
RELATIONS B E T W E E N F I N I T E HOMOLOGY AND HOMOTOPY 

B . B r o w n 

( r ece ived June 2 1 , 1968) 

1. I n t roduc t ion . F o r a f ini te abe l i an group G let >(G) be the 
leas t pos i t ive i n t ege r such that > (G)G = 0 . Let \ (G) be the l eas t 
integer such that X(G) | > (G) (x(G) d iv ides 1(G)) and if 2 | >(G) then 
4 I l(G) . F o r a f in i te ly g e n e r a t e d abe l i an group G let G be the 

subgroup of G m a d e up of a l l e l e m e n t s of G of f ini te o r d e r , and let 
G = G/ . F o r a s i m p l y - c o n n e c t e d C-W c o m p l e x X , let <fc(-rrX;r) 

F G T 

be the s m a l l e s t c l a s s of abe l i an g roups conta ining the g roups 
TT.(X), i - 2 , r . 

l 

W'e wil l a s s u m e throughout this pape r that the topo log ica l s p a c e s 
under d i s c u s s i o n have the homotopy type of C-W c o m p l e x e s wi th only 
finitely m a n y c e l l s in each d i m e n s i o n . We w r i t e H (X) (H*(X)) for 

reduced homology (cohomology) with in t ege r coef f i c ien t s . 

The poin t of th is p a p e r is to p r o v e 

T H E O R E M 1*. Suppose 

i) TT.(X) = 0, i = l , . . . , k - l w h e r e k - l > l 
l — 

i i ) TT (X) is f ini te for i = k, . . . , n, 
l • 

n 

t h e n n \ ( T T . ( X ) ) H (X) G (fc (TTX; n - k ) . 
" 1 -LA 1 n 

i=n-k+l 

COROLLARY 2 . 1 . ff d im X = k a^id H ^ X ) is f ini te then 

k 
\({x, x} ) | n X(H.(X)) 

i=l 

*Hoo [ l ] p r o v e s a s l igh t ly d i f ferent v e r s i o n of this t h e o r e m for the 
s p e c i a l c a s e k - 2 . 
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a n d 

x({x,x}) I n x(s.(x)) [s.(x) - {s1, x} ] 
i=l 

T H E O R E M 3. Jf H^X) = 0 for i > n + k and H.(Y) = 0 for 

i < n then 

n+k 

a n d 

{ X , Y } F = ( S H1 ( X ; H . ( Y ) ) ) F 

i=n 

n+k . k 
X ( { X , Y } T ) | X(( S H ^ X j H . l Y ) ) ) ^ n X(S.(S°)) . 

•i=n i = l 

2 . Some a l g e b r a i c l e m m a s . F o r an e l e m e n t a in an a b e l i a n 
g roup A , o(a) wi l l m e a n the o r d e r of a . 

Def in i t ion . F o r f ini te abe l i an g rou p s A and B we wi l l w r i t e 
A < B if and only if for e v e r y a e A t h e r e e x i s t s a b e B such tha t 
o(a) | o(b) . (o(a) d iv ides o(b)). 

The following a l g e b r a i c l e m m a s a r e a l l t r i v i a l . 

LEMMA 1. A < B < = > X ( A) | X(B) . 

LEMMA 2 . A < 0 => A = 0 . 

LEMMA 3 . _L£ A < B and B i s in s o m e c l a s s of a b e l i a n g r o u p s 
$ - then A e ( f . 

LEMMA 4 . A < B and B < C => A < C . 

LEMMA 5 . _K A < B then for any in t ege r r, r A < r B . 

LEMMA 6. If A - > B - * C is exac t \ (B) | \ ( A ) \ ( C ) and so 

i) r A = 0 => r B < C 

ii) s C = 0 => sB < A . 

LEMMA 7. Suppose A. -*• B . -*- C. is exac t i = 1, . . . , t : 
* i l l 
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i) if n.A. = 0 i = 1, . . . , t _and C. = B for 
i+1 

i = l , . . . , t - l then n n . B . < C : 
t l i t 

ii) if m C. = 0 i = 1, . . . , t and A. = B. , . 
i i l l + l 

i = 1, . . . . t - 1 then m m . . . . . m . B , < A . t t-1 1 1 t 

LEMMA 8. If R is a finite ring with identity I then \(R) = 0(1 ). 
K. K. 

LEMMA 9. For a finite abelian group G let I be the identity 

homomorphism. (L G Hom(G G). ) Then \(Hom(G, G)) = 0(1 ) = x(G) . 
Q (^ 

LEMMA 10. Suppose that G is an abelian group and that R is_ 
a finite ring with identity I . Jf m : R X G -> G satisfies 

i) m(I , g) = g for all g G G, and 
K. 

ii) m( r 1 + r 2 > g) = m( r 1 , g) + m( r 2 , g) for all 

r d , r 2 G R, g G G then \(G) | \(R) . 

LEMMA 11 . For finite abelian groups G ,and H, \(G) | X(G0 H), 
and X(G) | X(G 0 H) . 

LEMMA 12. G is a finite abelian group. Jf p | X(G) .and 

p Jf X(G) then G = Z G G» . 
P 

LEMMA 13. G is a finite abelian group. X(G) ^ X(G) if and only 
jif G = G* 0 Z 0 . . 0 Z , where x(G') is odd. 

3. Eilenberg-Mac Lane spaces and Moore spaces . Let K(G , n) 
be the Eilenberg-MacLane space of type (G , n) and M(G , n) the Moore 
space of type (G , n). 

PROPOSITION 1. Let G be a finite abelian group and let I be_ 

the homotopy class of the identity map of K(G,n) . Then 

X([K(G,n), K(G,n)]) = o ^ ) = X (G). 
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Proo f . [ K ( G , n ) , K ( G , n ) ] ~ Hom(G , G) and I K c o r r e s p o n d s to 

I , under the i s o m o r p h i s m . Since [K(G , n), K(G , n)] is a r ing with 
G 

ident i ty I , \ ( [ K ( G , n ) , K(G , n)]) = o(I ) L e m m a 8 

= o(I_) = X(G) L e m m a 9 . 

PROPOSITION 2. If G is a f inite abe l i an group and X is a 

C-W c o m p l e x , then x l O H ^ X j G ) = \ (G)H. (K(G , n)) = 0 . 

P roo f . [ K ( G , n ) , K(G , n)] a c t s on both H1 (X ;G) and H. (K(G , n)) 

as a r ing of o p e r a t o r s , so the s t a t e m e n t fol lows f r o m L e m m a 10 and 
P r o p o s i t i o n 1 . 

P R O P O S I T I O N S . Jf p is a p r i m e and p \ 2 then 

{M(Z k , n), M(Z k , n)} = Z fe. 

P roo f . Le t f :S -*• S be a m a p of d e g r e e p . Then the cone 
of f, C£ , has the homotopy type of M(Z , n ) . The H u r e w i c z T h e o r e m 

n P 

i m p l i e s tha t {S , C } = Z . 
P 

The fac t that {S , C } = 0 fol lows f r o m the exac t s e q u e n c e 

{ s ^ s V t {s^ .s*} -Msn+1,cf} -*{sn+1,sn+1} (S2* { s n + 1 , sn+1} 

II II II II 
Z 2 Z 2 Z Z 

and the o b s e r v a t i o n that f i s onto and (Sf) is a m o n o m o r p h i s m . The 

s e q u e n c e 

{ s n , c f } — {sn cf} ^ - {cf>cf} i—{sn+1,cf} 
II II II 

Zk Z
k 0 

p p 

is exact and f* i s the zero homomorphism, s ince it is mult ipl icat ion by 
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k 
p , and so { C , C } = Z , . 

i f K 

P 

PROPOSITION 4 . If K > 2 then {M(Z , , n), M(Z , , n)} = Z 1 0 Z„ 
— L k k J k L 

2 2 2 

Proof . Let f : S -* S be a m a p of d e g r e e 2 . Let a : S -*• C 
n+1 

be the inc lus ion and let p : C -»• S be the inc lus ion of C into the 

t t+1 t 
cone of a. Le t h : S -*• S be the a p p r o p r i a t e s u s p e n s i o n of the Hopf 

m a p . We have {S , C } = Z (with g e n e r a t o r a) and {S , C } = Z 
f 2 f 2 

(with g e n e r a t o r oh ). 

The s e q u e n c e 0 <— { S * C } <— {C , C } < ~ { S , C } <— 0 

is exac t . So { C , C\ = Z , , A or Z , 0 Z . 
2 2 2 

A s s u m e that {C , C } = Z . Le t I be the s tab le homotopy 
2 

c l a s s of the ident i ty m a p C -*• C . Then I is the m u l t i p l i c a t i v e identi ty 

in the r ing {C , C } and consequen t ly m u s t be a g e n e r a t o r of the cycl ic 

k k k 
g r o u p . Since o*(2 I) = 2 a - 0 , and 2 1 ^ 0 , we m u s t have 

2 1 = p*(o-h ) = ah p . We wil l a r r i v e at a c o n t r a d i c t i o n by showing that 
th i s l a s t equat ion is f a l s e . 

The s e q u e n c e 0 - { S
n + 2 . S

n } "* { S ^ 2 , C f } ^ { S n + 2 , S n + 1 } - 0 is 

exac t and {S , S } = Z (with g e n e r a t o r h h ); {S , S } = Z 

(with g e n e r a t o r h ). Since p * is onto, t h e r e e x i s t s an e l e m e n t 

v e { S , C } such that P \ = h . Since a is a m o n o m o r p h i s m 
i * 

»h h \ 0. So a h P \ \ 0 . But v is an e l e m e n t in a g roup of o r d e r 
k k n k 

4 and k > 2 , so 2 I \ = 2 Y = ° • T h e r e f o r e ah' p ^ 2 I and th is 
c o n t r a d i c t i o n i m p l i e s that { Cr, Cr} = Z . 0 Z . Let n > 4 and let 

f f k 2 — 
X be the s p a c e in the Pos tn ikov s y s t e m for M(Z , n) m a d e up of the 

f i r s t two n o n - z e r o homotopy g roups of M(Z , n) . Then the P o s t n i k o v 

s y s t e m of X looks l ike t h i s : 

1 4 3 
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K(Z n + 1) â- X 

I* 
K ( Z 2 , n ) - K ( Z 2 , n + 2 ) 

2 
The P o s t n i k o v i n v a r i a n t k is e i t h e r 0 or Sq . If k = 0, we have 

n+1 
X = K(Z , n) X K(Z , n + 1 ) and H (X ;Z ) = Z 0 Z . But th is 

c o n t r a d i c t s H n + 1 (X , Z ) = H n + 1 (M(Z , n); Z ) = Z . So k = Sq 2 . 

(We beg in now not to d i s t i ngu i sh , in our s y m b o l s , b e t w e e n the following 
o b j e c t s : a cohomology o p e r a t i o n , a cohomology c l a s s , a m a p , and i ts 
homotopy c l a s s . 

PROPOSITION 5 . [X , X] = ZA and 21 = a S q d b . 

P roo f . The s e q u e n c e 

2 
n - 1 n+1 a * * n S q n+2 

0 = H ( X ; Z 2 ) - H ( X ; Z 2 ) - [ X , X ] - H n ( X ; Z 2 ) -> H ^ ( X ; Z 2 ) 

is e x a c t . H n ( X ; Z ) = Z wi th g e n e r a t o r Sq b , H n ( X ; Z ) = Z with 

2 
g e n e r a t o r b , and Sq b = 0 . So 0 -* Z -* [X , X] -*• Z — 0 is exac t 

and [X , X] = Z 0 Z or Z depending on w h e t h e r or not 21 = 0 . 

If 21 \ 0 we have b . (21 ) = 0 and 21 e I m a , tha t i s , 
X * X X * 

1 
2L^ = aSq b . We wi l l p r o v e tha t 21 ^ 0 by showing tha t for s o m e 

y e H n + 3 ( X ; Z 4 ) , 2y \ 0. 

Le t cf) :K(Z , n + 3) -** K(Z , n + 3) be the f ib re m a p c o r r e s p o n d i n g 

to the p r o j e c t i o n Z -* Z , and let L)J :K(Z , n + 3 ) -* K(Z , n + 3 ) be 

the i nc lu s ion of the f i b r e into the to t a l s p a c e . The following c o m p u t a t i o n s 

a r e s t r a i g h t f o r w a r d : H (K(Z , n) ;Z ) = Z 0 Z with g e n e r a t o r s 

\\tSq Sq and r , w h e r e cj>r = Sq Sq ; H n (K(Z , n + 2 ) ; Z ) = Z with 

1 2 1 2 1 2 
g e n e r a t o r t , w h e r e <\>t = Sq . 4>(r - tSq ) = Sq Sq - Sq Sq = 0 . 

2 2 1 
T h e r e f o r e r - tSq = 0 o r \]jSq Sq . Whatever the c a s e , we have 
tSq 2 ^ + Sq 2 Sq 1 . 

1 4 4 
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(Sq 2)* 
H n + 3 ( K ( Z 2 , n + 2 ) ; Z 4 ) > H n + 3 ( K ( Z 2 , n); ZJ —> H n + 3 ( X ; Zj 

D Sq 
is p a r t of the S e r r e exac t s equence for the f ibr ing X -*• K(Z , n) ^ > K(Z , n +2). 

F o r the g e n e r a t o r t e H* (K(Z , n + 2); Z ) , (Sq )*t = tSq \^Sq Sq . 

2 1 2 1 
So, b*(i(jSq Sq ) = ^Sq Sq b \ 0 . Now c o n s i d e r the e l e m e n t 

2 1 n+3 1 2 1 1 2 1 2 2 
Sq Sq b G H (X; Z ) . Sq (Sq Sq b) = (Sq Sq Sq )b = (Sq Sq )b = 

Sq 2 (Sq 2 b) = 0 . T h e r e f o r e for s o m e y e H n + 3 ( X ; Z ) , <\>y = Sq 2 Sq 1 b . 
2 1 

Then \\j$y = ip Sq Sq b \ 0 . But \\t cp is twice the ident i ty m a p 
K(Z , n + 3 ) -* K(Z , n + 3) . So \\j § y = 2v * 0 , and the proof is c o m p l e t e . 

PROPOSITION 5A. Let^ S be the (mod 2) Steenrod A l g e b r a . 

Define h : S -> S _by_ h(6) = 9Sq2 . Let K = Ker h . Then KSq1 C SSq2 . 

2 
P roof . Suppose the s t a t e m e n t is f a l s e . Then for some 0 , 9 Sq = 0 

1 2 1 
and G Sq ^ SSq . (In p a r t i c u l a r 6Sq ^ 0 . ) Le t r - deg 9 . 

Take X as above with the qual i f ica t ion that n > r +2 . Wri te K. for 

K(Z , i ) . The s e q u e n c e 

2 
(Sq )* a* b* 

n+r+1 H n+r+1 n+r+1 
H n + r + 1 ( K n l ; Z 2 ) < H n + r + 1 ( K n + 1 ; Z 2 ) <— H n + r + 1 ( X ; Z 2 ) ^ — 

2 

*— Hn+r+1(K ;ZJ -2LÎ-* Hn + r +V + ,Z?) n 2 n+2 2 

is e x a c t . 

C o n s i d e r 9 a s an e l e m e n t of H n r (K , ; Z J . (Sq )*G = ©Sq = 0 . 
n+1 2 

n+r+1 1 
T h e r e f o r e , for s o m e v e H ( X ; Z ), 0 = a* y . Thinking of Sq as 

a m a p K " * K
 +1> we have ( S q V a * \ = ( S q V e = 9 S q 1 e H n + r + 1 ( K ; Z ). 

Also 9Sq1 \ 0 and GSq1 <f Im(Sq 2 )* . T h e r e f o r e b*(Sq1 )*a*v = b*(9Sq1 ) ^ 0. 
1 1 

But b*(Sq )*a* = (aSq b)* = ( 2 L ) * . ( P r o p o s i t i o n s . ) So 
1 

b*(Sq )*a*v = 2v = 0 and th is c o n t r a d i c t i o n p r o v e s our p r o p o s i t i o n . 
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PROPOSITION 6. {M(Z ,n ) , M(Z n)} = Z . 

P roo f . Take n > 4 . Then {M(Z , n), M(Z n)} = 

[M(Z , n), M(Z , n)] = [M(Z n), X] . (Where X is as a b o v e . ) Using 

a b 
the homotopy s e q u e n c e for the f ibr ing K(Z , n +1) -** X -*• K(Z , n) , 

-i ^ a * ^ 
we have tha t 0 = H n " (M(Z , n); Z ) » H*1 (M(Z , n); Z ) -* [M(Z n), X] -? 

H n ( M ( Z 2 , n ) ; Z 2 ) - H R + 2 (M(Z 2 , n); Z 2 = 0 is e x a c t ; H* (M(Z 2 > n); Zj = Z ^ 

n+1 1 
Cal l the g e n e r a t o r g. H (M(Z , n); Z ) = Z with g e n e r a t o r Sq g. 

Since b^ i s onto t h e r e e x i s t s a £ e[M(Z , n), X] such that b £ = g . Then 
* 2 

1 1 1 1 
Sq b^ = Sq g \ 0 , and s i n c e a^ is a m o n o m o r p h i s m aSq b£, = aSq g ^ 0, 

1 " . 1 
But aSq b = 21 . T h e r e f o r e 0 * aSq b£ = 2£ , and [M(Z , n), X] = Z . 

X 2 4 

Pu t t ing toge the r P r o p o s i t i o n s 3, 4, and 6 we have that if G = Z 

P 
(any p r i m e p and exponent k) then \ ({M(G , n), M(G , n)} ) = X(G). 
Now we p r o v e : 

PROPOSITION 7. F o r any fini te abe l i an group G , X ({M(G, n), M(G, n)} ) = 
X(G). 

P roo f . G = S Z r . . Le t M = M(G, n), M = M(Z r , n) . Then 
p . i i p . l 

i l * i 

M = V M . . Le t I , (I r ) be the s t ab l e homotopy c l a s s of the ident i ty m a p 
l M M. 

i i 
of M (M.) . Then L = V I . F o r any pos i t ive i n t ege r t , t L = V t l w l M M. J M M. 

i l i l 
and t l = 0 if and only if 11 = 0 for e a c h i . 

M M. 
i 

Since o(I ) = X(Z r . ) | X (G) ( r e m a r k above and L e m m a 11) 
i i 

we have X(G)L , = 0 for a l l i and o(I ) I X(G) . Now we m u s t show 
M. M 

1 ! 
that X(G) | o ( I M ) . Using L e m m a 13, x(G) = X(G) or G = G 0 Z2 0 G Z 2 

w h e r e X(G') i s odd. 

C a s e 1. A s s u m e X(G) = X(G). F o r any p r i m e p s u p p o s e 

p k | X(G) and p k + 1 Jf \(G) . Then G = Z G G1 ' ( L e m m a 1 2 ) . 

P 

(p ^ 2 , o t h e r w i s e we would not be in Case 1 . ) Let M = M(Z , n) 
K K 

P P 
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and M " = M ( G ' ' , n) . T h e n M = M v M* \ and M » ' = M ( G ' ' , n) . 
K 

P 

T h e r e f o r e o ( I ) | o ( I ) . T h a t i s p | o ( I ) and t h i s h o l d s 
k 

P 

fo r a l l m a x i m a l p r i m e p o w e r f a c t o r s p of X (G) . So > (G) | o ( I ) . 

T h a t i s , if X(G) = >(G) t h e n >(G) = o ( I ) . 

C a s e 2 . A s s u m e G ^ G ' G Z 0 . . . 0 Z w h e r e X(G') i s o d d . 

L e t M 1 = M ( G ' , n) and M = M ( Z , n ) . M = M ' V M V . . . . v M 

and 1 = 1 , V L V . . . V I . S i n c e > (G ' ) = >(G ' ) w e h a v e 
M M 1 M M 

° ( ^ , , ) ~ X(G') ( C a s e 1) and t h i s n u m b e r i s o d d . o ( I V . . . V L r ) -
M ' M M 

2 2 
O ( I M ) = 4 i s p r i m e to o ( ^ ) and s o o ( ^ ) = o ( ^ , ) « o(l^ V . . . V I ) = 

2 2 2 
4 \ ( G ' ) - x(G) . 

P R O P O S I T I O N 8 . If G i s a f i n i t e a b e l i a n g r o u p and Y i s a C - W 
c o m p l e x , t h e n f o r a n y n _> 3 , 

i) X [ M ( G , n ) , M ( G , n ) ] - >(G) 

i i) > [ M ( G , n ) , Y] | \ ( G ) . 

P r o o f . i) i s a c o n s e q u e n c e of s t a b i l i t y and i i) i s a c o n s e q u e n c e of 

i) and L e m m a 1 0 . 

4 . T h e T h e o r e m s . 

T H E O R E M 1 . S u p p o s e 

i) TT. (X) = 0, i = 1, . . . , k - 1 w h e r e k - 1 > 1 

i i ) u, (X) i s f i n i t e f o r i = k , . . . , n , 
l 

t h e n 

n 
II X(TT. (X)) H (X) G <fc(TrX;n-k) 

i = n - k + l 

P r o o f . L e t X b e t h e s p a c e in t h e P o s t n i k o v s y s t e m f o r X m a d e 
up of t h e f i r s t j h o m o t o p y g r o u p s of X . We h a v e f i b r a t i o n s 

K(TT ( X ) , j + 1 ) - X J + 1 -* X J and t h e s e q u e n c e 
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H (K(TT. (X), j + 1 ) -> H (XJ ) -> H (XJ) is exact when j > n - k . 
n j+1 n n — 

\ ( IT. (X)) H (K(TT. . ( X ) ; j + 1 ) = 0 (P ropos i t i o n 2) and so, us ing L e m m a 7, 
j+1 n j+1 

n _ 
n \ ( T T . ( X ) ) H (Xn) < H (X n" ) . Also H (Xn) = H (X) and 

î n n n n 
i=n -k+1 

H (X ) e <p(-rrX;n-k) by the (mod Ç ) Hurewicz T h e o r e m . Now use 

L e m m a 3 and the proof is c o m p l e t e . 

COROLLARY 1. 1. ÏÏS.(X) (= { S* , X) ) is finite for i = l , . . . , n 

n 
then x(H (X)) I ÏÏ X (S.(X)) . 

n ' 
i= l 

Proof . Choose m > n + 1 and let Y = S m X . Then TT.(Y) = 0 for 

i < m and TT.(Y) = 2 . (X) is finite for m < j < m +n . Applying 
J J - m - ~ 

m+n 
T h e o r e m 1 we have n \ ( T T . ( Y ) ) H , (Y) e ^ ( i r Y j n ) . But (j^TrYjn) 

1 m+n 
j =m+l J n 

is the t r i v i a l c l a s s and H , (Y) = H (X) , so we have n X(S.(X))H (X) = 0 . 
m+n n . . i n 

1=1 

THEOREM 2A. E_ d im X = k and H J X ) is f ini te , then for any Y 

n \ ( H . ( X ) ) [ S 2 X , Y] = 0 . 
i l 

2 i 
Proof . Let P = S X and let P be the space in the E c k m a n n - H i l t o n 

decompos i t ion of P m a d e up of the f i r s t i homology g roups of P . Note 
that al l s p a c e s and m a p s in this decompos i t i on a r e double s u s p e n s i o n s . 

The inc lus ion P -*> P has cone M(H.(P) , i) and so for any Y the 

sequence [M(H.(P) , i) , Y] - [ P \ Y] -> [P , Y] is exac t . 

X(H. (P)) [M(H.(P) ,i) Y] = 0 for a l l i (P ropo s i t i o n 8) , and using L e m m a 7 

k+2 
we have n "\(H. (P)) [P , Y] < [ P ° , Y] . But P = P , P ° = p t . , [P°, Y] = 0 

i=l X 

and H.(P) = H. „(X) and the proof is c o m p l e t e . 
i i - 2 

THEOREM 2B . If TT .(X) is finite for i < k _and d im Y < k - 2 , 

k 2 
then n X(TT.(X))[Y,fi X ] = 0 . 

i=3 1 
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Proof . Let L = Q X and let L be the space in the Pos tn ikov 
s y s t e m of L m a d e up of the f i r s t i homotopy groups of L . All 
s p a c e s and m a p s in this Pos tn ikov s y s t e m a r e double loops . F o r each 

i i -1 
i < k - 2 we have the f ibr ing K(TT.(L) , i) -> L -> L , and the sequence 

H ^ Y J T T . C L ) ) -> [ Y . L * ] -> [ Y , L 1 _ 1 ] is exac t . X (IT . (L))H* (Y ;TT . (L)) = 0 

k " 2 k -2 
( P r o p o s i t i o n 2 ) and using L e m m a 7 II X ( TT . (L) [Y , L ] < [Y , L ] . 

i=l 2 

However , L° = p t. , [Y , L°] = 0 , [Y , Lk~ 2 ] = [Y , L] = [Y , ft 2 X ] 
( s ince d im Y < k - 2 ) and TT . (L) = TT. , (X) , and so the proof is c o m p l e t e . 

— i l+Z 

Coro l l a ry 2 .1 A follows i m m e d i a t e l y f rom T h e o r e m 2A and 
Coro l l a ry 2 . IB is eas i ly proved by applying T h e o r e m 2B to the ca se 

[ S k X , Q2Sk+2X] ( = { X , X } ) . 

COROLLARY 2 . 2 . ]£ d im X = k and_ H (X) is finite then for any 

C - W complex Y 

n \ ( H ( X ) ) { X , Y } = n x(s.(x)) {x, Y} = n x(H. (x)) {Y , x} 
i=l i=l i=l 

= n X ( S . ( X ) ) { Y , X } = o . 
• A 1 

1=1 

Proof . Use L e m m a 10 and Coro l l a ry 2 . 1 . 

THEOREM 3. If H^X) = 0 for. i > n + k ^nd H. (Y) = 0 for 

i < n then {X, Y} = ( S H ^ X j H . (Y)))_ and_ 
h l h 

i 

n+k . k 
X ( { X , Y } T ) | X(( S H 1 ( X ; H . ( Y ) ) ) T ) n X(S.(S°)) . 

n i=l 

Proof . We m a y a s s u m e that we a r e in the s table r ange (i. e. n > k +1) 
and that Y is a finite complex . Then for some r , Y has an r - d u a l Y' , 

and {X , Y} = {X # Y1 , S*} . d im X # Y1 = (n +k) + (r - n) = r +k < r +n < 

2 r - l . So { X # Y ' , S r } = [ X # Y » , S r ] . Let a : S* -> K(Z , r) r e p r e s e n t 

the fundamenta l c l a s s of S , m a k e it into a f ibre m a p with f ibre F . 

Then [X # Y«,F] -> [X # Y1, S*] - [ X # Y * , K(Z , r ) ] -> [S(X # Y ' ) , F ] is 

exac t . TT.(F) = 0 for i < r and TT , , ( F ) = Z.(S°) for 0 < i < k . 
i — r+1 i — — 

149 

https://doi.org/10.4153/CMB-1969-013-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-013-4


k 
Using T h e o r e m 2B we have \ ( [X # Y1, F]) | II X(S (S°)) . 

i=l 

n+k 
[X # Y ' , K ( Z , r ) ] = H r ( X # Y') = S H^X ;H. (Y)) . 

i=n 

Also [S (X # Y1) , F ] is finite for the s a m e r e a s o n s that [X # Y1 , F ] 

is f in i te . It is now easy to see that 

n+k 
[ X # Y ' , F ] - [ X # Y « , S r ] T - S H 1 ( X ; H . ( Y ) ) T 

i=n 

n+k 
is exact and that [X #• Y1 , S r ] _ = S H ^ X j r U Y ) ) (al though a^ need 

F l F * 
i=n 

not induce this i s o m o r p h i s m ) . The t h e o r e m now follows f rom L e m m a 6. 
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