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In this note we show that the variety of near-rings generated by d.g. near-
rings is the class of all near-rings R satisfying

Ox = xO = 0 for all xeR. (1)

This extends a result of J. J. Malone (3) on the embedding of near-rings.
A near-ring Risa. set with two binary operations, addition and multiplication

such that R is a group with respect to addition, a semi-group with respect to
multiplication and x(y+z) = xy+xz for all x, y, z e R. If xeR satisfies
(y+z)x = yx+zx for all y, ze R, we say that x is distributive. A distributively
generated (d.g.) near-ring is one which is generated as an additive group by its
distributive elements.

A variety of near-rings is the class of all near-rings satisfying a given set of
laws. Let X be a class of near-rings. Then let vX be the smallest variety
containing X, sX the class of all sub near-rings of X near-rings, QX the class of
all homomorphic images of X near-rings and KX the class of all residually X
near-rings. For further explanation of these ideas see P. M. Cohn (1).

Let G be a group written additively (G is not necessarily abelian). Then
we can define T(G), the near-ring of all mappings from G to G where addition
in T(G) is given by g(x+y) = gx+gy, g e G, x,ye T(G), and multiplication in
T(G) is the usual product of maps. T(G) contains the following sub near-rings,
each containing the next:

T0(G), the set of all mappings preserving the identity of G;

E{G) the d.g. near-ring generated by all the endomorphisms of G;

I(G) the d.g. near-ring generated by all the inner automorphisms of G.

Denote by O the variety of near-rings satisfying (1) and let

T = {R; R^ T0(G) for some group G},

I = {R; R^ I(G) for some group G},

We will show that O = v/, by showing that O ^ SQR/, from which we can
deduce that O = SQR/ = v/, using results from P. M. Cohn (1). In (3) J. J.
Malone proved that OnF = s(/nF).

Lemma 1. O = sT.
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Proof. sT ^ O is immediate. 0 ^ sTfollows immediately from Theorem 1
of J. J. Malone and H. E. Heatherly (4), which states that if Re O, then R can
be embedded in T0(G) for any group G such that G contains properly the additive
group of R.

By using this result, we can restrict our attention to T0(G) where G belongs
to a class of groups such that any group can be embedded in a group of this
class. By Theorem 11.5.4 of W. R. Scott (5), such a class is that of the simple
(non-abelian) groups. So let G be a simple non-abelian group. Let {8X; A 6 A}
be the set of all finite subsets of G, R = T0(G), S = I(G). Then A. Frohlich
(2) has established

Lemma 2. Let r e R and let 8X be a finite subset of G. Then there is an
element sxe S such that gr = gsx for all g e 8X.

This is essentially result 5.2 of (2). If G is finite, this shows that R = S.
For every A e A, let Sx s S. Denote by T the direct product [ ] Sx.

XeA

Then we will show that R is isomorphic to the homomorphic image of a sub
near-ring U ofT, whose projection into each factor is onto. U is then a subdirect
product of the Sx and hence lies in R / since Sxe I (see P. Cohn (1) for a proof
that R e KX if and only if R is a subdirect product of X near-rings).

We define a partial ordering on A by A ^ y. if and only if 5X ^ 8^. Then
given A1; A2, there is a fi satisfying \i ^ Xh i = 1, 2. Just take 8^ = 8Xlv5Xl.
Let teT. Call t eventually constant if given g eG, A 6 A, there is a n ^ A
such that for all n 2: n, gt(t]) = h is independent of/;. We are here considering
t{rf) as lying in S for all tj. Let £7 = {t; teT and t is eventually constant}.

Lemma 3. U is a subdirect product of the Sx, A e A. That is, U e R/ .

Proof. We only need to show that U is a sub near-ring, since the constant
elements teT satisfying t(k) = t(ji) for all A, /i in A lie in £/ and so the projection
of U into each factor will be onto. Let u, veU, and let g e G, A e A be given.
Then we have n1 ^ A, \i2 ^ A such that if >; ^ /i l5 #«(»7) = h,h independent of
r\, if >; ^ ^ 2 ' 0^07) = k,k independent of r\. Let /* ^ /if, i = 1, 2. Then for
t] ^ n, gu(r\) = h, gv(rj) = k and so g(u + u)C?) = h+k. Hence u+ve U. Also
we have /x3 ^ A such that if r\ ̂  /z3, /w(f7) = /, / independent of v. Let n' 5; /*„
i = 1, 3. Then for r\ ^ \i', g(uv)(tj) = (gu(r]))v(n) = hv(r]) = I, I independent
of n. Hence uv e U. Finally it is obvious that ueU gives —ueU and that the
additive and multiplicative identities are in U.

We are interested in what happens " eventually ". So we define an equi-
valence relationship on the elements of U as follows. Let u, v e U. Then
u~ v if given g eG,XeA, there is a n ^ A such that for all r\ ̂  fi, gu(rj) = gv(rj).
The fact that ~ is symmetric and reflexive is immediate. If u~v, v~w, then
given g eG, Xe A, there is a ^ t ^ A such that for all n ^ nu gu(rj) = gv(rj),
and a /x2 ^ A such that for all r\ ^ /i2, ffi>(f/) = gw(n). So if n ^ nt, i = 1, 2,
then for all r\ ̂  /*, 0«O/) = f7t>(f;) = grw(f;). Hence w~w. We have
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Lemma 4. ~ is an equivalence relationship on U.
We next show that ~ is compatible with multiplication and addition in U.

Lemma 5. Let 0 be the additive identity in U, and let

N = {u; ueU, u~0} .

Then N is an ideal in U and ~ is compatible with multiplication and addition
in U.

Proof. Let v, we U, ue N. Let g eG, A e A. Then as in the proof of
Lemma 3, there is a n g; A such that gw(tj), gv(n) and gu(rj) are constant and
gu{n) = 0 for all n ^ /i. So g(-v+u+v)(n) = -gv{r\)+gu{ri)+gv(n) = 0, i.e.
— v+u+veN. We now need to show that uw~0 and (w+u)v—wv~0. If
n ^ n, then guw{n) = gu{n)w{n) = 0w(f/) = 0. So uw~0. If 0^(77) = k for
^ ^ /1, there is a/1! ^ A such that A (̂f7) is constant for t\ ^ /i1. Then if ^ 2 ^ /̂ i»
^ 2 ^ /̂ , we have

= gwv(rj) as ^«(»7) = 0,

for r\ ̂  /i2. So (vf+w)u—WD~0 and JV is an ideal in U. Finally if u~v, then
by the definition of ~ it is immediate that w—v~Q. Hence ~ is compatible
with multiplication and addition in U.

We can now prove our result.

Theorem 6. O — SQR/.

Proof. Let 9: R-*U/N, which is a near-ring by Lemma 5, be given by
rO = u+N where w(A) is given by gr = gu(X) for all g e 8X. This is possible by
Lemma 2. Given g e G, A e A, let \i be such that g e 5M and ^ ^ A, e.g.
<)„ = <5Au{0}. Then if n 2; /i, 0M(>/) = gr is constant. So w e U. But M(//) is
not uniquely defined. Suppose that u'(n) also satisfies gr = gu'{t]) if g e bn.
Then g(u—u')(r\) = 0 if g e <?„ and hence for all f? ^ ju as defined above So
u+N = u'+N and r0 is uniquely defined.

Let r, seR, r9 = u+N, sO = v+N. Given geG, XeA, let ^ = 5Au{g}.
Then gu(rf) = gr and gu(»j) = gs for all ^ ^ /1. So

= gu(rj)+gv(n) =

Hence if (r+s)B = w, then w+N = w+u+iV.
Now let g eG,gr = h, Xeh.. Define ^ by 5^ = dxu{g, h}. Then

gu(tj) = gfr, fifu(»7) = gs and g(uv)(t}) = (gu(ri))v(n) =

for all »; ^ n. So if (r^)0 = w, then w+N = uv+N. This shows that 9 is a
homomorphism.

Suppose that r9 = N + M and ueN. Then given geG, AeA, let /xt be
defined by 8lll = 5xu{g}. We have gu{n) = gr for all n ^ ^ ^ But w~0. So
given geG, n2eA, there is a ^ 2 ^ nx such that gu(rj) = 0 for all n ^ /i2.

E.M.S.—s
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But r\ ^ fi2 gives us gr = gu(rj) = 0. This is true for all g e G. So r = 0,
and 9 is an isomorphism.

Finally if u e U, given g e G, X e A, there is a JJ ^ X such that #w(//) = h is
constant for 77 ̂  \i. In particular if ^ t is defined by 5PI = b^j{g}, we have
0«(T/) = h for >/ ^ /ix. Define r e R by gr = h, and let t>+N = rQ. Then for
r\ ^ / i j , ^U(»7) = gr = A = <7w(>/). So u+iV = « + M Hence 6 is onto and

By Lemma 3, UeRl and so C//JV 6 QR/. Hence i? e QR/ and by the remarks
made after Lemma 1, T ^ QR/. By the remarks made just before Lemma 1
and Lemma 1 itself, O = SQR/, thus finishing the proof of the theorem.

This extends J. J. Malone's result (3) that OnF = s(Ir\F) in the sense that
we remove the F, but have to replace / by QR/. It would be interesting to know
if we can get rid of QR or replace it by something simpler.

I am grateful to Professor J. J. Malone for letting me have a copy of his
paper (3) before publication.
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