
BOOK REVIEWS COMPTES RENDUS CRITIQUES 

^ n Introduction to Algebraic Topology by Andrew H. Wallace. 
Pergamon P r e s s , New York, 1957. $6.80. 

Algebraic Topology is generally considered a difficult 
subject, not only because of i ts nature , but also because of the 
lack of good up-to-date text-books on the subject. Even last 
yea r , when students asked me what is the best way to learn this 
subject, I had to confess that I do not know (adding half-seriously 
that they had bet ter wait until I write a book). Today I would 
suggest Wallace's book in spite of the r emarks at the end of this 
review. I am very enthusiastic about i ts pedagogical v i r tues , 
and I feel that it will gain friends for its subject in Canadian 
univers i t ies . 

To be specific, the book under review is intended for 
graduate students, who a re beginning the study of Topology and 
who would like to specialize in Algebraic Topology as soon as 
possible . The author states that the mater ia l can be covered in 
three s e m e s t e r s . Of course , the book is also suitable for a 
m o r e mature mathematician working in a different field, and 
anxious to learn some Algebraic Topology. 

An important feature of the book is that it does not even 
presuppose a knowledge of General Topology. The first three 
chapters (I. Introduction; II. Topological Spaces; III. Topological 
P rope r t i e s of Spaces) give the necessary mater ia l from General 
Topology. In some par t s of modern mathemat ics , definitions 
a r e more important than theorems (though the reviewer does not 
believe that this i s always the case , as is claimed sometimes) . 
In such cases motivation and i l lustrat ions of the definitions a re 
very important for the beginner, who still does not know the fact 
( ra ther successfully hidden on the more elementary level) that the 
f irst step toward good comprehension is to examine special cases 
and to study examples . In this book a careful and detailed motiva
tion i s given with every definition; the reader also may check his 
understanding of the basic notions by working out the numerous 
problems of the book. (Some of the motivations given in the book 
are questionable, but this is probably not the author1 s fault.) 

In introducing the notion of topological space, the author 
first studies properties of continuous functions, and arrives at 
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the axioms of neighborhoods by abs t rac t ion , (1 . Continuity and 
neighborhood; 2. The abs t rac t concept of neighborhood). The 
definition of open sets and closed sets comes next. This i s a 
more c lass ica l line (goingback to Hausdorff) than the one followed 
by Bourbaki and Kelley in their well-known books; being nea re r 
to the his tor ical development, Wallace*s presentat ion is probably 
eas ie r to grasp for the beginner. Of c o a r s e , these fifty-odd pages 
of General Topology a r e rudimentary , but in fact one does not 
need much in Algebraic Topology, the main topic of the book. 

The fourth chapter is a very elementary account of the 
important and c lass ica l notion of fundamental group. This notion 
was probably somehow familiar to Riemann and Abel as it plays 
an important role in function theory; in full general i ty , it was 
introduced by Poincaré (via the notion of covering space, not 
mentioned in the book). Roughly stated the elements oC of the 
fundamental group 1T| (X,xQ) of the space X a r e c lasses of loops 
beginning and ending at xQ € X, two loops belonging to the same 
class if and only if one can be continuously deformed into the 
other. In order to define the product ^X of ô(, /3€ TT^(X,x ) we 
choose loops f 6 « , g €/3 , then we descr ibe f i rs t f then g and 
take the c lass of this "composed" loop which will be by definition 
poc. The book gives the most important definitions related to 
this concept, es tabl ishes that TT^(X,x0) i s a group and a topologi
cal invariant of the (connected) space X. Apar t from this not 
much can be done in twenty-six pages with such a careful and 
detailed exposition (it is not proved, for example, that a contin
uous f: X —> Y induces a homomorphism 7i\(X,x ) —>Ti(Y,fx ), 
although this would not be much m o r e difficult than the proof of 
the topological invariance of the fundamental group) but at leas t 
the reader is well p repared to read a more detailed text-book 
(like the corresponding chapter of Seifert and Threlfall or 
Pontrjagin), 

With the las t five chapters (V. The Homology Groups; VI. 
Continuous mappings and the Homology Groups; VII. Barycent r ic 
Subdivision and Excision; VIII. The Homology Sequence; IX. Sim» 
plicial Complexes) we a r r i v e at the main topic of the book; here 
the reader i s supposed to have a cer ta in knowledge of n-dimensional 
affine geometry. Homology groups a r e presented as mul t idimen
sional general izat ions of the fundamental group. In a given space 
X, we consider subspaces called chains which a r e finite unions of 
continuous images of affine simplexes of dimension p . The bound
ary of such a chain will be the union of the boundaries of i ts s imp
lexes , not counting the ones which a re with opposite orientation on two 
p - s imp lexes . If we t ry to make this definition m o r e p rec i se , we see 
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that in reali ty we have to consider not sub-spaces of X but l inear 
combinations of maps of rect i l inear simplexes; such a l inear 
combination is then called a chain. A chain is called a cycle if i ts 
boundary is empty ( i . e . the null chain). Two cycles a r e called 
homologous if their difference is the boundary of a chain. The 
set of all p-cycles homologous to a given one is called a homo
logy class ; the totality of p- th homology c lasses is the p-d imen-
sional homology group H (X) of the space X. This i s , of course , 
the Eilenberg-Steenrod approach to the singular homology (intro -
duced by Lefschetz). Without supposing a cer tain knowledge of 
homology theory, it would be difficult to describe the topics of 
these chapters of the book. Technically speaking, the author 
proves that the singular homology theory satisfies the Ei lenberg-
Steenrod axioms, and gives the most immediate coro l la r ies , 
like the determination of the homology groups of cells and spheres . 
The connection with the more classical simplicial theory is es t 
ablished in the las t chapter , where the author shows that the 
homology groups of a simplicial complex can be computed using 
simplicial chains only; the simplicial chain group is defined as 
the homology group of the p-skeleton modulo the (p-1)-skeleton. 
In plain t e r m s , a simplicial complex is a space which is decom
posed in a given, definite way into a finite number of s implexes. 
The aforementioned resul t means then that the homology groups 
of such a space can be computed using simplexes of the given 
decomposition only. This is not t r ivial at a l l , because it means , 
in par t icu la r , that the homology groups derived from one decom
position of a space a re topological invariants of that space . Also , 
this resul t shows that for a reasonable simple space the homology 
groups a re generated by a finite number of e lements . 

As we have already said, we encourage everybody to read 
this book, but we add one word of caution for the beginner. A 
m o r e complete development of the singular homology theory runs 
somehow into trouble for two reasons (at least) : a) some of the 
most important applications of Algebraic Topology a r e not a c c e s -
ible to this method; b) many applications, even elementary ones, 
a r e very cumbersome. (For beginners , the reviewer would p r e 
fer an introduction to some other sort of homology theory. More 
in detai l , see F a r y , Bulletin de la Société Mathématique de F r a n c e , 
82 (1954), pp. 94-135, and Annals of Mathematics , 65 (1957), 
p . 47, ) Let us i l lus t ra te the points (a) and (b) by examples. 

There a r e spaces for which the singular homology groups 
a r e defined but a r e completely use less . Brouwer constructed a 
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c o m p a c t se t B in the p l a n e R^ such tha t : (1) the c o m p l e m e n t of 
B in R h a s m+ 1 c o m p o n e n t s U Q , . . . . , U m ( m > 3);(2) e v e r y 
x 6 B i s a b o u n d a r y p o i n t of each U£, i' = 0 , . . . , m . T h e c i r c l e 
h a s t h e s e p r o p e r t i e s wi th m = 2 , bu t for m > 3 B r o u w e r ' s c o n 
s t r u c t i o n is v e r y c o m p l i c a t e d and i n g e n i o u s . N o w , u s ing L e r a y * s 
cohomology t h e o r y , it i s e a s y to p r o v e the fol lowing g e n e r a l i z a 
t ion of the f a m o u s J o r d a n c u r v e t h e o r e m : If B ! i s h o m e o m o r p h i c 
to B and is a s u b - s p a c e of R ^ , then B 1 a l s o h a s p r o p e r t i e s (1) 
and ( 2 ) , In p a r t i c u l a r , if B is a c i r c l e , B1' can b e any J o r d a n 
c u r v e and the t h e o r e m s t a t e s that s u c h a c u r v e d iv ides the p l ane 
in two d o m a i n s and i s the c o m p l e t e b o u n d a r y of both d o m a i n s . 
Al l th is is t r i v i a l u s ing L e r a y ' s t h e o r y , but it canno t be p r o v e d 
us ing s i n g u l a r homology t h e o r y (even the p roof of the c l a s s i c a l 
J o r d a n c u r v e t h e o r e m is r a t h e r c u m b e r s o m e in s i n g u l a r h o m o 
logy t h e o r y , so far a s I know) . The r e a s o n is that a s p a c e B is 
l o c a l l y n o n - c o n n e c t e d in a v e r y s t r o n g s e n s e (for m ^ 3 ) . Now 
a b e g i n n e r coming a c r o s s such a s i t ua t ion m a y th ink that A l g e b r a i c 
Topo logy is only useful for s p a c e s which a r e " l o c a l l y n i c e " ; th is 
i s def in i te ly w r o n g , and s u g g e s t e d by s i n g u l a r homology on ly . 

E v e n " v e r y s m o o t h " s p a c e s X for which e v e r y homology 
t h e o r y g ives the s a m e g r o u p s Hp(X) m a y c a u s e t r o u b l e . It m a y 
happen that the c o m p u t a t i o n of tne homology g r o u p s is the m o s t 
c o m p l i c a t e d in s i n g u l a r h o m o l o g y t h e o r y . F o r e x a m p l e , le t us 
take P o n t r j a g i n ' s m e t h o d for compu t ing the homology g r o u p s of a 
c l a s s i c a l g r o u p G . The m e t h o d is r o u g h l y the fo l lowing . We 
s ing le out s u b - m a n i f o l d s of G , t r e a t t h e m a s c y c l e s , c o m p u t e 
the i n t e r s e c t i o n m a t r i x , and show tha t for a s u i t a b l e c h o i c e of 
t h e s e s u b - m a n i f o l d s we have a homology b a s i s . Of c o u r s e , h e r e 
we need i n t e r s e c t i o n t h e o r y . H o w e v e r , th i s is v e r y c o m p l i c a t e d 
in s i n g u l a r homology ; even if we do th i s v ia the s i n g u l a r c o h o m o l o g y 
and c u p - p r o d u c t t heo ry , we have to deve lop a s long a t h e o r y a s the 
one g iven in the book . 

I . F a r y , U n i v e r s i t y of C a l i f o r n i a , B e r k e l e y 

I n t r o d u c t i o n to D i f f e r ence E q u a t i o n s by S. G o l d b e r g . 
John W i l e y a n d S o n s T N e w Y o r k , 1958. 260 p a g e s , $ 7 . 1 0 . 

A v e r y e l e m e n t a r y i n t roduc t i on to f ini te d i f f e r e n c e s and dif
f e r e n c e equa t ions wi th i l l u s t r a t i v e e x a m p l e s f r o m e c o n o m i c s , 
p s y c h o l o g y and s o c i o l o g y . T h i s book is in tended p r i m a r i l y for 
s o c i a l s c i e n t i s t s . Sec t i ons involving any knowledge of e l e m e n t a r y 
c a l c u l u s a r e s t a r r e d . G e n e r a t i n g funct ions and m a t r i x m e t h o d s 
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