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1. Introduction

Let
Hf(x) = (=1)" Y D*{aap(x)D’f(z)}, =€ RCRY, (1.1)
|a]=m
|8]=m
be a self-adjoint uniformly elliptic operator of order 2m with measurable coefficients and
subject to Dirichlet boundary conditions on 9f2. It is known that if 2m > N, then the
associated heat semigroup e~ has a kernel K (¢, x,y) which satisfies the estimate

_ 12m/(2m—1)
_N/2m r—=y
K (t,2,y)] < ext N2 eXP{Cz t1/|(2m—1) + 0315}

for some positive constants ¢;. Under suitable conditions this was recently [4] sharpened
to

d ; 2m/(2m—1)
K (t,2,y)| < cct=N/2m exp{—(am —eD—¢) M(ﬁj’()ml) +cE,Mt}, (1.2)

where o,, = (2m — 1)(2m) 2™/ "=V gin(7/(4m — 2)), D > 0, depends on the regularity
of the coeflicients and dj;(x,y) is a Finsler-type metric that is induced by the principal
symbol of H and depends on the arbitrarily large parameter M; as M — oo, dy(z,y)
increases to a Finsler distance d(z,y), but (1.2) is valid only for M < co. This estimate
is sharp, as is seen by comparison with the small-time asymptotics for operators with
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smooth coefficients obtained in [10] (see (2.12) below). In the same direction, Dungey [8]
used resolvent estimates to obtain a better estimate than (1.2) for powers of second-order
operators. He showed in a general framework that if the self-adjoint operator H satisfies
a standard Gaussian estimate with exponential constant i — ¢, then the heat kernel of
H™ satisfies (1.2) with D = 0 and M = 4oc0. For an alternative approach valid also for
higher-order systems see [1]. For a comprehensive review of recent results on the spectral
theory of higher-order operators with measurable coefficients see [7].

Dungey’s result also applies to operators with singular or degenerate coefficients, but
it does not apply when the operator is not the power of a second-order operator. A sharp
heat-kernel estimate for operators of the form (1.1) with singular and/or degenerate
coefficients is the main result of this paper. At the same time, for the sake of greater
generality, we do not assume that H is self-adjoint.

Concerning the singularity or degeneracy of H, we assume that there is a positive func-
tion a(x) that controls in a suitable sense the behaviour of the coefficient matrix {aqos}
and we then impose two conditions (H1) and (H2) on a(x). The first is a weighted Sobolev
inequality and the second is a weighted interpolation inequality. These conditions were
introduced in [3] and led to (non-sharp) off-diagonal estimates on the heat kernel of
non-uniformly elliptic self-adjoint operators. Besides conditions (H1) and (H2) we shall
assume that the symbol A(z, ) is close—in a suitable sense—to a certain class of ‘good’
symbols denoted by G,. These symbols, besides satisfying (H1) and (H2), correspond to
operators that are self-adjoint, their coefficients have some local regularity, and they are
strongly convex in the sense of [9]. We make use of a certain stability property inherent
in our approach and obtain bounds that are asymptotically sharp: they involve the expo-
nential constant o,, — cD, where ¢ is an absolute constant and D is the distance of the
symbol A(z,£) from the class G, in a certain weighted norm. In particular, the constant
om is obtained for symbols in G,. To the best of our knowledge such estimates are new
even if the coefficients are assumed to be smooth and the symbol lies in G,,.

2. Formulation of results

We first fix some notation. Given a multi-index o = (a1,...,ay) we write a! =
apl---ay! and |a| = a3 + - + ay. We write v < « to indicate that v; < a; for
all i, in which case we also set c¢§ = al!/v!(a — 7). We use the standard notation D*
for the differential expression (0/dz1)*! ---(9/0xn)*N, and for k > 0 we denote by
V*f the vector (D”f)|a|=k- We denote by f the Fourier transform of a function f,
f(€) = (2m)~N/2 [ei® f(z) dz. We shall denote by ||A],—, the norm of an operator A
from LP(2) to L(£2). The letter ¢ will stand for a positive constant whose value may
change from line to line.
Let £2 be a domain in RV, We fix an integer m > 1 and consider the operator

Hf(x)=(-1)" ) D{aap(x)D’f(x)} (2.1)
|a]=m

|Bl=m

subject to Dirichlet boundary conditions on 9f2; the precise definition shall be given
below. The matrix-valued function {a,s} is assumed to be measurable and to take its
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values in the set of all complex, v X v matrices, v being the number of multi-indices a of
length |o| = m. We assume that each aqg lies in L2 (£2); we do not assume {aqs3} to be
self-adjoint.

We define a quadratic form Q(-) on Cg°(S2) by

Qf) = /Q S Gap(@) D7 f(2) D f(z) de, € C(8).
la]=m

|Bl=m

We assume that there exists a positive weight a(z) with a*! € L2 (£2) that controls the
size of the matrix {ang} in the following sense: first,

lans(2)] < ca(z), =z € £, (2.2)

for all multi-indices «, 3; and second, the weighted Garding inequality
ReQ(f) > [ )|V fPds, feCF (@), (23)
0
is valid for some ¢ > 0. We also assume the symbol version of (2.3), namely

Re A(z,€) > ca(2)|¢]*™, z€, £cRY, (2.4)

where A(7,€) = anp(x)£*FP. Relations (2.2) and (2.3) imply in particular that there
exists 0 > 0 such that
QNI < BReQ(f), [eCZ(N). (2.5)

It is easily seen that @ is closable [3]. The domain of its closure is a weighted Sobolev
space that we denote by W;" 0’2((2). We retain the same symbol, @, for the closure of
the above form and denote by H the associated accretive operator on L?(2), so that
(Hf, f)=Q(f), f € Dom(H), and (2.1) is valid in a weak sense.

We make two hypotheses on the weight a: the first is a weighted Sobolev inequality
and the second is a weighted interpolation inequality.

(H1) There exists s € [N/2m, 1] and ¢ > 0 such that
Il < cReQUAIZIfI,  f € CX(9). (2.6)

(H2) There exists a constant ¢ such that

/ak/m\ka|2dx<e/ a|me|2dx+ce_k/(m_k)/ |f]? du, (2.7)
2 9] 2

forall 0 <e<1,0<k<mandall feCX().

Both (H1) and (H2) are satisfied when H is uniformly elliptic, in which case the best
value for the constant s is s = N/2m, showing that in the general case we cannot expect
any value that is better (smaller) than N/2m; in particular, (H1) is valid trivially with
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s = N/2m if a(z) is bounded away from zero. We refer to [3] for non-trivial examples
for which (H1) and (H2) are satisfied; they involve suitable powers of either 1 + |x| or
dist(z, K), where K is a smooth surface of lower dimension.

We note that condition (H2) implies that for any &, [ with 0 < k,l < m, k+1 < 2m,
there exists a constant c such that

(14 A2m=h=l) / aF+0/2m Gk 1|7 f| de < e Re Q(f) 4 ce~ RHD/@m=k=1)(q 4 )2m)) 72
(9]

(2.8)
for all € € (0,1), A > 0 and all f € C°(£2). Indeed, for A = 1, (2.8) is a consequence
of (H2) and the Cauchy—Schwarz inequality; the case A < 1 follows trivially from the
case A = 1; finally, writing (2.8) for A\ = 1 and replacing € by eA*T!=2™ we obtain the
result for A > 1.

Next we introduce the distance that shall be used in the heat-kernel estimates. Consider
the set

Ea={0 € C®(R)NLX(2) : ¢ real valued and a*/?"VF*¢ € L=®(2), 1 <k < m}
and its subset (recall (2.4))
Eam={peC®(R2)NL>(N2):Re Az, Vo(z)) < 1,
|VEo(z)| < Ma(z) %™ 2 <k <m, ae xR} (29)
Our estimates will be expressed in terms of the distance

dy(w,y) =sup{d(y) — d(z) : ¢ € Eanr} (2.10)

for arbitrarily large but finite M. For M = +o0 this reduces to the distance

doo(z,y) = sup{p(y) — ¢(x) : Re A(z, Vo(x)) < 1, z € 2}.

This is a Finsler distance, induced by the (singular/degenerate) Finsler metric with length

(dz,n)
ds =ds(x,dx) = sup ——F———.
( ) ner™Ny (RQA(fUaﬂ))m/2

n#0
We refer the reader to the recent book [2] for a comprehensive introduction to Finsler
geometry. The distance doo(2,y) relates to the short-time off-diagonal behaviour of the
heat kernel: it was shown in [10] that if 2 = RY and H is self-adjoint, uniformly elliptic
with strongly convex symbol (see (2.13)), then d(+, ) controls the small-time behaviour
of K(t,z,y) in the sense that

element
(2.11)

doo (37, y)Qm/(Qm—l)

1/(2m—1)

log V2K (t,x,y) = —om (1+0(1)), ast—0, (2.12)

for x, y fixed and close enough; here and below we have

Om = (2m — 1)(2m) =2/ "= gin(x /(4m — 2)).
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Let us now proceed with the definition of the class G,. Let the functions a., (), |y| = 2m,
be defined by requiring that

Z Qo ()P = Z cgmaw(gc)f"’7 re, EcRY
jaf=m Iyl=2m

|B]=m

(recall that 2™ = (2m)!/~!). Following [9] we say that the principal symbol A(z, &) of
H is strongly convex if the quadratic form

I(z,p) = Y aarp(@)pabs, p=(pa) € C”, (2.13)
la]=m

|B|=m

is positive semidefinite for a.e. x € {2.
Induced by the weight a(z) is the weighted Sobolev space

Wm=beo( Q) = {f e W) [Vif(2)] < ca(x)®m0/2m ae 2z e, i <m—1}.
(2.14)

Definition 2.1. We say that the symbol A(z, &) lies in G, if
(i) A(z,€) is strongly convex;

(ii) {anp} is real and symmetric;

(iii) the coefficients ang lie in Wm=1.22((2).

We denote by D the distance of the coefficient matrix {ang} from G, in the weighted
uniform norm

[ flla,c0 := sup |f(x)/a(z)[;
zES?
that is
D= {(ilng} [{aas} — {@ap}la,c0; (2.15)

where the infimum is taken over all matrix-valued functions {G.s} that induce a symbol
in G,. Here we have used the notation

[{bas (@)}

ba a,00 = SUPp ————~——,
{05l = sup L2226

where, for each = € 2, |[{bas(z)}| denotes the norm of {b,z(x)} regarded as an operator
on C.

Our main result is as follows.

Theorem 2.2. Assume that (H1) and (H2) are satisfied. Then for all § € (0,1) and
all M large there exist positive constants cs, cs,pr such that

K (t,x,y)| < cst™ exp{—(om — D — 8)dps(,y)?™/ =041/ CGm=1) 4 ¢o0it} (2.16)
for all x,y € 2 and t > 0; the constant c is independent of x, y, t, §, D and M.

In the special case where H is uniformly elliptic and self-adjoint this estimate has
already been obtained in [4].
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3. Proof of Theorem 2.2

Given ¢ € &,, the mapping f — e?f maps WCTO’Q(Q) into itself [3, Lemma 7]. Hence one
can define a sesquilinear form Q(-,-) with domain W, “2(02) by

Qu(f) =Q(ef.e ?f)
_ /Q S aapD (e f)DP (e 0 f)du,  f e WIGH(9). (3.1)
la]=m

|Bl=m

The associated operator is H, = e"?He? and has domain Dom(Hy) = e~% Dom(H).
The form Q4 is a lower-order perturbation of @ (cf. (3.8)) and it is a consequence
of (H2) [3, Lemma 8] that for all ¢ > 0 and f € W:};Q(Q), the following inequality
holds:

Q(f) = Qo(H)] < eReQ(f) + ce” ™1 (1 + p(¢))*" || £3, (3.2)

where we have used the seminorm

p(®) == sup ess supa(z)*/*™|VFo(x)|. (3.3)

1<k<m  z€R

Defining s(¢) = (1 + p(¢))?™, it follows in particular that

ReQu(f) = —cs(O)|If13.  f € C&(9), (3-4)

where ¢ is independent of ¢, and this justifies the definition
kg = inf{ReQu(f) : € C2(2), fll =1} (3.5)

The next lemma closely follows an argument used in [5].

Lemma 3.1. Assume that (H2) is satisfied. Then for any ¢ € &,, the following inequal-
ities hold:

(i) lle= o 22 < et
(ii) ||Hpe Hot||aso < (cs/t)eketed@)t for all § > 0,
where the constant cs is independent of ¢ € €, and t > 0.

Proof. Part (i) is the standard energy estimate that follows by integrating

d
&He*H“ng = —2Re(Hge™ To' fe™ Mol f) < 2hglle™ M f|[3.

Now by (3.2) the following inequality holds:

Qs(f) = QUAI < 3ReQ(f) +'s(9)IfII3,  f € C (), (3.6)
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where ¢ > 0 depends only on m. Hence, for any € € (0, 1),

ReQq(f) = €ReQu(f) + (1 —€)Re Qyu(f)
> 3eReQ(f) — [es(9) + (1 — )kg]l|F113,

and hence

Re[Q(f) = Qu(f)] < (1 = 36) ReQ(f) + [es(9) + (1 — e)ky] [ f3-

Fix f € L?(22) and 0 € (—7/2,7/2), and for p > 0 set f, = exp(—Hgype'?)f. We then
have

d .
dfpllfpllg = —2Re[e’Qy(/,)]

= —2cos0Re Q(f,) +2sin0Im Qy(f,) + 2cos O[Re Q(f,) — Re Qs (f)]
< ~2cos0Re Q(f,) + 25in 0][(5 + B) Re Q(f,) + ¢'s(d)| £, I3]
+2cos0[(1 — 50) ReQ(f,) + [ces(e) + (1 = )kg] £, 13]
= [—ecosf + (26 + 1)sin|0|]] Re Q(f,)
+[2cos 0{c'es(¢) + (1 — €)kg} + 2¢"sin [0]s(¢)]|| £, 13-
Let o € (0,7/2) be such that tana = ¢/(26 + 1). For |#] < o we then have —ecosf +
(26 + 1) sin |0] < 0 and hence

2
s | 113

dipnfpué < 2c080|ces(d) + (1 — ko + 5(6)
< (ks + 2 es(9)) £, 2
= 2A€pr||§.

It follows that |le=##?||5_,5 < e<l*I in the sector |arg z| < o. We conclude that letting

A
COos &

we have
[ exp{—(Hg + 7c)z}|l22 < 1,

and hence [6, Lemma 2.38]

(o + re)e o470t < 2,
«

for all t > 0. Multiplying both sides by e7* and using the triangle inequality we obtain

k 2c
I Hye et < Cexp{ﬁm(@t} okt
at cos o

This last expression can be made smaller than the right-hand side of Lemma 3.1 (ii)
provided € is chosen small enough; this completes the proof. O
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Proposition 3.2. Assume that (H1) and (H2) are satisfied. Then for any § > 0 there
exists ¢s > 0 independent of ¢ € £, such that

tsekoteds(9)1, (3.7

||67H¢tH1—>oo < ¢

Proof. Let f € L%(£2) and set f; = e ¢! f t > 0. Using (H1) we have

I felloo < cReQ(f)I?I fills~
< c[ReQu(f2) + s(@)|| fo[I3]*2 1 fella ™ (by (3.6))
< o[l Hp fell2 ||ftH2+8( B2 fell
< cf(ce/t)e Dt 4 5(p)]*/2eko?|| f|ls  (by Lemma 3.1 (i) and Lemma 3.1 (i))

= ct ™2 [cce O 4 5()1]*/ 2| £
Taking € to be small enough we conclude that given § > 0 there exists ¢s such that

||67H‘7’t ||2—>oo < 65t75/26k¢t668(¢)t.

The same arguments are valid for (Hy)* = (H*)_,4, the constant kg4 clearly staying the
same. Hence by duality and the semigroup property, (3.7) follows. (]

In order for Proposition 3.2 to be useful we need a precise upper estimate on k4, which
amounts to a precise lower estimate on Re Q4 () (cf. (3.5)). This will be established in
Lemma 3.11 following a series of intermediate lemmas. Recalling that c§ = a!/y!(a —7)!
it follows immediately from (3.1) that for A > 0, ¢ € &, we have

Q,\¢ / Z aagzc Cs 77)\¢P5 ,\¢Da 'YfDﬁ 5fdm (3.8)
=m <a
bom 355

where
Py 2g(z) := e @) DY [r@)]

is a polynomial in various derivatives of A¢. Now, the induction relation Pyic; xp =
(A0j¢ + 0;) Py rg implies that P, yg has the form

vl

Pyl ZA S i (DV0) - (D), (3.9)

where the second sum is taken over all non-zero multi-indices 71, ...,y such that v, +

—k/2m

++7, =7 and ¢y, .., are constants. Hence, recalling that [V*¢| < ca , We can

write
[7]

Pyg(z Z NPy g(@
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where | Py, ¢(z)| < ca™1"1/2™ Tt follows from (3.8) that

Qxolf) = /Q ST NeFwggani () D7 D0 fda, (3.10)

|a|=m y<a k<]
|B=m <8 ;<3|

where Wagysk; = aagc,oy‘cfpk7¢l5-,_¢ satisfies |wapqerj| < ca®m=17+D/2m  Replacing v
and § by a — v and 3 — 4, respectively, we conclude from (3.10) the following lemma.

Lemma 3.3. Qxs(f) is a linear combination of terms of the form
JKfy:AS/1wtmlﬂfLﬁfdm, (3.11)
Q

where |w| < call"D/2™ on 2 and

(i) s is an integer with 0 < s < 2m;

(ii) v and § are multi-indices with ||, |d] < m;
(iii) s+ |y + 4| < 2m.

Definition 3.4. We call the number s + |y + §| the essential order of T

Hence the essential order is an integer between 0 and 2m. We denote by L, ,, the
linear space consisting of (finite) linear combinations of forms whose essential order is
smaller than 2m. In Lemma 3.9 we will see that terms in £, ,, are in a sense negligible.
We also point out for later use that (2.8) implies the interpolation inequality

IT(f)] < c{ReQ(f) + N™IFI3}, | e W5 (9), (3.12)

valid for all terms T'(-) of essential order 2m.

We have the following lemma.

Lemma 3.5. Given ¢ € &, and \ > 0 define

Ql,m(f):/g D7 aapci e (AVe) (=AVe)’ DY FDP 0 f da.
|a]=m <

|8l=m 0<8

Then the difference Qxg(f) — Q1.2¢(f) lies in L .

Proof. One simply has to recall (3.8) and observe from (3.9) that P, 4, considered
as a polynomial in A, has A\"/(V¢)7 as its highest-degree term. O
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3.1. Symbols in G,
At this point and for the whole of this subsection we restrict our attention to operators
H whose symbol belongs to G,. For z € 2, £,n € CV and ¢ € RY let us define

b = [sin( /(4 — 2))] 27,
A(xvgan) = Z aa,@(x)gaﬁﬁa

lal=18]=m
S(x,¢€,m) = Re Az, £ —i¢,n +1C) + km Re A(z, ).

Lemma 3.6. Assume that the symbol A(x,§) lies in G,. Then

ReQL,\qg(f)+kmAQ’”/QReA(:c,qu(x))\dex
—en ™ [[[ S@avaend R ddsdn (.13)

for all ¢ € E,, A >0 and f € C(12).

Proof. Writing
D f(x) = (2m) =2 / (i)' £(€) d¢
RN

we have
Qiae(f) = (2m)~ / / / D aap Y Le](-iAV)T(-iAV)
QXRNXRN a |=m N<a
|=m 5<

x £2 7P =0 E M f(€) f(n) dé dnp da

e [[] I D

Q =m
:m

x &= f(¢) f(n) d€ dn dw

= (2m)~N —1i i
— (2r) / / /Q R CX: Av¢(x>,7+ AV(?(x))A
x /€=M f () f(n) A€ dn dw.

This last integral has the form |, o qlg] dx, where, for fixed x € (2,

g9(€) = e f(9),
alg) = / p(&,m)g(E)g(n) de dn,
RN xRN
p(&,n) = Az, £ —iAVo(x),n +iAVe(x)).
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Since the matrix {aqs} is symmetric we have p(&,n) = p(n,§) and therefore

alg] = / P& Ma(E)alm) dé dn.

Hence
Reqlg] = / Rep(&,n)dEdn
RN xRN

and integration over x € {2 yields
ReQuaslf) + K [ Re Az, AVo(w)|f[* do
(2 IANVo(2),n+ AV ke A(2, AV
D [[] L RelAG 6 —AVO@)+AVO() + kA, AV
x &0 f(¢) f(n) d¢ dn dae

= [ S@avs e o) dd e

O
We now proceed to estimate the triple integral on the right-hand side of (3.13). It is
shown in [9, Theorem 2.1] that there exist positive numbers wy, . .., wy,—_2 such that
m—2
S(@,GE&) = wl(x,p)), =€, EcRY, (3.14)
s=0

where I'(x, -) is the quadratic form associated with the principal symbol of H (cf. (2.13))
and pésé is the vector in R” defined for fixed &, ¢ € RY by requiring that

Z pf<a a® = (sinf,,)” sz(foa)m*‘q*z(ga)s{(sinOm)2(§~a)27(cosGm)2(§'a)2} (3.15)

lo|=

for all a € RY; here 0,, = m/(4m — 2). To simplify the notation let us define the sesqui-
linear forms I'(x,-,-) on C™~ 1 ® C¥ ~ C¥(m~1 by

m—2 m— N
I'(z,u,v) = Z we I (x,ul® v®) Z Z wsanrg(x)u,(f)vés)

s=0 s=0 |a‘:m

for all u = (u ((f)), v = (vés)) € C*(m=1_ Then I is positive semi-definite by the strong
convexity of A(z,£). To handle the above expressions we introduce two auxiliary elliptic
differential forms Sxg and Iy on L?(§2). They have common domain W, “2(£2) and are
given by

S =en ™ [[[  s@avaend I fofmddndn, @10

not =0 [ Ppeasemaedd I HOm dgdnds, @17
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where
(s) la|=m

Peaxve = (p;)\v¢,a)0<s<m—2 € (CU(TTL—l)
is defined by (3.15).

Lemma 3.7. Assume that the symbol A(z,§) lies in G,. Then the form Sxy(-) — e (+)
lies in L .

Proof. It follows from (3.14) that Sy, and I\, have integral kernels which are polyno-
mials of £ and 1 and whose values coincide for £ = 7. Using the inverse Fourier transform
this implies that the difference Sx¢(f) — I'\g(f) is a linear combination of terms of the
form

T(f):)\S/Qw(x)[D”“fD‘sf_—(—1)”DVfD5+"‘f] dz, (3.18)

where w is some function and & is a multi-index of length || < m — 1. In fact, recall-
ing (3.13) and the definition of Q1 1y we see that w = ang(Ve)", where |u| = s and
Y48+ K4 pu = a+ f. Since ans € WH2(02) € W°(2), we can integrate by
parts |«| times and use Leibnitz’s rule to obtain

T(f) = (-nFx > e / DFwDY fDORRLf g, (3.19)
0<Kr1<K Q
We estimate D"'w: clearly,

[K1]
D" (aa3(Vo)")| < €Y |V ans]|V(V)*| in 1.

=0

Recalling the definition of €4 it is easily seen that |V (V@)*| < ca™(HF9/2m; recalling
also from (2.14) the definition of the space W~ 1:°°(2) where the a,s lie we conclude
that

D" (4 (T8)")| < earala) Bnoleted/2m = oy q(vobe=rei/zn,

Hence (3.19) implies that T has essential order s+ |y+d+ K — k1| < 2m, as required. 0O

Proposition 3.8. Let A(x,&) € G,. Then for any ¢ € E,, A > 0 and all f € C(£2),
the following inequality holds:

ReQrg(f) = —kpA?™ Re/QA(x,w(xmdez +T(f), (3.20)

where T'(-) € Lg m.

Proof. Combining Lemmas 3.5, 3.6 and 3.7 we have

Re Q/\tb(f) + Em o Re A(xa )‘V(b(x))‘fﬁ dz = F)«ﬁ(f) + T(f)7 (321)
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for a form T'(-) € L4 1. Now let

u(z) = / Peavee T f(£)d¢
RN
(a C*(™=D_yalued integral defined component wise); it follows immediately from defini-
tion (3.17) that
1(h) = [ o uo),ule) de, (322)
Q

and hence I'\y(-) is non-negative by the strong convexity of A(z,§). O

3.2. The general case

We now remove the assumption A € G, and return to the general setting described
in §2. We recall that the quantity D measures the distance of A from G, and has been
defined in (2.15).

Lemma 3.9. Let T € L, . Then for any e € (0,1) the following inequality holds for
all A\ >0 and f € C*(£2):

T()] < e{ReQ(f) + X" |I£13} + cell f13- (3.23)

Proof. By definition, T'(f) is a finite linear combination of expressions of the form
1) =X [ w(@D" f()D"f(z) da.
0

where |w(z)| < ca(z)70/2™ and s + |y + §| < 2m — 1. Setting p?™ 1+l = A* and
recalling (2.8) we have

()] < ep2m= I+ /Q a(2)/2m DY §| | DO f| da

< eReQ(f) + ce 2+ (1 4+ 12| £ 2
< eReQ(f) + ce 2+ (1 + A2"1)| £12
< e{ReQ(f) + A2 FI3} + ce ™1 7113
O

Remark 3.10. It is seen from the proof that the size of the constant ¢, in (3.23)
depends only on € > 0 and the (finite) quantity max; sup{|w(z)|a(z) =1 +%/2m} where
the maximum is taken over all forms I(-) that make up 7'(). In particular, when we
restrict our attention to functions ¢ € €4, we obtain a constant c. = c. » which is
otherwise independent of ¢.

Lemma 3.11. For any ¢ € E4,m, A > 0 and € > 0 the following inequality holds:
ReQus(f) = ~{(km +cD + X" +cen}IfI3,  f € CZ(12), (3.24)

where the constant c¢ is independent of D, M, €, A and ¢ and the constant c s is
independent of D, A and ¢.
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Proof. Let A € G, be such that [|A — A|[4.0o < 2D. It follows from (3.12) that
[Re Qs (f) = ReQuo(f)] < eD{Re Q(f) + A*™ || 113},
Azm/n[A(x,Vcb(fv)) — Az, Vo(x))] dz| < cD{ReQ(f) + A*™|| fII3}-

Combining these relations with (3.20)—as applied to the operator H—we obtain

ReQxg(f) = —kmA™ /Q Re A(z, Vo(2))|f|* dz — eD{Re Q(f) + X*™ | fI3} + T(f)-

We have Re A(x, Vé(x)) < 1 and therefore (allowing ¢ to change from line to line and e
to rescale)

Re Qag(f) = —km A" [[f15 — eD{Re Q(f) + A" f[13} + T(f)

> —kn A" f15 = (eD + ){Re Q(f) + NI fI5} — cenllFII (by (3.23))
>~k A" f15 = (D + {Re Qus(f) + X[ f13} — cenrlfI5 - (by (3.6)).

Now, either Re Qx4 (f) is positive, in which case (3.24) is true, or it is not, in which case
it can be discarded from the right-hand side of the last inequality. This completes the
proof. O

Proof of Theorem 2.2. The rest of the proof is standard. Combining Proposition 3.2
with (3.24) and using the relation Ky4(t,z,y) = e **@ K (t, ,y)e *¢™) we obtain

|K(t,z,y)| < cst™* exp{\[o(y) — ¢(x)] + [(km + cD + 5)A>™ + cs,mlt}

Optimizing over ¢ € €4 pr introduces das(x,y) and choosing

N
2mk,t

we obtain

dag (w, y)>m/Gm—)

1/(2m—1) J

which completes the proof. O

s (z,y) + kp A2t = —0p

Remark 3.12. It is shown in [4] that the term ¢D cannot be eliminated from (3.24).
Thus for it to be removed from Theorem 2.2 an essentially different approach is needed—if
indeed the term is removable at all.

Remark 3.13. We point out that the above method can also work for operators of the
form H + W, where W is a lower-order perturbation of H. It is clear that the estimate
of Theorem 2.2 is valid for H + W provided W), can be estimated by

(Wae (NI < e{Re Q(F) + X[ £113} + cell F1I3

for all ¢ € £, and A > 0 and any ¢ > 0. Such estimates can be obtained by means of
weighted Hardy- and Sobolev-type inequalities. We do not elaborate on this and prove a
theorem for zero-order real perturbations.
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Proposition 3.14. Let V =V, —V_, where V, € L. _(£2) and V_ € L'(£2) are,

loc

respectively, the positive and negative parts of the real-valued potential V. Then the
heat kernel of H + V satisfies the estimate of Theorem 2.2.

Proof. We have

/Q VoIFR < IV I

< Vo i [ReQ(APIFIZ>  (by (HL))
<eReQ(f) +cevfI3

(hence H 4V is defined with the same form domain as for H 4+ V). Moreover,

Re(H+V)>\¢ =ReHyy +V >2ReHyy — V_.

Hence the estimate of Lemma 3.11 is also valid for H + V and the rest of the argument
goes through. O
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