO n. 1988) , 

The purpose o r the a n a lys is is to d e termine lI'her her a 

sma ll pcrt urba ti o n gro\l's , Th e Lax Equil'alence Theo re m 

req ui res th a t a necessary cond i ti o n [or a fi ni te-d i fference 

(o r finite-el e m ent ) sc heme to be conl 'C rge nt to a gi\ 'en 
partial difle rellli a l eq uati o n as th c di scret iza ti o n inten'al 
te nds to ze ro is that th e finitc-dilli:-re ncc sc hem e, \I' hen 
\ 'ic\l'('c\ as an iterat il 'e m a p , should ha\ '(' th e sa m e stabilit y 

properties as th e differentia l equalion, H o\\' th ese sta bilit y 

properties are com pared has a lready been di sc ussed in 

sec ti o n 2, Th e sta bility o[ th e gOl'Crnin g cq uati o ns and o r 
a part icu la r num eri ca l sc he m c (no t nccessarih' th e most 
effi c ie nt o ne ) are exa min ed in the fo ll o ll'ing sub-sectio ns, 
] t is sholl' n that th e num e ri ca l sc he m e has the same 

stability prope rti es as the gO l'e rnillg equation on the 

eq uilibrium manifo ld prOl 'ided tim e s te ps are kept short 

e noug h , This is th e lirst time tha t a numerical model or a 
m a rin e ice sheet has been shO\l'n to I)ear thi s relation to 

th e gol'tTning equat ions, 

I-l illdlllarsh: S/abiliO' oJ ire ri,lf,l alld lll/ !'Oll/J/I'd lIIarine ice :,ha/:, 

5.1. Perturbed Illarine ice-sheet equations 

Let us expand th e rdel'ant I'ariablcs as a seri es in a small 
param e ter ~l such tha t 

5(7) = 50 (7) + /, 51(7) + O(p2) . ) 
H(~, 7) = Ho(~. 7) + f..LH, (~, T) + O(~'? ) , 
(((~,T) = a o(~ , T) + ~LO, (c;, T) + 0(/'-) . 
f(~, T) = f o(c; , T) + I'h(( T) + 0(/,2) 

(7) 

lI'here ~L « 1. \\ 'e sha ll perturb a ro und co nfigurat io ns 

lI'here So a nd Ho re prese nt s teady so luti ons, .\ s di sc ussed 
a bolT a nd in Hindm a rsh ( 1993 ) , liT ex pect the zero th 
o rdcr solutio n to be non -uniquc, as liT ('a n choose an~' 

dil 'id e thickness I-lo a nd integ ra te' th e prolilc <l 11'<1 I' rrom 

the di\ 'id e until th e il o tati o n conditi o n is sa ti sfi ed, 

Substituti on of th ese expa nsio ns into th e ice-s hee t 

eq ua ti o n y ields to O(~i) t\l 'O eq uati o ns; a t ze roth o rder 

(8) 

a nd at lirst o rd e r 

(9) 

Ass umill g symm etrl' around th e dil 'id c and introdu
cing th e no ta ti o n 

~)j'(: c: 
9j = Pwi U / j - {/ j , 

::l J G ::l H C + ::l bG 
u~ j = u~ j PlI'iU~ j 

j = 0,1. 

(10) 

(11 ) 

\I'here supcrsnipt G indica tes C\ 'a lu at io n al th e grou nd
ing lin e. \IT obtain equat io ns for th e g ro unding-lin e 

migration rate a t zerot h o rd er 

a nd a t first o rd er 

c: 50cpo + ()~qO = 0 (12) 

(13) 

\I'here supersc ript G indi ca tes e \ 'a luat ion at th e ground

ing line, 
\\'c spec i[\ ' q, as fo ll o ll's, Considc r th e mass flux in 

Equation ( 3 ) in th e Il orm a li zed coordinates 

\l'hich, upo n \lTltlll g 

q(c; . T) = qo (c; , T) + pg, (c;, T) + o (f..L2) , (15) 

" lI ol\'s LI S LO o bta in q a t zeroth o rd er 

(16) 

and a t lirst o rd er 

(17) 

The zeroth o rder rel a ti o nships (8 ) a nd ( 12 ) a rc 

equi l'<d ent at the g roundin g line, Lt co nseq ue nce o f' th e 
neutra l eq uilibriulll propenl', Th a t is, [o r a m ' pos itil 'c 

span So, th c re cx is ts a co rres ponding soluti o n Ho suc h 
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that So a nd oT Ho a re zero (Hindma rsh, 1993 ) . T he 
moving-bo unda ry cond ition d oes no t a ppl y a n ex tra 
constra int. The a bsence of a unique so lu tion can a lso be 
d educed from th e first-o rd er Equa tions (9) a nd (13) by 

se tting oTH l = 0, SI = 0 a nd a lso cPl = 0 (in inves ti ga ting 
th e uniqueness of th e ze ro th- ord er so lution th ere is no 
first-ord er forcing by construc ti on ), yielding a n ordina ry 
differen t ia l equa tion 

(18) 

a nd a n equi va lent (from th e d efiniti o n of cP; Equ a ti on 
(10)) sta ti c ma rgin conditi o n 

which , once we have specifi ed th e d ependence of ql on 
H] , may be solved for HI upon specili ca ti on of SI. 

Let us consid er stead y confi g uratio ns of th e lirst-ord er 
perturba ti on . Substitution o f Equa tion ( 17) into Equa 
ti on ( 18) yie lds 

(
Hi o(HI SI) SI 

qo m Ho+ vOE( Ho+ b)- VSo = Soqo+ const. 

where we ha \'e used th e consequ ence o f stead y sta te a nd 
continuit y th a t 

Sa ti sfac ti on of th e ze ro nu x conditi o n a t th e di vide t;, = 0 
shows the consta nt of integ ra ti on to be ze ro a nd we obta in 

th e first- ord er dilferenti a l eq ua tion 

(19) 

whose soluti on depends on the specilic forms of Ho a nd 

So. N o te th a t a t th e di vid e 

Ht S t(1 + v) 
Ho m So 

(20) 

Let us consider th e time-dependent case again. Since 

ql is a linea r fun c ti on of SI , H i a nd O~Hi ' we can 

construc t a sepa rabl e so lu ti on 

H l (t;" T) = X (t;, )T (T) , 

5 1(T) = ScIT(T) 

where Scl(T) is a n unknown a mplitude of th e first-ord er 

spa n. The same time-depend ence as HI fo ll ows beca use of 
linea rit y. ,,ye use th e construc ti on 

where 

to write Equa ti on (9) as 

Ad =! = (Scl aO - o~Q) 
T (SoX (O - ~Scl o~Ho ) 

(21 ) 

\10 

where Ad is a n eige m 'a lue of th e problem . The bounda ry 
conditi ons a rc 

(22) 

I. e. a ze ro-nux conditi on a t the di vide a nd a n Archim e
dean conditi on at th e ma rgin. 'Ve can see immedi a tely 
from Equ a ti on (21 ) th a t so lution of th e equation 

Sc]aO - o~Q = 0 , 

(which is, a pa rt from nota tion , exac tl y th e sam e as 

Eq ua ti on (18)) yie lds a zero e igenval ue provided the 
d enomin a to r of th e ri ghtha nd sid e is zero, whi ch is 
ge nera ll y sa tisfi ed. This fea ture is obtain a ble for a ny 
ph ys ica ll y reasona ble So, Ho, showing th a t th e ma rin e ice 
shee t is neutrall y sta bl e. Computa ti on of th e o th er 

e igenva lues a nd a ll th e e ige nvec tors requires introduc ti on 
of th e m oving-bo und a r y conditi o n ( 13) , whi ch in 
sepa ra ble fo rm is 

A =! = (Sc1cPO + o{QG) 
T SclO~ JO 

(23) 

A co nve ni ent wa y o f so lving th e e ige n probl em in 
Equ a ti ons (2 1) a nd (23 ) is to ca rry o ut a linite-diffe rence 
discre ti za ti on and so lve th e res ulting a lgebra ic eige nva lu e 
problem . Hindma rsh (unpublished ) di scussed finit e-dif
ference di sc re tizations for ice-shee t eige nva lue problems. 

The eige n problems (2 1) a nd (23 ) a re conveni entl y 
rewri tten 

(24) 

The disc re ti za tion used to compute th e norma l mod es of 

this equa ti o n se t is gi\'en in Appendi x A a nd in pa rti cul a r 
a spec trum of e ige m 'a l ues Ail, i E N a re a pprox im a ted by 
a finit e sequence. R esults arc di sc ussed below. 

5.2. Explicit tiIlle-stepping scheIlle and stability 
analysis 

"Ve now exa mine th e sta bility or a num eri cal ma rching 
scheme to solve th e ma rin e ice-shee t evolution equ ation. 

The evol u ti on eq ua ti on 

is di sc re ti zed acco rdin g to a n ex plic it scheme where 
supersc ript k refers to th e time le\'el a nd subscript i refers 

to th e spa ti a l point. This ex plicit scheme may be written 

(25) 
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where .dt represe n ts the time stcp. 

F" -. I- -
i T =] 

(!{ H" H,, }) "'I H" _H"I'I- l(Hh - Hh) \2 I T 1 + I 1+ 1 I 1+ 1 I' 

(26) 
a nd 

( F k 1 - F" :1) - (.d 5k)v+la 
N-, N - , ~ 

(27) 

Thcre is a \·irlu a l po int such th a t H~ l = Hf which 
pcrmits d efinition of F~l ' The stab ilit y of thi s sc hcm e can 
be assessed b y compLiting its J aco bi a n (ou tlin cd in 
Appendix B). The eigenva lues and cigc ll\'ectOrs ca n th en 

be calc ul a tcd using sta nd a rd tcchniques . 

For stab ilit y, we require th a t th e eigem 'a lucs o f th e 

ite ra ted m a p IAI"I ::; 1. It is m o re use ful to compare th c 
ite ra ted-map e ige lwalues At with th osc fo r th e d yna mica l 
sys tem Ail . For a g i\'en mod e i, th e tim e so luti ons a re 
g'l\'cn by 

Jid(t) = Ti( O)exp(A~IL1I)' 

T/"(t) = Ti(O) (A:lI) , 

fo r id cnti ca l initi a l conditi ons, whe rc supcrsc ripts d , a nd 
m indicate th e so lutions for dynamical sys tem a nd 

ite ra ted m ap, respec tively. Di\ 'iding these eq ua tions a nd 

ta kin g logs yields 

1 (
T,d(t ) ) og = ).(,.I.dt - 10g().I,H) . 
T;"'(t) 

If th e linea rized dynamics o f' th e ite ra ted map a nd 

d ynam ica l sys tem a re equi\ 'a lent , we therefore ex pec t 

(28) 

This provides a cross-chec k o n o ur a lgo rithms. Numeri ca l 

res ult s compari ng the d ynam ica l sys tem and th e iterated 

m a p a rc presented in th e next section . 

6. SOLUTION TO THE EIGEN PROBLEM 

6.1. Som.e steady profiles 

\ Ve need to cons tru c t so m e stead y profi les abo ut whic h to 
pc rturb th e ice shce t. This is cas il y accomp li shed b y 
intcgra tin g from th c g roundin g line to th e di\·id e, as th e 
Ou x is kn o \I'n at a ny point. In al l cases, wc choose C = 1. 

At a n y grid cen tre i +~, th e Ou x eq ua ti o n 

is sa tisfi ed by so h-ing th e a lgebra ic eq ua ti on fo r H" \I 'ith 

known H k+I' The g roundin g-line elcva tion is presc ribed 

b y th e Ootation conditi o n ( I ) . Some profilcs for v = 3 , 
rn = 5 a re shown for different presc ribed spans and 
diffe rent prescribed acc umul a ti o n ra tes a re sholl' l1 in 
Fig urc 2. I n a ll cases, th e presc ribed zero th-order span 
wa 50 = 1. The three mod els 1,2 a nd 3 had Oa t bases 

with b = (- 1. - 0.5 , - 0.25), res pec tive ly. Th e res ult s 

I-findlllarsh .' Slabifi{v oJ ice rises and IIlIcoujJled marine ice sheets 

OS, 

U.6~ 

0.1 -

O.2 t" 

o o 0.1 

1 
-b= 1 

I b=-05 
- - b=O.25 

' . 

\ 

D.l 0.3 0.4 0.5 0.6 0.7 O.S 0.9 

\ 

Fig. 2. Stea{(JI marille ice-slteel/iloJiles Jar dijferent del) ths 
to base. J-/ori<olltal (His ~, lIertical a.\is Z, where b is all 
o/Jerator representing a small challge. Usillg these 
el/neSS/OilS, the N + 2 equatiolls comprisillg the iterated 
mal) call lillls be e\jJressed in differentiated Jorm as 
oyk+l = J moy" . The stabili{JI /m/mlies oJ the iterated 
mal) call be assessed b)' computillg the eigelll'{flues oJ J II1 

usillg standard techniques ( rl 'ilkillsoll, 1965) . 

ag ree with intuitiye expecta ti o n; sha llower water (i. e. a 

sm a ll er g rounding-lin e thi ckn ess ) leads to a g rea ter slope 

a t th e gro undin g line a nd a thi cke r ice shee t. 

6.2. The eigenvalues 

E igenntlues fo r th e dynamica l sc heme a nd eq ui\'a lenr 

e ige l1\'a lu es fo r the iterated map haye bee n computed a nd 

arc shown in T a bl e I. Th ese show th a t th ere a re two ze ro 
c igc l1\ 'a l ues a nd th en a scq ucnce 0 [' d ec reasing c igc l1\'a 
lu es. Th e e ige llva lu es ca n bc inte rpret ed as d ecay 
co nsta nts with a n associatcd sca lc il1\'e rse tim e-sca le 

raj/rH]. The eige l1valu es belong ing to the gO\'e rnin g 

pa rti a l differential equa ti on (PDE ) a nd the it e rated map 

a re id entica l to t\I'O sign ifi ca nt fi g ures. i\o te, in particu la r , 
th a t th e numerica l sc hcmc yiclds ze ro eigenntiucs, g iving 
it th e same neutra l sta bilit y properties as th e gOI'ernin g 

2 
3 
4 

5 

Table}. Table oJ com/JlIted e(i;etwallles . Column Ilumbers 
refer to the model. while the letter A u:fers to the eigel7l lallle 
). jl cOIII/JIltedjrom the /Nrturbatioll cif Ihe r{),llamical j~) ls tell7 
and N to the equil'CtfeJIt qllantiO' 1/ .dt log (Ajll) cam/Jilted 
Jrom the iterated majJ provided ~)I the fljJLicit marching 

scheme. Discreti;.ation inten'al L1~ = 0.005 and the tillle 
step in the eI/J/icit marching scheme was .dt = .dr 

l A IN 2A 2N 3A 3N 

0 0 0 0 0 0 
0 0 0 0 0 0 

- 1. 9 - 1.9 - 4.9 - 4.9 6.5 - 6.5 
- 32 -32 28 - 28 - 34 34 

- 110 - 110 - 79 - 79 - 84 - 84 
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H . .:! 
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Fig. 3. First si\ eigelll'ectors jar the /Hrtllrbatioll abollt 
lIlodpl I re/JI'esfllted ill sjJore () ol/d It'itll tlleir associa ted 
.lj){1I1 jJ/~ject iOlls (0) . 

equa ti o n , i\ o positi ve eige nva lues, which \I'ould have 

ind ica ted ph ys ical o r numeri cal insta bilit y, were found , 
Sca le theo ry a nd more d e ta il ed com p u ta tio ns (Hind

m a rsh, unpubli shed ) sugges t th a t th e slowes t re laxi ng 
m od e fo r la nd-based ice sheets shoul d ha \'C eigcm 'alu cs 

aro und m + //, whil e th e eige ll\'a lues report ed he re a re 

substa nti a ll y less, This m eans th a t th e lineari zed time 

consta nt of a m a rin e ice shee t is substa nti a ll y longe r th a n 
th ose fo r la nd-based ice shee ts, 

6.3. The eigenvectors 

The eige m 'ec LOrs fo r model I (spec ifi ed in sec tion 6, 1) a rc 

pl o tt ed in Fi g ure 3, Th ese sh o w th e e ige l1\ 'ec to r 
com po nents a rra nged in o rd er of in creas ing ~ , \\'ith th e 
spa n-shift component a t the ri ghth a nd end , It sho uld be 
no ted th a t th e ge nera tin g eige n pro blem is no t se lf~adj o int 

a nd th a t th ese eige nvec to r a rc th erefo re no t o rthogona l. 

Ex ce pting o ne o f th e pa ir o f e ige m 'ec to rs with 

assoc ia ted ze ro eigenval ue, a ll th e eigel1\ 'Cc to rs take on 
a \'a lu e o f' exac tl y zero a t th e gro unding line , Th e second 
eigc l1\ 'CClo r a lo ne has a non-ze ro \'a luc a t th e grounding 
line, Onc wo uld ex pec t one o f th e e ige n\'a lu cs to ha \'e thi s 
pro pert y, as thi s a llo\l's th e so lu tion to admit cha nges in 

sea leve l, \I 'hi ch necessa ril y ca use th e e1 e\ 'a ti on a t th e 

g ro unding line to cha ngc, Th a t lin ea r combin a ti on o f th e 
first a nd second eige m 'ec tors, which has \'a lu e zero a t th e 
di vid e, crea ted th e \'ec ror co rresponding to a contra ction/ 
ex pa nsio n of the coord ina te sys tem , whi ch is wh a t 

ha ppens during a sea-Ie\'e l ri se, 

The first e ige m 'ec tor corres po nds to a shift a long th e 

equilibrium m a nifold , Thi s was d emonstra ted numeri
ca ll y by compa ring it with th e so lutio n to th e linca r 
o rdin a ry difTe rcnti a l equ a ti o n (ODE ) ( 19 ) fo r th e shift 
a long th e eq u i I i bri um ma n i fo ld , Ag recmcn t was fo u nd to 

four signifi cant fi g ures, Th e third eige m 'ec LOr a nd a ll th e 

rem a ind er ha \'e nega ti\'e eigem 'a lues , indica ting linca r 

stabilit y, Th e third a nd lirst eige l1\'Cc LOrs are colinear, 
apa rt ri'om lh eir spa n compon enl. 

6.4. Stability 

Hindm a rsh ( 1993) d emonstra ted th e neutra l equilibrium 

properl y fo r a mod el \I,irh a reduced se t of d egrees of 
[!'f'cd om but fa il ed to d emo nstra te it \I,ilh a num erica l 

112 

mode!. \\'c ha lT shO\\'I1 a na ly ti ca ll y th a t th e un co upled 

ma rin e icc-shee t m od el has a zero eige ll\ 'a lue wh enc\ 'e r 
th e stead y so lution lies on th e equili briu m m a nifold , a nd 
\I'C hmT now d e\, ised a Ilumeri ca l m odel \I,hi ch ex hi b its 
sta bilit y 0 11 th e equilibriu m ma nifold , The lini tc-clif'f'cr
(' ncc model of Hindmarsh ( 1993 ), whil e consistcnt with 

th e pa rti a l differenti a l equa ti o ns, ex hibit ed a slo \d }' 
g rowing' long \I'a \ 'C' leng th insta bilit y, This unph ys ica l 
instabilit y has he('n ta mcd a nd has been shown to be 
tamed in th e present m od e l. Nc \ 'C' rth cless, ma rin e ice 
shee ts possess a d>'na mi ca l pro pcrt y, th e zero eig(' I1\ 'alue 
a long th e equilibrium ma nifo lcl , \I,hi ch necess it a tes som c 

ca re ill th e construction of numeri ca l m od els, 

S ince no t a ll th e eigem 'alu es a rc nega ti ve in sig n , we 
ca nll o t say th a t th e sys tcm is asympto ti cally sta bl e, 
No rm a ll y, in assessing th c stabilit y o r sys tems with ze ro 
e igc nva lu cs, th e second-o rd cr sta bility n ced s to be 
consid ered, \\'e ha \'c shown th a t th ere exists a ze ro 

eige n\'a lue al o ng th e equilibrium manifold , with th e 

im pli ca ti on th a t in thi s sub-space sta bility has bee n 
co nsid e red to a ll o rders, \\'e sho uld be ca reful in 
p res uming , hOlI'e \ 'C r , th a t thi s m cans th e non-linea r 
sta bilit y of th e sys tem has bee n full y understood , :\T C\T r

thel ess, th e res ults from th e nex t sec ti on d o no t sugges t 

th a t a n ything hi ghl y a nom alous is ha ppenin g , The res ults 

in th e next sec tion d o no t indi ca te insta bilit y, so we 
sho uld lc nta t i\T ly sta te th a t m a rin e ice shee ts a re 
Lyapun O\' sta ble , 

7. INTEGRATIONS OF THE EXPLICIT SCHEME 

\V e ca rry out some num eri ca l integra ti ons of th e stcad y 
pro file co rres po nding to m odel 2, wh ere b = - 0,5, 
cha ng ing acc umula tion ra te a lld sea le\'C \. 

Th e algo rithm has been tes ted b y ch ec kin g it aga inst 

num eri ca l solutions of the first-o rd e r Equa tion ( 13) , The 

equa tions ha\ 'e been ex pressed in dimensionl ess form a nd 
th e res ults a pply to a ny combinatio ns o f th e sca les 

I~ ----~ ~~====~--~----~---------,----~ 

-1 I 
.. 'h i 

l J:! 

" . . . ' .. ...... ~ 
1.5 , .... .5 

Fig, f , Elevation at the div idp (l ,ert ica! axis) as ojl.ll/[tiol/ 

of / ime ( /lO ri,::,oll la/ a \ is) fo r CI /Jerimenl J, If'here the 
occ/{IIII/ /a/ iOIl rate was increased ond decreased (solid fille) 
al/d CI /Hr/lllm t 2, where sea lapl lC([ S raised alld lowered 
(dottpd line), 
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[H]. [5],[C] . [a] chosc n to sa ti sfy 

[C][Hj"'+1I 
----= 1 
[a] [5t~1 . 

In pa rti cul a r . \\"t' no te th a t th e tim e-scale [t] = [H ]/[a] . 
In ex pe rim ent I re ported below, th e discre ti za ti on \I'as 

( Ll t .Ll~ ) = (10- ", 2 X 10- 2
) whi le in ex pe rim ent 2 th e 

di scre ti za ti on \I'as (Llt. Ll~) = (10- 5 , 10- 2) . The sc hem e is 

o f acc uracy O (L1 I, Ll~) . 

7.1. ExperiInent I: change in accUlnulation rate 

The acc umul at ion ra le \I'as in creased b y 25% a nd th e 
sys tem le ft to eq u ili bra te fo r two tim e units. Subsequ entl y, 
th e acc umul a ti o n ra te I,vas restored to its o ri gina l ya lu e. 
Th e span increased f, 'om 1. 0 to a new equilibrium \'a lue 

1.02+ a nd d ecreased a ft e r th e acc umula ti on ra te was 

reduced to a \ 'a lu e 1.00. Th e di\·ide thi ckn ess increased 

from 1. 35 to 1.40 a nd re turned to 1. 35 (Fig . 4 ) . Th e key 

po int is th a t thi s ch a nge \I' as esse nti a ll )' reve rsibl e. 

7.2. ExperiIl1.ent 2: change in sea level 

Sea In'el was ra ised bv 20% OI'C r ha lf a tim e unit a nd th e 

sys tem left to equilibra te fo r two time uni ts. Subsequ ent"·. 
sea I('\'C I \I'as 10 \l'e red io its o ri g in a l pos iti on OIT r ha lf' a 
time unit a nd Idt to equilibra te OI'e r t\l'O tim e units. 
Fig ure 4 shows th e res ults; during th e p hase o r rising sea 

le\'t' I, th e di\'ide cle\'a ti on d ecreased . I d o no t und e rsta nd 

\I' hy thi s shoul d happen; th e ice sho uld be sim pl Y fl oa ted 

off a nd th e inl a nd ice undi sturbed , as in th e sha llow-i ce 
a pp rox im a ti o n th e 11 0 \1 ' o r th e inl a nd ice is no t a ffec ted by 
th e prox imity or th e g ro unding lin e. Durin g th e rC\'e rse 
phase, th e icc shce t has reco\'e recl it s o ri g ina l co nfi g ura 

tion a lmos t exac tl y. A study oftll e d Tcc t o Cgrid size o n th e 

CI'Cle showed th a t th e minimum spa n in creased rat her 

slowl y with d ecreas ing g rid size a nd th e res ult re po rt ed 
here \I'o ul cl a lm os t ce rta in ly be cha nged by rurth e r 
subcl il' ision o r th e com puta ti ona l g rid . 

It see llls th at sm a ll er rors introdu ced, p res ulll a bh' b y 

th e Ill o\' in g g ri d te rm S~8H/8~, a re no n-lin ea I'll' 

a mplifi ed by th e nu x re lati onship , whi ch is \'e ry sC ll siti\ 'C 

to sma ll cha nges ill ice-shee t d C\'a ti oll . Since th e m a rin e 
ice shee t is a t bes t onl y L ya pull Ol' stabl e. e!To rs a rc no t 
diss ipa ted as th ey a rc in lan d -based ice shee ts a nd th e 
dICc t is cUlllulal i\ 'e, leading to a stead y d rift fi 'o lll th e true 

so lutio n as crro rs a re in jected into th e (lux rela ti on from 

th c m o\'ing g ri d terlll . In tr ul y di ssipa ti \'C sys telll s, erro rs 

d ecay a nd thus er roneo us so luti ons d ecay on to th e tru e 
so lutioll . An exa mple of this is 5ho\l 'n in fi g ure 12 or 
Hinclm a rsh a nd o th ers (1987 ) a nd thi s has bee n di sc ussed 
o n p . 207- 08. 

8. CONCLUSIONS 

This pape r has been con ce rn ed \I'ith co nfirming th e 

d y n a mi ca l con sistenc \' o f a finit e-dilTer en ce sc h cm e fo r . . 
so h 'ing th e un co upled m a r in e ice-sh ee t equ a ti o n a nd 

th e gOI'eJ'ning equati o ns. An unco upled m a rine iee 

j-j illdmalj/t: Slabili{l' ()f ice lises and IIIICOl/jJled malllle ice s/teelj 

shee t is o n c \I'he re th e influ e nce of th e ice-sh e lf strcss 

field s is n o t a ppa re nt upstrea m o f a n a r row b o und a r y 

laye r nea r th e gro unding line . The kin em a ti ca l fo rmul a 

fo r g ro unding-lin e acll 'an ce a nd r e treat used in thi s 
p a pe r res p ect ITtaSS co nSlTl'a ti o n b u t , in th e tra nsitio n 
zo ne (w hi ch h as h o ri zonta l len g th scale or a few ice
sh ee t thi c kn esses) , the ," e lo cit y is n o t co mputed 

correc tl y fo r b o th co nfin ed a nd un confinecl ice sh ec ts. 

This d oes no t m ea n th a t m ass is no lo nge r conse tTed. 

Th e ass umptio n used in this p a p er , w h ic h is based 
upo n s tro ng com p ut a ti o n a l e l 'icl e n ce, is th a t th e 
incorrec tl y computed now in th e lI'a ll siti o n zo ne does 

n o t a fTcc t th c la rge-sca le fl o w of the ice shee t a nd th a t 

th e (l O\l ' in thi s zo n e is s ta ble in th e se nse th a t s tead y 

ice-sh ee t profil es can b e m a i n ta i ned . 
Th e un coup led Illa rin e ice-shee t sys tem has bee n 

shown to possess a zero eigc l1\ 'a lu e corres po nding to shirt s 
a long th e equilib r ium m a nifo ld. This is th e line in ph ase 

space \I'hi ch d efin es co rres ponding equilibrium thi ck

nesscs a nd spa ns, a nd sho uld be co n tras ted with la nd

based ice shee ts, \I'hi ch simpl y ha \'e a num bcr o f po ints in 

ph ase space w h e re th e thi c kn ess a nd sp a n a rc in 
equilibrium . An exp li cit finit e-difTe rence sc hem e has bee n 
co nstructed w hi ch m a inta ins long \I'a , 'C lcng th sta bilit y. 

In pa rti cul ar. this sc hem e has been shOl \'l1 to possess a n 

equilibrium m a nifo ld. Like a ll expli cit sc hem cs for ice

sh ee t fl ow, thi s sc h c lll c sh ows in sta bilit y at sh o rt 
\I'<l\'e leng ths \I'hen tim e steps a rc too long, but thi s 
p ro blem co uld pres um ab ly be rec tified b y use oL a n 
im plicit sch em e. Thi s is the lirs t tim e th a t a n um eri cal 

Ill od el o f a m a rin e ice shee t has bcc n shown to be 

ch 'na mi ca ll y co nsistent with th e gOl'e rnin g equa ti ons . 

S uch d em ons tra ti ons o f cons istcncy a rc a necessa ry 

prereq ui sit c Lo r m ode lling studi es oC m a ri ne ice-shee t 
sta bilit y. :\IO\ 'ing-g ri d me th od s are th e eas ies t \I'ay to 

assess th e sta bilit y o r a n ume ri ca l sc heme fo r th e m a rin e 
ice-shce t sys tem. 

N um eri ca l in tegrat ions d o no t sugges t th e sys tem is 

li on-l in ea rl y unsta ble bu t \I'C hm 'e ye t to d n' ise Cl sc heme 

whi ch computes th e respo nse lO sea-lc \'el ri se co rrec th' . 
E\' ide ntl y, errors accu mul a te as a res ult oC th e ze ro 
eigcl1\a lu e ra th er th a n di ssipa ting as th ey d o in o th er ice 
sh ee ts. This effec t seems to m a nifes t itsc lf' mo re \I'hen th e 

ice sheet is being fo rced b y sea -I e\'e l cha nges th a n Iw 

acc ulllul a ti on-ra te cha nges. 
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APPENDIX A 

CONSTRUCTION OF THE ALGEBRAIC EIGEN
VALUE PROBLEM FOR THE PERTURBATION 
OF THE GOVERNING EQUATIONS 

\Ve di vide th e domain t; E [0, 1] in to N interva ls a nd 
speciry X a t N + 1 point s indica ted by a counting ind ex, 
'i E (0, N), The illler\'a l size is denoted by L1~ = 1/ N, At 

the g rid centres, we com pute 

114 

a nd simila rl y for Qk-~ and disc reLize according to 

L1~ 

C~+1Xi+l + (C~+1 _ C~-1)Xi _ C~-1Xi - 1 

L1~ 

where 

For the point i = 0 where the boundary cond ition is zero 

flu x (see Equa tion (22)) wc simply use a symmetry 
condition with a virtual point X - I = Xl a nd coeffici ents 

I I 

C;2 = Ci 

to ob ta in 

W e m ay then di se reLize Equation (24) [or i E (0 , N - 1) 
according to 

and 

and where 

These rela ti ons ca n be written as a matrix eigenvalue 

problem 

Ay+ ).,By = 0 

whe re yT = [XII, '" , X N
, Sell and the eige ll\'a lues 

and eigenvee tors com pLl ted using sta nda rd teehniq ues 
(Wilkinson, 1965). 

APPENDIX B 

STABILITY OF AN EXPLICIT MARCHING 
SCHEME 

In thi s Appendi~ , we ca rry out one step o[lhe analysis or 
the stab ility or the itera ted Ill aps in Equations (25 ) and 
(27 ) by com puting their J aco bi a ns. Th e time ind e~ is 
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supe rscript /.; a nd the space index is subscript i , T o thi s 

cnd , \IT fo rm 

oP'1 
' +2 Dk ( ) -D " = - '+1 111;+1 + V 

H h , " " ;+ 1 -

wh ere F is d e fin ed in Equati on (26) a nd 

8P" 1 

£:) ':,2 = _ D \I ( 111;+1 - v) 
uH; , 'i " 

This all ows us to \\'I' ite 

\\'hi ch, upon d efinin g 

, 'ields 

Symm etry a round th e di"icl e yields a spec ia l fC)I'Ill at i = 0 
Ilhi ch is 

\\'e can a lso write d O\\'Il 

a nd 

llil/dmarsh : Stabili(JI of ice rises and lIl/co ll/J led lIlarine ice sheels 

and fo rm 

1 

(8P~'_1 1) 
, 8~" 2 - H" _ H" ' 

N N N-I 

1 

If \\' e no te 

a nd 

\\'e ca n \lTit e 

oS' 1 

oH~, ( 11E. Skr(H~, - H~'_ I ) 

, (-D~~_~ (Mf\'_~ + 1/) - ,,_1 " ), 
- H ", H ,\ '_ l 

oB" 1 

OH~'_ l (H,~. - HLJ) 

, ( - D~, -1 (M.\, -1 - v) + D'~-_~ ( M .\' _~ + v) 

+ H" _lH" ), 
.\' .\'-1 

DS' _ (D\'_j (MS _ j - v)) 
oH,\'_2 (11[,S')" (H~ - H~'_ I) , 

DS" (~~'-1 - ~~'-1) - (v + l ) ~~-I-l (S'Ya 
as" (11E,S!y (H\, - H'~'_ I ) 

Fill a ll y. \IT no te th a t 

S,+ I = S" + B"11, 

and th a t \IT ca ll co m p ute' 

wh ere 8 is a n ope ra tor representing a sm a ll cha nge. Using 

these express ions. the N + 2 cC] ua ri o ns compri sing th e 
itera ted m a p ca n thus be ex pressed in difkrenti a ted (a rm 

Th e nex t step is to co nsider th e spa n-e, 'o lutio n equati o ll a s 

Th e sta bilit y pro pe rti es of th e iterated m a p ca n be 
assessed by computing th e e ige ll\'a lu es o r J IIl Ll sing sta n
d a rd techniq LI es (\\,ilkill son. 1965 ), 
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