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We shall consider a semi-primary ring A with radical N (i.e. N is nil-

potent and A/N is semi-simple (with minimum condition)). All modules con-

sidered are left Λ-modules. We refer to [1] for all notions relevant to homo-

logical algebra.

The objective of this paper is to establish the following two theorems:

THEOREM I. Let a be a two-sided ideal in A such that

aCN\ glάim(A/a) g 1.

Then β = 0.

THEOREM II. Let r be a right ideal in A such that

rNCNrC N\ glάimiA/Nr) £ n, n>l.

Then Nrn'ιN = 0.

Taking r^iV^"1, k > 1 we obtain

COROLLARY II'. // g\.άim(A/Nk) έ n, k > 1, n > 1, then JV (*-1)(*"1)+2 = o.

COROLLARY II". If gl.dim(Λ/iV2) ^ n, n ^ 0, then Nn+1 = 0.

In this last corollary we admitted also the cases n = 0 (since N/N2 = 0

implies JV=O) and w = l (by Theorem I). The result stated in Corollary II"

is the best possible. Indeed, in [3, Proposition 12 and Corollary 11], for each

n ^ 0, a semi-primary ring A was constructed such that

gl.dim A^l, gl.dim( A/N2) = n, iVw+1 = 0, Nn # 0.

Let ψ: P -> A be an epimorphism of yl-modules. We say that ψ is minimal

if P is projective and Ker <p C NP. We see without much difficulty

(i) For each Λ-module A there is a minimal epimorphism φ: P-> A;
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(ii) If φf: P1 -» A is another minimal epimorphism then there exists an

isomorphism n : P -* Pf such that φ'π =^ψ ',

for the detailed account under a more general setting, see [2].

Let # be any subset of A. We define the orthogonality relation a A-A by

the condition aP=0, where P is the projective module occuring in the minimal

epimorphism for A. Clearly a _L A implies a A = 0.

LEMMA 1. If B C NA then the relations a A- A and a _L A/B are equivalent.

LEMMA 2. If B C iVΛ <awd A/B zs projective then B = 0.

Proof. Consider the composition

where ^ is the minimal epimorphism for A and ψ is the natural factorization

epimorphism. Since KerψCNP we have ψ"1{B)Cψ~ί(NA) =NP. Thus

Ker(0^) C NP and ψψ is a minimal epimorphism for A/5. Consequently each

of the conditions a A-A, aλ^A/B is equivalent with aP-Q. If A/B is projec-

tive, then, by (ii) ψψ is an isomorphism. Thus φ is an isomorphism and J9 = 0.

LEMMA 3. Let a be a two-sided ideal in A, A a A-module and B a sub-

module such that

aACBCNA, A/B is {A/a)-projective.

Then a A = B.

Proof Consider the ring A' = A/a with radical N1 = (iV-h a) I a. The Λ'-mo-

dules A1 = A/aA9 B' = B/aA then satisfy

B' C MA1* A'/B1 is Λ'-projective.

Thus, by Lemma 2, B' = 0 i.e. αA = £.

/Voo/ 0/ Theorem I. Since gl.dim (Λ/#) ^ 1 we have l.dimΛ/tf (Λ/ΛO ^ 1.

From the exact sequence 0 -*N/a~+ A/a -* Λ/N-> 0 it follows that N/a is (A/a)-

projective. Since aN C a C iVTV we may apply Lemma 3 with (A,B) replaced

by (N, a). Thus αiV= a and α = 0.

PROPOSITION 4. Let r be a right ideal in A and A a left A-module. - If

rN C Nr, rA = 0, l.dimΛ/^A *= n, n > 0

J- A.
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Proof. Let φ: P -» A be q minimal epimorphism. Since rA = 0 it follows

that rP C Ker φ. If we write C = Ker ^, there results an exact sequence

0 - » C - > P ^ A->0

such that

•rPCCCΛP.

Since NrP C Ker ̂  we derive an exact sequence

0 -> */ΛfoP -» P/JVrP -» A -> 0

of (Λ/Nr) -modules. Since Pi NrP is (Λ/iVr)-protective (see [3, Prop. 1]), we

have

(*) lάimA/Nr(C/NrP) έn-1.

Now consider the case n = 1. Since

NrCCNrPC NC

we may apply Lemma 3 with (A, 5, a) replaced by (C, ΛfcP, Nr). We obtain

ΛVC = NrP. Since C C ATP and rN C iVr we have

NrP = iWC C iVWVP C JVVP.

Thus NrP=0 i.e. iVr_LA.

For n > l we proceed by induction and assume the proposition valid for

n - 1. Since rC C riVP C NrP we have r(C/NrP) = 0 and thus (*). yields

N/1'1 -L C/iVrP.

However NrP C NC, so that, by Lemma 1, Nr""1 i- C. Consequently ΛVWP C

iV^"1C = 0 and Nrn±-A.

Proof of Theorem II. Since gl.dim(Λ/JVr) ^ n we have \.άimA/Nr(Λ/N) ^ w.

From the exact sequence 0 -> Λ̂ /AΓ/ -> yl/Λ r̂ -> yί/AΓ -> 0 it follows

\.aimAlNr(N/Nr) έn-1.

Since rN C iVr we have r(N/Nr) =0 and thus, by Proposition 4,

TV/*-1 J_ N/Nr.

Since iVr C ΛW, it follows from Lemma 1 that
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Thus Nrn~xN = 0, as required.
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