4

The Geodesic X-ray Transform

In this chapter we begin the study of the geodesic X-ray transform on a
compact non-trapping manifold with strictly convex boundary. We prove L?
and Sobolev mapping properties, and discuss a reduction that allows us to
convert statements about the X-ray transform to statements about transport
equations on SM involving the geodesic vector field. We then prove a
fundamental energy identity, known as the Pestov identity, for functions on
SM. As the main result in this chapter, we prove injectivity of the geodesic
X-ray transform /o on simple two-dimensional manifolds by using the Pestov
identity. We also give an initial stability estimate for the geodesic X-ray
transform (improved stability estimates will be given later). Results in higher
dimensions are discussed at the end of the chapter.

4.1 The Geodesic X-ray Transform

We have already encountered the geodesic X-ray transform acting on functions
f € C°°(M) in Definition 3.1.5. The same definition applies more generally
to functions in C*°(SM).

Definition 4.1.1 Let (M, g) be a compact non-trapping manifold with strictly
convex boundary. The geodesic X-ray transform is the operator

I: C®(SM) — C*®(0,:SM),
given by
T(x,v)
If(x,v):= / f(pr(x,v)) dt, (x,v) € 0+ SM.
0

The geodesic X-ray transform on C°*°(M) is denoted by

Io: C(M) — C*(04+:SM), Iof =1t f),
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108 The Geodesic X-ray Transform

where £y: C*°(M) — C°°(SM) is the natural inclusion, i.e. £g f (x,v) = f(x)
is the pullback of functions by the projection map 7w : SM — M.

Recall from Lemma 3.2.6 that 7]y, gy € C*°(0;SM), so indeed I maps
C®(SM) to C*®(d, SM). We next study the mapping properties of I on L>-
based spaces. Recall that

L*(SM) = L*(SM, d=*" ™),
L*(0.SM) = L*(3,SM, d=?"72).
If p € C*®(34+SM) is non-negative, we also consider the weighted space

L%,(8+ SM) consisting of L>-functions on 8, SM with respect to the measure
p dxnn—2

Proposition 4.1.2 (L% boundedness) I extends to a bounded operator
I: L*(SM) — L*(3;SM).

Proof Since p := p/T is in C*°(dSM) and it is strictly positive by Lemma
3.2.8, it suffices to prove the lemma using the measure p d £>"~2 in the target
space. Take f € C*°(SM) and write, using Cauchy—Schwarz,

2

T(x,v)
/ FlorCrondi| pds=?
0

If1? =/
” f”L%(BJrSM) )

L SM

T(x,v)
< f / |f (@ (x,0))|>dt | Tpdx?~2
. SM \Jo

T(x,v)
2/ </ If(fpt(x,v))lzdt) nds?2
0+ SM 0

= /5M|f|2alzz"—l = 113 csas

where in the last line we have used Santalé’s formula from Proposition 3.6.6.
O

The geodesic X-ray transform is also bounded between Sobolev spaces. The
proof of the next result is given in Section 4.5.

Proposition 4.1.3 (Sobolev boundedness) For any k > 0, the operator 1
extends to a bounded operator

1: HY(SM) — H*3,5M).

We also have I (H'(SM)) C H} (3, SM).
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4.1 The Geodesic X-ray Transform 109

In the literature, one often sees the statement that / extends to a bounded
operator

I: L*(SM) — L7 (34 SM), (4.1)

where pu(x,v) = (v(x),v). Since || < 1, this is a special case of Proposition
4.1.2. However, the Li space is a useful setting for studying / since the adjoint
I'* of the operator (4.1) is readily computed by Santald’s formula. Moreover, as
we will see in Chapter 8, on simple manifolds the normal operator 1} Io (Where
Iy is I restricted to functions on M) is an elliptic pseudodifferential operator
of order —1 just like in the case of the Radon transform in the plane.

We conclude this section by computing the adjoint of the operator (4.1).

Lemma 4.1.4 (The adjoints /* and I}) The adjoint of 1: L*(SM) —
Li(8+S M) is the bounded operator

I*: L2 (94 SM) — L*(SM),
given for h € C®(3,SM) by I*h = h®, where
R (0x,0) = (@ (x,—0) (3, ).
The adjoint of Iy: L*(M) — Li(8+SM) is given by
Igh(x)zf h¥(x,v) d Sy (v).
S M
Proof Consider f € C*°(SM) and h € C*°(34+SM), and write

(f M2 o, sm) 2/ (If)hudx> 2
9LSM

T(x,v)
= / (f S (@ (x,v))h(x,v) dt) pdx?2.
a.SsM \Jo

We can write the above expression as

(Ifyh)LlZL(aJrSM) = /

a4 SM

T(x,v) e
/O f (@i e, )R (i (x,v) dt | pd =2,
Using Santald’s formula we derive
([f’h)Lla(3+SM) = AM fmd22n7] = (f’hﬁ)LQ(SM)’

and hence I*h = h?.
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110 The Geodesic X-ray Transform

Choosing f = f(x) gives
o f 1) 130, 50) :/ f(x) [/ ﬁdsx} dv"
M SeM

= <f/ hdex> )
Sy M L2(M)

This gives the required formula for 1. O

Exercise 4.1.5 Let £y: C®°(M) — C°°(SM) be the map given by £y f =
f om,where mr: SM — M is the canonical projection. Show that the adjoint
£3 is given by

(L5h)(x) = / h(x,v)dSy(v).

Sy M

4.2 Transport Equations

We will next show that it is possible to reduce statements about the geodesic
X-ray transform to statements about transport equations on SM involving the
geodesic vector field X. We first define two important notions that have already
appeared before in Chapter 3.

Definition 4.2.1 (The functions u/ and h%) Let (M,g) be a compact non-
trapping manifold with strictly convex boundary. Given any f € C*(SM),
define

T(x,v)
uf(x,v) = / f o (x,v)) dt, (x,v) € SM.
0

For any h € C*°(94+SM) define
R (x,0) i= h(@—r(x,—0)(X,0)),  (x,v) € SM.

It follows that u/ solves the transport equation Xu/ = —f and If is
given by the boundary value of u/ on 9, SM. Moreover, h* is constant along
geodesics. In other words A* is an invariant function (or first integral) with
respect to the geodesic flow, i.e. Xh* = 0.

Lemma 4.2.2 (Properties of u/ and h?)

(a) Forany f € C®(SM), one hasu’ € C(SM)NC>®(SM \ 30SM) and u’
is the unique solution of the equation

Xul = —finSM, ulls_smu = 0.

Moreover, uf|3+5M =1If.
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(b) Forany h € C®(3d,SM), one has h* € C(SM) N C>®(SM \ d0SM) and
h* is the unique solution of the equation

Xh* =0in SM,  h*|y,sm = h.
Moreover, h*]y_ sy = h o als, su-
Proof The regularity properties of u/ and h* follow from the regularity

properties of T given in Lemma 3.2.3. We note that for (x,v) € SM™,

d [T
Xwﬁxm)=-—:/ f @iy 0) |

ds 0

d T(x,v)—s

s=

f@resx ) di

5=

T(x,v)

d
= — f(@r(x,0) (X, V) +/ d—f(soz(x,v))dt
0 t
= —f(x,v).

Clearly Xh® = 0. The statements about the boundary values of u/ and h*
follow from the definitions of / and « and the fact that t|3_s3 = 0. O

We note that u/ is, in general, not smooth on SM. For instance, if f = 1
then u/ = t and we know from Example 3.2.1 that 7 is not smooth on SM.
However, if f is a function whose geodesic X-ray transform vanishes, then
the following result shows that u/ € C>(SM) and the somewhat annoying
issue with non-smoothness disappears. The result follows from the precise
regularity properties of the exit time proved in Lemma 3.2.9. We defer its proof
to Chapter 5, where regularity results for transport equations will be studied in
more detail.

Proposition 4.2.3 (Regularity when If = 0) Let (M,g) be a compact non-
trapping manifold with strictly convex boundary. If f € C%°(SM) satisfies
If =0, thenu! € C®(SM).

The next result characterizes functions in the kernel of the geodesic X-ray
transform in terms of solutions to the transport equation Xu = f.

Proposition 4.2.4 Let f € C°°(SM). The following conditions are equivalent.

(a) If =0.
(b) Thereisu € C*®°(SM) such that u|ysy = 0 and Xu = —f.

Proof Suppose that If = 0. Proposition 4.2.3 guarantees that u = u/ €
C*®(SM), and Lemma 4.2.2 gives that Xu = — f.
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112 The Geodesic X-ray Transform

Conversely, given u € C*°(SM) with Xu = — f, if we integrate along the
geodesic flow we obtain for (x,v) € ;- SM that

T(x,v)
uoa(x,v) —ulx,v) = —/ flor(x,v))dt = —1f(x,v).
0

Hence if u|ysp = 0, the above equality implies I f = 0. O

4.3 Pestov Identity

In this section we consider the Pestov identity in two dimensions. This is the
basic energy identity that has been used since the work of Muhometov (1977)
in studying injectivity of ray transforms in the absence of real-analyticity
or special symmetries. Pestov-type identities were also used in Pestov and
Sharafutdinov (1987) to prove solenoidal injectivity of the geodesic X-ray
transform for tensors of any order on simple manifolds with negative sectional
curvature. These identities have often appeared in a somewhat ad hoc way.
Here, following Paternain et al. (2013), we give a point of view that makes the
derivation of the Pestov identity more transparent.

The easiest way to motivate the Pestov identity is to consider the injectivity
of the ray transform on functions. As in Section 4.1 we let Iy: C*°(M) —
C*®(94+SM) be defined by Iy := I o £y, where £ is the pullback of functions
from M to SM.

The first step is to recast the injectivity problem for Iy as a uniqueness
question for the partial differential operator P on SM, where

P =VX.

This involves a standard reduction to the transport equation as we have done
already in Proposition 4.2.4.

Proposition 4.3.1 Let (M, g) be a compact oriented non-trapping surface with
strictly convex boundary. The following statements are equivalent.

(a) The ray transform Iy: C*°(M) — C*°(34+SM) is injective.

(b) Any smooth solution of Xu = —f in SM with ulgsy = 0 and f €
C (M) is identically zero.

(c) Any smooth solution of Pu = 0 in SM with ulysy = 0 is identically zero.

Proof (a) — (b): Assume that I is injective, and let u € C*°(SM) solve

Xu = —f in SM where ulysy = 0 and f € C°°(M). By Proposition 4.2.4
one has 0 = If = Iyf. Hence f = 0 by injectivity of Iy, which shows that
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Xu = 0. Thus u is constant along geodesics, and the condition u|ysy = 0
gives that u = 0.

(b) = (c): Letu € C*®°(SM) solve Pu = 0 in SM with ulyspr = 0.
Since the kernel of V consists of functions on SM only depending on x, this
implies that Xu = — f in SM for some f € C°°(M). By the statement in (b)
we have u = 0.

(c) = (a): Assume that the only smooth solution of Pu = 0 in SM
that vanishes on dSM is zero. Let f € C°°(M) be a function with Ip f = 0.
Proposition 4.2.4 gives a function ¥ € C°(SM) such that Xu = —f and
ulagspy = 0. Since f only depends on x we have Vf = 0, and consequently
Pu =01in SM and u|ysp = 0. It follows that u = 0 and also f = —Xu = 0.

O

We now focus on proving uniqueness for solutions of Pu = 0 in SM
satisfying u|ssyy = 0. For this it is convenient to express P in terms of its
self-adjoint and skew-adjoint parts in the L>(SM) inner product as
P + P* P — P*

B .

P=A+iB A:= _B:
ti 2 2

Here the formal adjoint P* of P is given by
P*:=XV.

The commutator formula [X, V] = X | in Lemma 3.5.5 shows that

VX + XV 1
=— B=-—=X,.
2 2i
Now, if u € C*®(SM) with u|yspy = 0, we may use the integration by parts
formulas in Proposition 3.5.12 (note that the boundary terms vanish since

ulysm = 0) to obtain that

| Pull®> = (A +iB)u,(A +iB)u)
= |Au|l® + ||Bu||> + i (Bu, Au) — i (Au, Bu) (4.2)
= || Aul® + || Bul* + (i[A, Blu,u).

This computation suggests to study the commutator i[A, B]. We note that the
argument just presented is typical in the proof of L? Carleman estimates, see
e.g. Lerner (2019).

By the definition of A and B it easily follows that i[A, B] = %[P*, P]. By
the commutation formulas for X, X |, and V in Lemma 3.5.5, this commutator
may be expressed as
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[P, P]=XVVX - VXXV =VXVX+X,VX-VXVX-VXX,

=VX, X-X>-VXX, =V[X,,X]-X>=-X?>+VKV.
4.3)

Consequently,
([P, Plu,u) = || Xul® — (K Vu, Vu).

If the curvature K is non-positive, then [ P*, P] is positive semidefinite. More
generally, one can try to use the other positive terms in (4.2). Note that

1
| Aull® + | Bul* = §(||Pu||2 + [I1P*ull?).
The identity (4.2) may then be expressed as
IPull® = || P*ull* + ([P, Plu,u).

We have now proved a version of the Pestov identity that is suited for our
purposes. The main point in this proof was that the Pestov identity boils down
to a standard L? estimate based on separating the self-adjoint and skew-adjoint
parts of P and on computing one commutator, [ P*, P].

Proposition 4.3.2 (Pestov identity) If (M,g) is a compact oriented surface
with smooth boundary, then

IV Xull> = |XVull® = (KVu,Vu) + || Xu|?

forany u € C*®(SM) with u|ysy = 0.

4.4 Injectivity of the Geodesic X-ray Transform

We now establish the injectivity of the geodesic X-ray transform Iy on simple
surfaces.

Theorem 4.4.1 Let (M, g) be a simple surface. Then Iy is injective.

In fact the proof gives a more general result, showing injectivity of I acting
on functions of the form f(x,v) = fo(x) + «; (x)v/ modulo a natural kernel.
In particular, this implies solenoidal injectivity of the geodesic X-ray transform
on 1-tensors (see Section 6.4).

Theorem 4.4.2 Let (M,g) be a simple surface, and let f(x,v) = fo(x) +
a|x(v) where fy € C*(M) and « is a smooth 1-form on M. If If = O, then
fo = 0and o = dp for some p € C*°(M) with p|yy = 0.
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Using Proposition 4.3.1, the injectivity of Iy is equivalent with the property
that the only smooth solution of VXu = 0 in SM with u|ssyy = 0isu = 0.
In the special case where the Gaussian curvature is non-positive, this follows
immediately from the Pestov identity.

Proof of Theorem 4.4.1 in the case K <0 If VXu =0 in SM with u|ysy =
0, Proposition 4.3.2 implies that

IXVul® = (KVu,Vu) + | Xu|*> = 0.

Since K < 0, all terms on the left are non-negative and hence they all have
to be zero. In particular, | Xu||> = 0, so Xu = 0 in SM showing that u is
constant along geodesics. Using the boundary condition u |35, = 0, we obtain
that u = 0. O]

In order to prove Theorem 4.4.1 in general, we show:

Proposition 4.4.3 Let (M, g) be a simple surface. Then given v € C*°(SM)
with ¥|asm = 0, we have

IXy 11> — (K, ¥) > 0,

with equality if and only if v = 0.

Proof 1t is enough to prove this when ¥ is real valued. Using Santald’s
formula, we may write

XY 1P — (K. y) = /S (@07 - K

7(x,v) .
= f / W (1) = K (e o)W ) d 2 dr,
. SM JO
4.4)

where ¥ (t) = ¥y (1) := ¥ (¢:(x,v)). We wish to relate the 7-integral to the
index form on yy , (see Definition 3.7.14). In fact, if we define a normal vector
field Y (¢) along yy, , by

Y(t) = Yy o () := Y ()00,

then Y € H] (yx,v) since ¥ (0) = ¥ (t(x,v)) = 0. Using that D;yy, ()X = 0
(see (3.19)), we have

I, .. Y) :/
0

T(x,v)

[0 = Kranw? )] dr.
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Thus we may rewrite (4.4) as

IXl* = (K, ) =/ Ty, Yew Yo ) d 32,

3L SM
The no conjugate points condition implies that T,,  is positive definite on
Hol(yx,v) (see Proposition 3.7.15). Since u > 0 it follows that I1Xy|? —
(K¢, ) = 0. If equality holds then Yy , = O for each (x,v) € 0, SM, which
gives that ¢ = 0. O

Alternative proof of Proposition 4.4.3 By (4.4), it is enough to prove that for
any fixed (x,v) € 94+ SM \ 9oSM, one has

7(x,v) .
A W (1) = K (e s )W) di = 0,

with equality if and only if ¥ = 0, where ¥ () = ¥y »(t) := ¥ (@i (x,0)).
Observe that ¥ (0) = ¥ (r(x,v)) = 0. Since (M, g) has no conjugate points,
the unique solution y to the Jacobi equation y+ K (yx ,(¢))y = 0 with y(0) =0
and y(0) = 1 does not vanish for ¢ € (0, t] (otherwise one would have a Jacobi
field vanishing at two points by Lemma 3.7.7). Hence we may define a function
q by writing

Y(t) =q@)y(), fort € (0,7].

Since ¥ (0) = y(0) = 0 and y(0) = 1, we have ¥ () = th(t), y(t) = tr(t)
where h and r are smooth and r(0) = 1. It follows that g(¢) = h(¢)/r(t)
extends smoothly to = 0. Using the Jacobi equation we compute

. d
(¢+wa=qa@ﬁ)

Integrating by parts and using that y(0) = ¢g(r) = 0 (since ¥ (r) = 0 and
y(t) # 0), we derive

T . T d . . T .
/O(WZ—KW)dt:—fO qa(qyz)dt=—[qqy2]8+f0 g*y*dt
T
=/ §*y*dt > 0.
0

Equality in the last line holds if and only if ¢ is constant. Since g(t) = 0, it
follows that equality holds if and only if ¥ = 0. O

We can now combine these results to prove the injectivity of 1.

Proof of Theorem 4.4.1 By Proposition 4.3.1 it suffices to show a vanishing
result for V Xu = 0 with u|ysy = 0. Proposition 4.3.2 gives

IXVull®> = (KVu,Vu) + | Xu|? =0,
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and combining this with Proposition 4.4.3 (note that Vu|ysy = 0), we derive
Vu = Xu = 0 and hence u = 0 as desired. O]

The same method also yields the more general Theorem 4.4.2.

Proof of Theorem 4.4.2 Let f(x,v) = fo(x) + |y (v) satisfy I f = 0, and let
u = u' so that Xu = —f and ulysm = 0. By Proposition 4.2.3 one has
u € C®(SM). We wish to use the Pestov identity and for this we need to
compute V Xu. In this case V Xu is not identically zero, but it turns out that
using the special form of f the term ||V X u|? can be absorbed in the term
| Xul||? in the other side of the Pestov identity.

In the special coordinates in Lemma 3.5.6, one has

VI = (fo(x) + e ¥ (o (x) cos 6 + o (x) sin 0))
= e_k(—ozl sin6 + ap cos ).

Then, using (3.9) and computing simple trigonometric integrals, we have
2
IVXul?> = |VFI? = f / |—a1 sin6 + as cos 6% d6 dx
M JO

—x /M<|a1<x)|2 o)) dx.

On the other hand,
2
||Xu||2 = ||f||2 = f / |ekf0 + a1 cosf + ap sin9|2d9 dx
M Jo

=2n/ |fo<x>|2dv2+nf (a1 () + laz (x)]%) dx.
M M

Inserting the above expressions in the Pestov identity in Proposition 4.3.2,
we obtain that

IXVull* = (KVu,Vu) + 27| foll 2, 0.

M) =

Since || XVu|?> — (KVu, Vu) > 0 by Proposition 4.4.3, we must have fy = 0
and also | XVu|?> — (KVu,Vu) = 0. Using the equality part of Proposition
4.4.3 gives Vu = 0. This implies that u(x,v) = u(x). Writing p(x) :=
—u(x) € C®(M) we have plyy = 0, and for any (x,v) € SM one has

aly(v) = f(x,v) = —Xu(x,v) = dplx(v). O

4.5 Stability Estimate in Non-positive Curvature

In this section we show how the Pestov identity can be used to derive a
basic stability estimate for /p when the Gaussian curvature is non-positive,
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i.e. K < 0. This estimate will be generalized in Section 4.6, and in Chapter 7
we give another improvement and extend the estimate to include tensors.

Theorem 4.5.1 (Stability estimate for K < 0) Let (M, g) be a compact non-
trapping surface with strictly convex boundary and K < 0. Then

1
I f 2y < \/T—n”[Of”Hl(EuSM)’
forany f € C®(M).

The H'(d,SM) norm appearing in the statement is precisely defined via a
suitable vector field T as follows.

Definition 4.5.2 (Tangential vector field) Let (M, g) be a compact oriented
surface with smooth boundary. We define the rangential vector field T on 0 SM
actingon w € C*(dSM) by
d
Tw(x,v) = Ew(x(t),v(t)) 0

where x: (—¢&,6) — 9M is any smooth curve with x(0) = x and x(0) =
v(x)1, and v(¢) is the parallel transport of v along x(¢) so that v(0) = v.

Definition 4.5.3 (H! norms on dSM and 8, SM) We define the H'(dSM)
norm of w via

”w”ill(fJSM) = ”w”iZ(;;SM) + ”Tw”iz(()SM) + va”iz({)SM)
Similarly, if w € C* (3. SM) we define its H' (3. SM) norm as

2 . 2 2 2
||w”H1(3+SM) T ||w||L2(3+SM) + ||Tw||L2(3+SM) + ”Vw”L2(3+SM)'

We state a few important facts about the vector field 7. Recall the notation
m={(v,v)ondSM.

Lemma 4.5.4 (Properties of T) One has
T =VX+upX1|g,
In the splitting (3.12), T is given by
T = (v.,0).

The vector fields T and V form an orthonormal frame of T (0.S M) with respect
to the Sasaki metric. This frame is commuting in the sense that [T,V] = 0,
and T and V are skew-adjoint in the L2(8 SM) inner product.

Proof Let (M, g) be contained in a closed manifold (N, g). Fix (xg,v9) € 0SM
and choose Riemannian normal coordinates x = (x!,x?) near xo in (N, g).
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Let 0 be the angle between v and 9/0x;. This gives coordinates (x,6) near
(x0,v0). Note that these coordinates are not the same as the special coordinates
in Lemma 3.5.6.

In the (x,60) coordinates the curve (x(¢),v(t)) corresponds to (x(¢),6(t)),
and one has

Tw|(xp.v9) = Oy w1 + 8w (ve)? + (Bgw)B(0).

Note that tan 6 (¢) =

2
518 Differentiating in ¢ gives

221 2

(1 +tan?g)f = 20—V
an =
(h)?

1

Since v(¢) is parallel and the Christoffel symbols vanish at x(, one has v/ (0) =
0. This implies that 6(0) = 0 and thus

Twl(xp,u) = 0 wvL)' + dw(vi)*.
Writing V,w = (0y, w, dx,w), this can be rewritten in Euclidean notation as
Tw|(xy,v9) = VL - Vyw.
On the other hand, in the (x,6) coordinates above one has
Xwl(xg,v9) = V0 - Vxw,
X 1wl (xg,v9) = (v0) L - Vyxw.

It is easy to check using the special coordinates in Lemma 3.5.6 that Vu =
V((v,v)) = (v,v1) = (v, v). Since u = (v,v) = (v, v ), we have

(Vi) Xw + X 1 wl(xg,v9) = WL - v0)vo - Vyw + (v - (vo) 1) (vo)L - Viw
=v - Vyw.

This proves that T = (V)X 4+ nX | since both sides are invariantly defined.

The formula 7 = (v1,0) in the splitting (3.12) also follows. Since V =
(0,v1) in this splitting, it follows from the definition (3.14) of the Sasaki
metric that 7 and V are orthonormal. The fact that [T, V] = 0 follows from
the commutator formulas in Lemma 3.5.5 and the fact that VZu = —pu.
Finally, since T and V give an orthonormal commuting frame on dSM they
are divergence free: for T this follows from

1 1
div(T) = (V7 T,T) + (VyT,V) = ET(|T|2) + ET(|V|2) =0,

since |T| = |V| = 1and VyT — VrV = [V,T] = 0. Hence T and V are
skew-adjoint. O
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The proof of Theorem 4.5.1 is also based on the Pestov identity, however
instead of the condition Ip f = 0 (so ulasy = 0) we will use that uls, sy =
Ip f. Thus we need to prove a version of the Pestov identity for functions that
may not vanish on dSM. There will be a boundary term involving the vector
field T.

Proposition 4.5.5 (Pestov identity with boundary terms) Let (M,g) be
a compact two-dimensional manifold with smooth boundary. Given any
u € C*°(SM), one has

IVXul? = | XVul® = (KVu,Vu) + | Xull> + (Tu, Vu)gsy.

Proof We begin with the expression ||V Xu 12— X Vul|/? and integrate by parts
using Proposition 3.5.12 (note that integrating by parts with respect to V does
not give any boundary terms). This yields

IVXul> = 1XVul> = (VXu,VXu) — (XVu,XVu)
=—(VVXu,Xu)+ (XXVu,Vu) + (XVu,uVu)ysm
=({(XVVX - VXXV)u,u)
+ (X Vu,uVu)gsm + (VV Xu, pu)asy -
From (4.3) we have XVVX — VXXV = VKV — X?. Integrating by parts
again, we see that
IV Xull> = IXVull® = |Xul? = (K Vi, Vu) + (Xu, pat)gsm
+ XVu,uVu)ysy + (VVXu, uu)ysuy.
We continue to integrate by parts with respect to V in the boundary terms.
Thus
(VVXu,puw)gsm = —(VXu, (Viyu)asm — (VXu,uVu)asm

= (Xu, V2 w)w)asy + (Xu, (Vi) Vu)asu
—(VXu,uVu)ysm.

Combining this with the other boundary terms and using the identities
[X,V]= X, and Vzu = —u, we obtain that

IV Xul® = 1 XVul)* = | Xu > — (KVu, Vi) + (Vi) Xu + pX 1w, Vi)osy.
Thus the boundary term is (T'u, Vu)ysy as required. O

We are now going to prove some additional regularity properties of the
function 7. As in Lemma 3.1.10, consider a function p € C°°(N) in a closed
extension N of M such that p(x) = d(x,dM) in a neighbourhood of dM in
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M and such that p > 0in M and 0M = ,0_1(0). Clearly Vp(x) = v(x) for
x € aM. Using p, we extend v to the interior of M as v(x) = Vp(x) for
xeM.

As before we let p(x,v) := (v,v(x)) for (x,v) € SM, and

T:=(VwX+uX,.

Note that 7 is now defined on all SM and agrees with the vector field T
in Definition 4.5.2 on dSM. In fact T and V are tangent to every 0SM, =
{(x,v) € SM : x € p~'(¢)}, where M, = p~!([e,00)).

Exercise 4.5.6 Prove that [V,T] =0in SM.
Lemma 4.5.7 The functions Tt and Vt are bounded on SM \ 9pSM.

Proof We set h(x,v,t) 1= p(yx,»(t)) for (x,v) € SM \ dpSM and use the
identity X | = [X, V] to compute

T(h(x,v,0) =T(p) = VwXp+pXi1p=VwXp—pnVXp) =0,

since Xp(x,v) = wu(x,v). Therefore, there exists a smooth function a(x,v,t)
such that

T(h(x,v,t)) = ta(x,v,t).

Next we apply T to the equality A (x, v, 7(x,v)) = O to get
oh
T (h(x,v,0)li=r(x,v) + E(x,v,f(x,v))Tr =0.

If we write (y, w) = (¥x,0(T(x,0)), ¥x,v (T (x,0))), then the identity above can
be rewritten as

T(x,v)a(x,v,7(x,v)) + u(y,w)Tt = 0.

If (x,v) € SM \ 9oSM, then p(y,w) < 0 and we may write

B T(x,v)a(x,v,t(x,v))
u(y, w)

Tt =

and since
OS T(X,U) S T(y’ _w)’
—uy,w) — w@y, —w)

it follows that 7't is bounded by Lemma 3.2.8. Since V (p) = 0, the proof for
V7 is entirely analogous. O

The following corollary is immediate.
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Corollary 4.5.8 Let (M, g) be a compact non-trapping surface with strictly
convex boundary. Given f € C*®°(SM), the function

T(x,v)
ul (x,v) = /0 Flor(x,v))dt

has Tu! and Vu! bounded in SM \ 3ySM.
We can now prove Proposition 4.1.3:

Proof of Proposition 4.1.3 We only prove the case k = 1 and refer to (Shara-
futdinov, 1994, Theorem 4.2.1) for the general case in any dimension n > 2.
Recall the formula

T(x,v)
u! (x,v) = /O o) d.

Then If = ul la,sm, and we have proved in Proposition 4.1.2 that
”If”LZ(E)JrSM) < C||f||L2(SM) From Definition 353, we have

X T(x,v)
Vil (6,0) = f @ex.)(ra o) VT (rav) + / df (Z,(x,v)) dt,
0

where Z;(x,v) = %(p, (ps(x,v))|s=0. By Lemma 4.5.7 we have

vul| <C [|f(¢f)| +/0 Idflw,ldt]-

As in Proposition 4.1.2, the L2(8+ SM) norm of the second term is <
Cllfllg (SM)- For the first term, we use that ¢ |3, s = als, sp. Then Lemma
3.3.5 and the trace theorem on SM imply that

If @2, sm) = ClFllzasmy = CILF a1 (sm)-

Thus |V )ll2, smy < ClILf gt sary- A similar argument works for T'(1f),
showing that I: H'(SM) — H'(3,.SM) is bounded.

Finally, note that If vanishes on the boundary of 90,SM whenever
f € C*®(SM). Thus I(C®(SM)) C H01(8+SM), which implies that
I(H'(SM)) C HJ (3+SM) by density. O

Proof of Theorem 4.5.1 We wish to use the Pestov identity from Proposition
4.5.5 for u’ . Since this identity was derived for smooth functions and u/ fails
to be smooth at the glancing region dgpSM, we apply the identity in SM, (as
defined above) and to the function u = u/ |sm, for & small. Since K < O,
Xul = —f,and Vf = 0, we derive

£ 172500, < =T,V asu,
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Letting ¢ — 0 and using Corollary 4.5.8, we deduce (cf. Exercise 4.5.9)
) , .
1025y < —(Tud val) g (4.5)

Since u/|y_sy = 0and Ip f = u’ |y, su € H} (04+SM), we deduce

1

1
1 1 aisary < =TI f Vi Nacsm < ST fIPHIVIOSI?) < S0 f 13,

and the theorem is proved. O

Exercise 4.5.9 Consider the vector field N := uX — V(u)X | and let F; be
its flow. Show that for ¢ small enough F,: dSM — dSM,. Write FdX? =
ged%?, where g, is smooth and go = 1 since Fy is the identity. Show that

(Tu!,vul), o, = (q:(Tu' o F,),Vu' o F,)

OSM, aSM*

Use Corollary 4.5.8 and the dominated convergence theorem to conclude that
ase — 0

(‘IS(T”f °© FE)’ Vul o FE)aSM - (T“f’ V”f)aSM'
Exercise 4.5.10 Let (M,g) be a non-trapping surface with strictly convex
boundary and let f € C*°(SM). Using the Pestov identity with boundary
term and Corollary 4.5.8, show that Xvul e LZ(SM). Using X = [X, V],
conclude that X | uf € L2(SM) and thus uf € H' (SM).

4.6 Stability Estimate in the Simple Case

In this section we show how to upgrade the stability estimate in Theorem 4.5.1
from the case of non-positive curvature to the case of simple surfaces. A glance
at the Pestov identity with boundary terms in Proposition 4.5.5 reveals that we
need to find a better way to manage the ‘index form’ like-term || X Vul* —
(KVu,Vu). We shall do this by using solutions to the Riccati equation; these
exist for simple surfaces as we show next.

Proposition 4.6.1 Let (M,g) be a simple surface. There exists a smooth
functiona: SM — R such that

Xa+a2+K:0.

Proof Consider My a slightly larger simple surface such that its interior
contains M (see Proposition 3.8.7), and let 7y denote the exit time function
for My. We define a vector field at (x,v) € SM as follows:

e(x,v) 1= dog(x, —v) (V(@—15(x,—)))
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V. e(2,0) = dpnge (V)

Figure 4.1 The vector field e and the function a = tan 6.

where ¢ is, as usual, the geodesic flow, see Figure 4.1. Since 1|5y is smooth,
the vector field e is also smooth. As discussed in Section 3.7.2, the geodesic
flow preserves the contact plane spanned by X | and V and thus there are
smooth functions y,z: SM — R such that

e = —yXJ_ + ZV.

It was proved in Section 3.7.2 that t — y(¢;(x,v)) solves a Jacobi equation.
We can see this also as follows: note first that

e(¢r(x,v)) = do:(e(x,v)),
and therefore [e, X] = 0. This implies
0=[-yX| +2zV,X],
and expanding the brackets using Lemma 3.5.5 we obtain
—(Xz+Ky)W+Xy—2X1 =0.

Hence Xz = —Ky and Xy = z. In particular, X2y+Ky = 0 and Y0o sy = 0.
Since My has no conjugate points, y # 0 everywhere in SM and we may
define a := z/y. It follows that Xa = —K — a® in SM as desired. O

Exercise 4.6.2 Using the vector field

d(x,v) := d‘ﬂfro(x,v)(v(ﬁoro(x,v))),
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show that one can construct a smooth function b such that Xb + b> + K = 0
and a — b # 0 everywhere, where a is the solution constructed in the proof
above.

Using the solution a to the Riccati equation given by Proposition 4.6.1, we
will show:

Lemma 4.6.3 Let (M, g) be a simple surface. For any € C*°(SM) we have

IXY 12 — (K, ¥) = IX¢ — ayr|® — (uay, ¥)asu-

Proof Tt is enough to consider real-valued . Using that a satisfies Xa + a® +
K = 0, we easily check that

XY —ay)? = (Xy)? — K¢* — X (ay?).

Integrating over SM and using Proposition 3.5.12 to derive

f X (@) dE® = —(uay. P)osw.
SM

the lemma follows. O
‘We now show:

Theorem 4.6.4 (Stability estimate for simple surfaces) Let (M, g) be a simple
surface. Then

I f N z2any = Cllof o, sm)
forany f € C*®°(M), where C is a constant that only depends on (M, g).

Proof As in the proof of Theorem 4.5.1, the starting point is the Pestov identity
with boundary terms given in Proposition 4.5.5. We apply it on M, (as defined
in Section 4.5) and to the function u = uf|SMg for & small. Since Xu/ = —f
and Vf = 0, we derive

||f||L2(SMF —|xvul HLz(SM )+ (KVul, Vuf)SMg — (Tu/, Vuf)aSMg.

Applying Lemma 4.6.3 for ¢ = Vuf|5Ms, we obtain

||f||L2(SM) < —(Tu’, Vuf)aSMg + (,u,aVuf,Vuf)BSMs,

where u is defined on SM using the extension of v explained in Section 4.5
(for small ¢ it is the inward normal to M,). We can clearly find a constant
C > 0 depending only on (M, g) such that

(MaVuf, V“f)aSMg = C”VMf”iz(aSM‘).
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If we let ¢ — 0 and use Corollary 4.5.8, we obtain

13 < —(Tu’,vu')

2
L2(SM) = + CH vul ||L2

ISM SM)”

Since uf|375M =0and Ipf = uf|3+5M € H(; (04+SM), we deduce that there
is a constant C such that

2 2
||f||L2(SM) = C”IOf”Hl(?LrSM)’
and the theorem is proved. O

Exercise 4.6.5 Use the fact that u” is smooth for f even (cf. Theorem 5.1.2)
to give a proof of the stability estimate of Theorem 4.6.4 that does not require
the approximation argument with SM,.

4.7 The Higher Dimensional Case

Although the results in Sections 4.3—4.6 have been stated in dimension two,
they remain valid in any dimension n > 2. In this section we will give the
corresponding higher dimensional results. The proofs are virtually the same
as in the two-dimensional case, but the Pestov identity will take a slightly
different form. We will follow the presentation in Paternain et al. (2015a),
which contains further details.

Let (M, g) be a compact oriented n-dimensional manifold with n > 2. When
n = 2 the analysis on the unit sphere bundle SM was based on the vector fields
X, X1, and V. The geodesic vector field X is well defined in any dimension
(see (3.5)). We wish to find higher dimensional counterparts of X and V.

Recall the splitting TSM = RX®HDV in Section 3.6, where the horizontal
and vertical bundles H, ) and V, . are canonically identified with elements
in {v}* C T M. Then for any u € C>®°(SM) we can split the gradient Vg u
with respect to the Sasaki metric G as

h v
Vsuu = (Xu)X,Vu,Vu).
h v
The horizontal gradient V and vertical gradient V are operators
h v
V,V:C®(SM) - Z,

where Z :={Z € C*°(SM,TM) : Z(x,v) € TyM and Z(x,v) L v}.
We define an L? inner product on Z via

(Z.Z") 2 sm) = / (Z(x,v),Z (x,v)) d=>"" 1.
SM
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h v
The horizontal divergence div and vertical divergence div are defined as the

h 4
formal L? adjoints of —V and —V, respectively. They are operators
h v
div,div: Z — C*(SM).
We also need to define the action of X on Z as
XZ(x,v) := Di(Z(¢p:(x,)))]i=0,

where D; denotes the covariant derivative on M.

h v
The operators V and V are the required higher dimensional analogues of
X and V, as indicated by the following example:

Example 4.7.1 When n = 2, one has Z = {z(x,v)v’ : z € C®(SM)}. It is
easy to check (see Paternain et al. (2015a, Appendix B)) that

b 1

Vulx,v) = —(X u)v,

s I

Vu(x,v) = (Vu)v—,
and

o 1L

div(z(x,v)v™) = —X | z,

d\i,v(z(x,v)vL) =Vz.

The following result is the analogue of the basic commutator formulas in
Lemma 3.5.5. Below, R(x,v): {v}t — {v}* is the operator determined by the
Riemann curvature tensor R via R(x,v)w = R, (w,v)v.

Lemma 4.7.2 (Commutator formulas) The following commutator formulas
hold on C*®°(SM):

v h
[X,V]= -V,
h v
[X,V]I=RYV,

h v v h
divV —divV =(mn—-1)X.
Taking adjoints, we also have the following commutator formulas on Z:
v h
[X,div] = —div,

h A
[X,div] = divR.
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We also have integration by parts formulas (cf. Proposition 3.5.12):

Proposition 4.7.3 (Integration by parts) Let u,w € C*(SM) and Z € Z.
Then

Xu,w)spy = —(u, Xw)sy — (v, vu,w)ysm,
h h

Vu,Z)sy = —(u,divZ) sy — U, {Z,v))asm,
v v

Vu,Z)spy = —(u,divZ) sy .

The formulas above imply the higher dimensional version of the Pestov
identity. The proof is the same as for n = 2, and we can also include boundary
terms (see e.g. [lmavirta and Paternain (2020)).

Proposition 4.7.4 (Pestov identity with boundary term) Let (M,g) be a
compact manifold with smooth boundary. If u € C*°(SM), then

v 2 \% 2 v v 2 \%
IVXull” = | XVull” — (RVu,Vu) + (n — D|| Xull” + (Tu, Vu)ysm,

h v
where Tu := uVu — XuVu.

Remark 4.7.5 The identity in Proposition 4.7.4 is an ‘integrated’ form of the
Pestov identity. In previous works, also ‘pointwise’ or ‘differential’ versions of
this identity appear. In fact, using the commutator formulas it is easy to prove
the pointwise Pestov identity

v 2 v 2 v v 2
IVXul* — | XVul|“ + (RVu,Vu) — (n — 1)| Xu|
h v h A4 v h
=X [(Vu,Vu):| — div |:(Xu)Vu:| + div |:(Xu)Vui|

for any u € C*°(SM). Proposition 4.7.4 could be obtained by integrating this
identity over SM.

The injectivity of the X-ray transform Iy on simple manifolds follows from

the Pestov identity if we can prove that ||X%u||2 — (R%u,%u) > 0 when
ulpsm = 0. This follows by using Santalé’s formula and the index form as in
Proposition 4.4.3. Moreover, we have the more precise counterpart of Lemma
4.6.3, which also includes boundary terms:

Lemma 4.7.6 Let (M, g) be a simple manifold. There is a smooth map U on
SM so that U (x,v) is a symmetric linear operator - solving the
Riccati equation

XU +U*+R=0inSM.
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For any Z € Z we have
IXZ||> — (RZ,Z) = |XZ — UZ|* = (nUZ,Z)ssm-

The proof of this lemma is very similar to the proof of Paternain et al.
(2015a, Proposition 7.1). The term X U in the Riccati equation is defined using
the Leibniz rule, that is, by demanding that X (UZ) = (XU)Z + UXZ. The
solution to the Riccati equation (cf. Paternain (1999, Chapter 2)) is obtained
by enlarging (M, g) slightly and flowing the (Lagrangian) vertical subspace by
the geodesic flow exactly as in the proof of Proposition 4.6.1.

We now state the injectivity result for Iy, and the more general injectivity
result involving functions and 1-forms as in Theorem 4.4.2.

Theorem 4.7.7 (Injectivity of Iy) Let (M,g) be a simple manifold, and let
fx,v) = fo(x) + aly(v) where fo € C®°(M) and « is a smooth 1-form on
M.IfIf =0, then fo = 0and a = dp for some p € C®°(M) with plyy = 0.
In particular, Iy is injective on C*°(M).

Following the argument in Section 4.6, we also obtain a stability result for
Ip in any dimension.

Theorem 4.7.8 (Stability estimate for simple manifolds) Let (M,g) be a
simple manifold. Then

I 2y < ClHoSf g o, s
forany f € C®(M), where C is a constant that only depends on (M, g).
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