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Abstract  Let k be a field, let k* = k \ {0} and let C2 be a cyclic group of order 2. We compute all of
the braided monoidal structures on the category of k-vector spaces graded by the Klein group Cy x Ca.
For the monoidal structures we compute the explicit form of the 3-cocycles on C2 x C2 with coefficients
in k*, while, for the braided monoidal structures, we compute the explicit form of the abelian 3-cocycles
on Cy X Cg with coefficients in k*. In particular, this will allow us to produce examples of quasi-Hopf
algebras and weak braided Hopf algebras with underlying vector space k[C2 x Ca].
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1. Introduction

For a field k£ and a group G it is well known that the category of G-graded vector spaces
Vect® is a monoidal category. Now consider monoidal structures on Vect® with the
same tensor product, unit object k, and the natural unit constraints, but with different
associativity constraints. These monoidal structures are in bijective correspondence with
the normalized 3-cocycles on G with coefficients in k* = k\ {0}. In the case where G is
abelian, the braided monoidal structures on Vect® are in bijective correspondence with
abelian 3-cocycles. These are normalized 3-cocycles together with a so-called R-matrix.
Isomorphism classes of braided monoidal structures are then classified by the cohomology
group H3 (G, k*), which is isomorphic to the group of quadratic forms QF(G,k*) by a
result of Eilenberg and Mac Lane [10-13].

Associative algebras in Vect® with one of these monoidal structures are usually not
associative in the usual sense. Notable examples include Cayley—Dickson algebras and
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Clifford algebras: in [1,3], Albuquerque and Majid show that they are associative alge-
bras in a suitable symmetric monoidal category of graded vector spaces. Other examples
are given by superalgebras. These are algebras in Vect®?
tive algebras in the category of anyonic vector spaces Vect® with a suitable monoidal
structure.

In the case where G is a cyclic group, the classification of braided monoidal struc-
tures on Vect® is presented in [15,16]. The monoidal structures on Vect? are all triv-
ial, and the braided monoidal structures are given by the R-matrices Ry : Z X Z — k*,
Ra(z,y) = a®, with « € k*. For a finite cyclic group, we have H3(Z,,, k*) = u,,(k), the
group of nth roots of 1. The cohomology class corresponding to ¢q € p, (k) is represented
by the normalized 3-cocycle

or, more generally, associa-

1 fy+z<n,
nymesn for all z,y,z € {0,1,...,n — 1}. (1.1)

¢q($,y,2) = {

¢ ify+z=n

The braidings on Vect? are represented by abelian cocycles (¢, R,) with v € k* such
that v = 12" = 1, where R(z,y) = v*¥ for all z,y € {0,...,n — 1}. Note that the case
G = Zj3 has also been handled in [2, Propositions 6 and 7].

We continue the classification of braided monoidal structures on Vect®. As we have
explained, the cyclic case has been covered completely. In what follows, we complete
the classification in the easiest remaining case, that is, the case where G is the Klein
group, the product Cy x Cs of two cyclic groups of order 2. Using techniques from
homological algebras, we can describe H3(Cy x Ca,k*) (see Proposition 2.3). However,
for explicit monoidal structures we need explicit formulae for the cocycles. In §3 we
reduce this problem to the computation of so-called happy 3-cocycles and then, after
some computations, we find out the explicit form of these elements (see Theorem 3.5). It
turns out that there are three types of normalized happy 3-cocycles, which are denoted
by ¢x, he and gy, respectively (X C (Cy x C3) \ {e} and a,b € k*).

The abelian cocycles are computed in §4. Using the Eilenberg-Mac Lane theorem we
can compute H3 (C2 x Ca,k*) but, again, we want to compute the explicit formulae
for the R-matrices. When k£ does not contain a primitive fourth root of unit, there are

t“2%C2 4l of them having the trivial cocycle as

eight non-isomorphic braidings on Vec
an underlying 3-cocycle (see Proposition 4.3). If k has a primitive fourth root of unity i,
then we have 24 additional non-isomorphic braidings with underlying cocycles ¢ x, with
|X| = 2 (see Proposition 4.4). In this case, H3, (C2 x Ca,k*) = Cy x C4 x Cy. In both
cases, there are only four non-isomorphic symmetric monoidal structures.

The importance of having an explicit formula for the cocycles and R-matrices is illus-
trated in §5, where we construct explicit examples of quasi-Hopf algebras and weak
braided Hopf algebras. Quasi-Hopf algebras are obtained by explicitly determining some
Harrison 3-cocycles corresponding to some 3-cocycles on C,, and Cy x Cs, while the weak
braided Hopf algebras are built on k[C),] (respectively, k[Cy x C3]) with the help of a
coboundary abelian 3-cocycle on C,, (respectively, on Cy x C5). Note that the latter are
commutative and cocommutative weak braided Hopf algebras in Vect“" (or, respectively,

https://doi.org/10.1017/50013091509001746 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091509001746

The braidings of Vect® 615

Vectczxc"‘), which are symmetric monoidal categories with braided monoidal structures
defined by a so-called 2-cochain on C,, (respectively, on Cy x Cs).

2. Preliminary results

2.1. Braided monoidal categories

A monoidal category is a category C together with a functor ®: C x C — C, called
the tensor product, an object 1 € C called the unit object, and natural isomorphisms
a: ®o(®x1d) - ®o (Id x ®) (the associativity constraint), I: ® o (1 x Id) — Id (the
left unit constraint) and r: ® o (Id x1) — Id (the right unit constraint). In addition, a
has to satisfy the pentagon axiom, and [ and r have to satisfy the triangle axiom. We
refer the interested reader to [17,19] for a detailed discussion. In what follows, for any
object X € C we will identify 1 ® X =2 X = X ® 1 using lx and rx.

The switch functor 7: C x C — C x C is defined as 7(X,Y) = (Y, X). A braiding on a
monoidal category C is a natural isomorphism c: ® — ® o 7, satisfying certain axioms
(see, for example, [17,19]). If cx y = c;}X for all X,Y € C, then we call C a symmetric
monoidal category.

We are mainly interested in the case where C = Vect®, the category of vector spaces
graded by a group G. We will write G multiplicatively, and denote by e the unit element
of G. Recall that a G-graded vector space is a vector space V together with a direct
sum decomposition V = sea Ve An element v € Vj is called homogeneous of degree
g, and we write |v| = g € G. For two G-graded vector spaces V and W, a k-linear map
f: V. — W is said to preserve the grading if f(V,) C W, for all g € G. Vect® is the
category of G-graded vector spaces and grade-preserving k-linear maps.

2.2. Monoidal structures on Vect®

For two G-graded vector spaces V and W, V ® W is again a G-graded vector space,
with (V@ W), = @,,-, Vo ® W;. If the k-linear maps f: V' — V' and g: W —
W' are grade preserving, then f ® g is also grade preserving, hence we have a functor
®: Vect? x Vect® — Vect®. k is a G-graded vector space, with k. = k and k; = 0
for all G © g # e. The problem is now to describe monoidal structures on VectG, with
® as tensor product and k as the unit object. It is known that these correspond to
3-cocycles ¢ on G with coefficients in k*. To solve this problem, we need to give the
possible associativity and unit constraints.

To this end, let us first recall the definition of group cohomology. Let K™(G,k*) be
the set of maps from G™ to k*. K™ (G, k*) is a group under pointwise multiplication. We
have maps A,,: K™(G,k*) — K""Y(G, k*). Ay and Az are given by the formulae
Aa(9)(@,y, 2) = gy, 2)g(zy, 2) " g(x, y2)g(z,y) ",

As(f)(@,y,2,t) = fy, 2, 0) f(@y, 2,8) " flz,yz, t) fz,y, 2t) " fz,y, 2).
It is well known that

B"(G,k*)=ImA,_1 C Z"(G, k") = Ker(A,,).
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The nth cohomology group is defined as H"(G,k*) = Z"(G,k*)/B"(G,k*), and two
elements of H"(G, k*) are called cohomologous if they lie in the same equivalence class.
The elements of Z3(G, k*) are called 3-cocycles, and the elements of B3(G, k*) are called
3-coboundaries. ¢ € K3(G, k*) is a 3-cocycle if and only if

o(y, 2, )p(x,yz,t)d(x, y, 2) = ¢(ay, 2, t)d(x, y, 2t) for all 2,y,z € G. (2.1)
A 3-cocycle ¢ is called normalized if ¢(x,e,z) =1 for all x,z € G.

Lemma 2.1. If ¢ is a normalized 3-cocycle, then ¢(e,y,z) = ¢(x,y,e) = 1 for all
x,y,2 € G. A coboundary Ay(v) is normalized if and only if ¥(e,x) = ¥(z,e) for all
x,z € G. Then v is called a normalized 2-cochain on G.

Proof. Taking z = e in (2.1), we find that ¢(z,y,e) = 1. Taking y = e, we find that
@(e, z,t) = 1. The proof of the second statement is straightforward. |

Monoidal structures on Vect® are in bijective correspondence to the elements of
Z3(G, k*). Given a 3-cocycle ¢, the corresponding associativity constraint is given by
the formula

av,w,z((v@w) @ 2) = ¢(|v], lwl, |z])v © (w & 2)

for G-graded vector spaces V, W and Z, and v € V, w € W and z € Z homogeneous.
The unit constraints are given by the formulae
rv(v® 1) = o(vl], e, e)v, lv(1®v) = ¢(e e, |v]) to.

If ¢ is normalized, then the unit constraints are trivial. Two monoidal structures on
Vect? give isomorphic monoidal categories if and only if their corresponding 3-cocycles
are cohomologous. In order to solve our problem, it therefore suffices to compute the
3-cocycles that represent the elements of H3(G, k*). Actually, we can restrict attention
to normalized cocycles.

Lemma 2.2. Every 3-cocycle ¢ is cohomologous to a normalized 3-cocycle.

Proof. Takey = z = e in (2.1). Then we find ¢(x, e, t) = ¢(e, e,t)p(x, e, €). In particu-
lar, it follows that ¢(e, e,e) = 1 (take 2 = t = e). Then consider the map g: G x G — k*,
g(z,y) = d(e,e,y) " to(x,e,¢e), and compute that

Ao(g)(@,e,y) = gle,y)g(z,y) " g(a,y)g(a,e) "
= ¢z, e,y) 7"
It then follows that ¢As(g) is normalized. O

Let B3(G,k*) and Z2(G, k*) be the subgroups of B3(G,k*) and Z3(G, k*) consisting
of normalized elements. We then have a well-defined group morphism

Za(G k") [BYG. k) 3 ¢ & € Z°(G, k™) /B (G, k")
that is surjective by Lemma 2.2. It is easy to see that it is also injective, and therefore
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2.3. Braided monoidal structures on Vect®

The next problem is to describe all braided monoidal structures on VectG, with ® as
the tensor product and k as the unit object. Such a braiding can only exist in the case
where G is abelian. In this case, these structures are in bijective correspondence with
so-called abelian 3-cocycles in G [15,16]. An abelian 3-cocycle is a pair (¢, R), where ¢
is a normalized 3-cocycle and R: G x G — k* is a map satisfying

R(zy, 2)p(x, 2,y) = ¢(x,y, 2)R(x, 2)p(2, 2, y)R(y, ), (2.2)
(z,y, 2)R(w,y2)¢(y, 2, x) = R(x,y)d(y, z, 2)R(z, 2)

for all z,y,z € G. If we take x = y = e in (2.2) and y = z = e in (2.2), then we
immediately obtain that
R(e,z) = R(x,e) = 1. (2.4)

We call ¢ the underlying 3-cocycle, and R the R-matrix. The corresponding monoidal
structure is defined by ¢, and the braiding is described by the formula

cvw(v@w) = R(|v], [w)w v

for all V,W € Vect® and v € V and w € W homogeneous. It is easy to show that the
formulae (2.2) and (2.3) express the commutativity of the hexagonal diagrams in the
definition of a braiding.

Take ¢: G x G — k* satisfying ¢(e,x) = ¢(y,e) for all z,y € G, so that Ag(¢)) is
normalized. Consider the map

Rw: GxG— k'*, Rzp(f,y) = w<x7y)_1w(yax)

Then (A2(?),Ry) is an abelian 3-cocycle called an abelian 3-coboundary. The sets
Z3 (G, k*) of abelian 3-cocycles and B2, (G, k*) of abelian 3-coboundaries are abelian
groups under pointwise multiplication, and Hg’b(G,k*) is defined as the quotient
73 (G, k*)/ B3, (G, k*). Two braided monoidal structures on Vect® are isomorphic if
and only if their corresponding abelian 3-cocycles are cohomologous. Finally, observe
that (¢, R) € Z3, (G, k*) defines a symmetric monoidal structure on Vect® if and only if
R(z,y)R(y,z) =1 for all z,y € G.

2.4. Some homological algebra

We can compute certain cohomology groups using techniques from homological algebra.
For r,s € Ny, let (r,s) be the greatest common divisor of  and s. Denote by p.(k) the
group of rth units in k, and by k*(") := {a" | a € k}. We also denote by C, the cyclic
group of order s written multiplicatively, and by Z, we denote the cyclic group of order
r, written additively this time.

Proposition 2.3. Let k be a field and let r,s € Ny. Then

H*(Cy k) = (k) }

(2.5)
H*(Cr x Cs) = K /K" 5 py (k) X (k) X pagr ) (K).
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Proof. We have the following consequence of the universal coefficient theorem (see,
for example, [21, Exercise 6.1.5]):

H"™(G, k*) = Ext}(H,_1(G,Z),k*) x Homz(H,(G,Z), k*), (2.6)
where H,(G,Z) = Tor““(Z,7) is the nth homology group of G with values in Z.
(i) We apply (2.6) in the case where n = 3 and G = C,. & Z,.. From [21, Example 6.2.3],
we recall that
Ho(Cy,Z) =7, Hoy,1(Cy, Z) = Zy, Ho, (Cr,Z) = 0,
for n > 1. It follows immediately that
Exty,(Hy(C,p,Z),k*) =0 and Homg(Hs(C,,Z),k*) = Homgz(C,, k*) = p,(k),
proving the first formula in (2.5).

(ii) It follows from the Kiinneth formula (see, for example, [21, Proposition 6.1.13])
that

H,(Gx HZ) = || Hy(G,Z) @z Hy(H,Z)
e x [ Torl(H,(G,Z), Hy(H,Z)).

ptg=n—1
Now, for any positive integers p, ¢ we have
Loy Ry, Tg = Z(m) for p, g odd,
7 ®yLs = L for p =0 and ¢ odd,
Ly Ry 1= Ly for p odd and ¢ =0,

0 otherwise

H,(C,Z)®z Hy(Cs,Z) =

and

Tor{(Z,,Zs) = Z(, 5 for p,q odd,

Tor¥(Z,7Zs) = 0 for p =0 and ¢ odd,
=0

Tor?(H,(C,,Z), Hy(Cs, 7)) =
e ’ TorZ(Z,,7)

for p odd and ¢ = 0,

0 otherwise.
Substituting these formulae into the Kiinneth formula, we find that
H2(OT X CS,Z) = Z(r,s) and Hg(CT X CS,Z) = Z,- X Zs X Z(r,s)~

It is well known that
Ext}(Z. 5, k*) = k* /k*("*)

(see, for example, [20, Theorem 7.17]) and that
Homgz(Zy X Zg X Lrs), k™) = pr(k) X ps(k) X pi(r,5) (k).

The second formula in (2.5) then follows after we apply (2.6). O
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2.5. The Eilenberg—Mac Lane theorem

The Eilenberg-Mac Lane theorem gives a description of H2, (G, k*) for an arbitrary
abelian group G. A function QQ: G — k* between abelian groups G, k* is called a
quadratic form when Q(z~!) = Q(z) and

Q(ryz)Q(z)Q(y)Q(2) = Qry)Q(z2)Q(yz) (2.7)

for all z,y,z € G. The set of quadratic forms on G with values in k* is denoted by
QF(G, k*). It is easy to see that the pointwise product of two quadratic forms is again a
quadratic form, so QF(G, k*) is an abelian group.

Theorem 2.4 (Eilenberg and Mac Lane [10-13,18]). Let G be an abelian group
and (¢,R) € H3, (G, k*). Then Q: G — k* given by Q(z) = R(z,z) for allz € G is a
quadratic form on G with values in k*. It is called the trace of the abelian 3-cocycle
(¢, R). Furthermore, trace induces a group isomorphism EM: H3, (G, k*) = QF(G, k*).

We refer the reader to [15, p. 35, Theorem 12] for a proof of the Eilenberg—Mac Lane
theorem.

3. Computation of the 3-cocycles on the Klein group

The Klein group is the non-cyclic group of order 4, Cy x Cs. It follows from Proposition 2.3
that

H3(Cy x Co, k*) 2 k* /E*®) x pig(k) x pa(k).

In order to be able to describe the monoidal structures on the category of vector spaces by
the Klein group, we need the cocycles explicitly. This explicit form will also be required
in §4, where we will compute the abelian 3-cocycles. In this section we compute the
cocycles manually.

We will work over a field k of characteristic not equal to 2. In what follows, we write

G =Cyx Cy=1{e,o,7,p}, withor =70 =pand 0> =72 =e.

3.1. The normalized coboundaries

Consider g: Cy x Cy — k*. If Ay(g) is a normalized coboundary, then g is determined
completely by the following data (see Lemma 2.1):

g(o,0) =a1, g(1,7)=az, g(p,p) = as,

g(o,7) =b1, g(7,p) =b2, g(p,0)=Dbs, (3.1)
g(r,0) =bs, glo,p)=bs, g(p,7) = bs,

gz, )=¢, g(l,x)=c

for all x € G. All other values of g are equal to 1. Normalized coboundaries thus depend
on the choice of 10 parameters aq, as, as, b1, ba, bz, by, b5, bg, ¢ € k*. For later use, we list
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some of the values of Aq(g):

As(g)(0,0,0) = Aa(g)(7,7,7) = Da(g)(p; p, p) = 1, (3.2)
Do(g)(o,0,7) = bibsay e, Aa(g)(p, p,0) = babsaz e,
As(g)(1,0,0) = bZlbglalc, As(g)(o,1,0) = bf1b§1b4b5,

Az(g9)(0,7,p) = by baaraz ", Aa(g)(,p,0) = by 'bsazay, (3.3)
Az(g)(p, 0, 7) = by 'bragay Az(g)(T o,p) = by 'bsazaz
As(9)(0,p,7) = by tbearay s Ao(g)(p, T, 0) = by Tbaazayt.

3.2. The cocycle relations
Taking x =y = z =t = o in (2.1), we find that ¢(c,0,0)? = 1. Thus,
g = ¢(0,0,0) = 1. (3.4)
We have similar formulae for e, = ¢(7,7,7) and €, = ¢(p, p, p). Since every coboundary

takes the value 1 at (0, 0,0), (7,7, 7) and (p, p, p), we see that €5, €, and €, stay invariant
if we replace ¢ by a cohomologous cocycle.

Lemma 3.1. Any normalized 3-cocycle ¢ satisfies the relations

o(ps7,7) = r¢(0, T, T), (3.5)

O(1,7,p) = e-d(7,7,0), (3.6)

o(7,p,7)p(7,0,7) = €7, (3.7)

¢(07 7,7)¢(0,0,7)p(0,p,T) =1, (3.8)
)0, T, 0)p(0,p,7) = ¢(p, 0, 7)P(0, T, p), (3.9)
¢(o,7,7)p(1,7,0) = ¢(p, T, 0)P(0, T, p), (3.10)

ee9(T, p,0)p(0, 7, p) = ¢(p, p,0)P(0, T, T), (3.11)
o(7,p,7)d(0,0,7)$(0, T, p) = sb(p,p, T)¢(0, T, 0), (3.12)
(7, p, p)p(0,0,p)p(0, 7, p) = €p. (3.13)

These relations remain valid after we apply a permutation of (o, T, p).

Proof. All the formulae follow directly from the cocycle relation (2.1). We subse-
quently take ¢ = o,y = 2=t =7 35);z =y =2z=71,t =0 (3.6); y = o,
x=z=t=r7 (3.7) (applying (3.5));x =y=0,2=t=7(38);a=z=0,y=t=r1
B9)sax=t=0,y=2=7@10);x=t=0,y=7,2=p@Bll);z=0,y=1t=r,
z=pBl2)x=0,y=7,2=1=p (3.13). O

Lemma 3.2. Let ¢ be a normalized cocycle and write

p= ¢(U’ T, p)¢(77 P U)¢(p7 g, T)7 q= ¢(p7 T, U)¢(Ua Ps T)()b(Tv g, p)'

Then
P =q=¢csere, = %1 (3.14)
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Proof. We compute

b= (725(0, T, p)(rb(T’ P O’)QS(/), a, T)

(Sél) 50¢(ﬂa P U)¢<U’ 7, T)(b(p, 0,7)

3.5),(3.6
( ):( ) €a€p57—¢(pa Ps T)¢(p7 T, T)¢(p, o, T)

(3.8)
=" €5ErEp.

In a similar way, we prove that ¢ = e,e,¢,. g

3.3. Reduction to happy cocycles

A normalized 3-cocycle ¢ is called even (respectively, odd) if p = 1 (respectively,
p = —1). ¢ is called happy if ¢(x,y, 2z) = p whenever z, y and z are pairwise distinct and
not equal to 1.

Proposition 3.3. Every 3-cocycle ¢ is cohomologous to a happy normalized 3-cocycle.

Proof. It follows from Lemma 2.2 that we can assume that ¢ is normalized. Let g be
defined as in (3.1), with a; = as = a3 =1, by = bs = p, by = ¢(0,7,p) "1, b3 = ¢(p, 0, 7),
by = ¢(1,0,p), bg = ¢(0,p,7)"" and ¢ = 1. Applying (3.3), we find immediately that
¢Asz(g) is happy. 0

3.4. Description of the happy cocycles

Assume that ¢: G x G X G — k* is happy and normalized. This means that it satisfies
the following properties:

(i) ¢(z,y,z) =1 if one of the three entries is 1;
(i) e, = ¢(x,z,2) = £1 for all z € {0, 7, p};
(iil) ¢(z,y,2) =p =eser, if (x,y, 2) is a permutation of (o, T, p).
The cocycle relations (3.8)—(3.13) then simplify as follows:
¢(07 7, T)¢(07 UaT) =D ( )
¢(T’ 0.7 T)QS(O-? T7 U) :p7 ( )
¢(o,7,7)p(T,7,0) =1, (3.17)
Eo = ¢(p,p,0)¢(U,T,T), ( )
p(b(Tv P T)(b((]‘, g, T) = ¢(P7P;T>¢(U, T, U)a ( )
¢(T>P7P)¢(Ua va) :pgp, ( )
Proposition 3.4. Let ¢: G x G x G — k* be happy and normalized. Then ¢ is a
3-cocycle if and only if (3.5)-(3.7) and (3.15)—(3.17) (and their permuted versions) are

satisfied. In other words, the cocycle relations (3.18)—(3.20) follow from the other cocycle
relations.
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Proof. One implication is clear. Conversely, suppose now that (3.5)—(3.7) and
(3.15)—(3.17) are satisfied. We show that (3.18)—(3.20) hold. Indeed, we have

(3.5),(3.6)
o(p, p,0)p(o,7,7) = gpb(p, p,T)ED(P, T, T)
(3.15)
= &p&rP = Eo,

(3.7),(3.15) _ _
(3.16),(3.5) _
= ¢(Ja T, U)P¢(Pa 7, T) !

O 40,7, 0)b(p, py ),

6(r,p, )80, 0, p) E 2,6(0, p, p) b, 7, )
(3.15)
= DEp,

and this completes the proof. (I

Theorem 3.5. Let ¢ be a happy normalized 3-cocycle. ¢ is completely determined
by €o, €1, €p, a = §(T,0,0) and b = ¢(o, T,0). More precisely, we have

a=¢(r,0,0) =pp(o,7,7T)
= pp(7,7,0) " = ¢(0,0,7) "
= e.0(p,0,0) = ped(, p, p)
=co0(0,0,p) " = peoad(p, p,0) "
=ped(p, 7, 7) = €-9(T, p, p) (3.21)
= pe-d(m,7,p) " = er(p, p, 7)Y,
b= ¢(0,7,0) = pesd(p, 0, p)
= per (7, p,7) = pd(7,0,7) "
=eop(o,p,0) "t = e 0(p,m,p) 7

Proof. Recall first that some of the cocycle conditions simplify if ¢ is happy. Using
these simplified cocycle relations, we compute

o(r.7,0) 2 po(r,0,0) = po,
¢(o,7,7) 617 o(r,7,0)7 !
=Y po(r.0.0) = pa.
olo,0.7) 2 po(or7) = a,
o(p,0,0) (22 ee(1,0,0) = ag,,
6(p,7.7) E) e (0,7, 7) = pac,,
(3.6) 1

¢(0'7 g, p) = €U¢(07 a, T) =a €o
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o(r.7,0) 2 e o(r, 7, 0) 2V pale,,
6(0,0,0) =" pd(0,0,p) " = pac,,

6(r, p,0) 2 po(r,7,0) 7" = aes,

(0.0, 0) "= po(p,0.0) " = pa e,
6(p.0.7) =" po(p,r. ) = a e,
6(r.0,m) "= (o, o) = pb
6(r,p,7) & e 6(r, 0, 7)1 = pesb,
6(p.7.0) =" polr, p.r) Tt = b7,
6(p,0,0) Z) e,0(p,7,0) ™" = ep2rb = pe,b,
¢(o,p,0) &D eop(o, T, U)_1 =e,b7 1,

as we claimed, so our proof is complete. (|

The maps ¢ described in Theorem 3.5 are indexed by the parameters e,, -, €, €
{=1,1} and a,b € k*. It is a routine computation to verify that they all satisfy (3.5)—(3.7)
and (3.15)—(3.17), hence, they are all 3-cocycles by Proposition 3.4. This tells us that
there is a bijection from the subgroup Z3(Cy x Ca, k*) of Z3(Cy x Co, k*) consisting of
happy normalized cocycles to the set C3 x (k*)2.

Let H be the subset of Z3(Cy x Ca, k*) for which the corresponding parameters a and
b are equal to 1. This is also the subset of Z3(Cqy x Cq, k*) consisting of cocycles ¢ for
which ¢(7,0,0) = ¢(0,7,0) = 1. It is then clear that H is a subgroup of Z3(Cy x Ca, k*)
consisting of eight elements:

H, = {¢X | X C {O',T,p}}.

¢y is the trivial 3-cocycle and, for a non-empty subset X of {0, 7, p}, ¢x is the 3-cocycle
defined as follows: €, = —1 if and only if z € X. The multiplication on H; is the following:

dxdy = dxay,

where XAY = (X \Y)U (Y \ X) is the symmetric difference of the sets X and Y. ¢x
is an even cocycle if and only if | X| is even. It follows that H; = Cy x Cy x Co.

Since a normalized cocycle takes the value 1 if one of the three entries is equal to e,
we can view them as functions {o, 7, p}* — k*. From the description in Theorem 3.5, it
follows that the eight cocycles in H; are invariant under permutation: ¢x o s = ¢ x for
all X C {o,7,p} and s € S3.

Let {P., P,, P;,P,} be the basis of k[G]* = k% dual to the basis {e,0,7,p} of k[G].
Then the following elements of k¢*%*C =~ k[G]* ® k[G]* ® k[G]* are invariant under
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permutations:
X =3 Pio) ® Pyr) ® Pyp),
SES3
X:E:Pw®PI®P17 1’6{0777[)}7
Xey=FPo@OPy@Py+PyQP, Py +P,QP,®P,, z#ye€{oTp}

Viewed as maps G X G x G — k*, these can also be described as follows:

X( ) 1 if {w,y,2} = {o,7, 0},
T, Y,2) =
Y 0 otherwise,

1 fze=y=z2z=o0,

Xo(x,y,2) = {

0 otherwise,

and X, ,(z,y,z) = 1 if one element of (x,y, z) equals o and the two others equal 7, and
Xor(x,y,2) = 0 otherwise.

Also observe that the X, X, and X, , are orthogonal. From Theorem 3.5, we now
deduce the following formulae for the elements of Hy,

oy =1 —2(Xo + Xor + Xpr + Xp o + X),
Gy =1-2(X, + X5, + X+ Xo r + X),
iy =1 -2(Xp + Xor + Xpr + X p + X)),
Plory =1 -2(Xo + X5 + Xy r + Xo ) + Xpo + Xo ), (3.22)
Plopy =1 =2(Xo + X, + X, 0 + Xo,p),
¢{T,p} =1- 2(XT + Xp + Xp,r + Xr,p)a
Plorpr =1 =2(Xo + Xr + X, + Xpo + Xor + X7 p + X).

For any b € k*, let g, be the cocycle that we obtain taking a = 1, e, =¢; =¢, =1 in
Theorem 3.5. We have

b if (z,y,2) € {(o,7,0),(p,0,p), (1,0, 7)},
(T, y,2) = b~ if (2,9, 2) € {(1,0,7),(0,p,0), (p,7,p)}, (3.23)
1 otherwise.

For any a € k*, let hy be the cocycle that we obtain taking b =1, e, =e¢; =¢,=11in
Theorem 3.5. Thus,

a ifetx£ty==z2=#e,
ho(z,y,2) =¢Ca™ ! ifeta=y#z+#e,
otherwise.

It is clear that

Hy={gy | bek*} and Hz={h,|a€k"}
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are subgroups of Z3(Cy x Ca, k*). Therefore, Z3(Cy x Ca,k*) = Hy x Hy x Hs, and we
have the following result.

Corollary 3.6. We have an isomorphism of abelian groups

Zg(CQ X Cg,k*) = CQ X Cg X Cg x k* x k*.

It is easy to see that h,g, is invariant under permutation if and only if a = b = —1.

Observe also that
ho1g1 =1 =2(Xp0 + Xoyp + Xorr + Xrg + Xrp + Xp0),
h—lg—l(b{o,-r} =1- Q(XO' + X+ XT,p + Xp,T)-

The subgroup H of Z3(Cy x Ca, k*) consisting of cocycles invariant under permutation
is the subgroup generated by H; and h_;9_1, and it follows from Corollary 3.6 that
H =Y.

H3(Cy x Co,k*) is an epimorphic image of Z3(Cy x Ca, k*). We need to figure out
which happy normalized cocycles are coboundaries.

Proposition 3.7. If X # (), then ¢x is not a coboundary. h, is a coboundary for

every a € k*. g, is a coboundary if and only if b has a square root in k*.

Proof. The first statement follows from the fact that ¢(x,z,z) =1 for every zx if ¢ is
a normalized coboundary (see (3.2)).

hq can be written as a coboundary in two different ways: take g: Co x Co — k* as in
(3.1), with b; =1, fori=1,...,6,a1 =as =az3 =a and ¢ = 1, or ¢ = q, and all the a;
and b; equal to 1. It follows from (3.3) that As(g) is happy, and that As(g)(7,0,0) =a
and Ay (g)(o,7,0) = 1. Applying Theorem 3.5, we see that Ag(g) = hq.

Assume that b = d?, and consider g: Cy x Cy — k* as in (3.1), now with

a1:a2:a3:b4:b5:b6:d, blzbgzl)g:l7 c=1.
It follows from (3.3) that Ax(g) is happy, and that
As(g)(t,0,0) =1 and  As(g)(o,7,0) =d*> =b.

Theorem 3.5 tells us that As(g) = gp, so g is a coboundary.

Conversely, if g, is a coboundary, then g, = As(g), with g: Co x Cy — k* given by
(3.1), for some ay,as,as,by,bs,bs, by, bs,bg, c € k*. From (3.3) and the description of g,
it follows that

1= gb(O', a, T) = b1b5a1_16_17 1= gb(T7 g, p) = b4_1b5a'2a3_1)
1= gy(p,p,0) = bsbsaz ¢!, 1=gy(0,p,7) = b5 'bgaray .

From the first two formulae it follows that b; = ajaza; 1b;lc, and combining the other
two formulae we obtain that by = aja; 'azb; 'c. Using (3.3), we now find that

b= gb(O', g, 7') = bl_lbglb4b5
= al_la;1asb4671a1_1a2a§1b5cflb4b5
= (a1 'babsc 1)’

is a square in k*. O
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Corollary 3.8. We have
H3(Cy x Ca, k*) = Cy x Cy x Cy x k*/k*@ | where k*? = {? | a € k*}.

Corollary 3.9. If every element of k has a square root (for example, if k is algebraically
closed), then H?(Cy x Co,k*) = Cy x Cy x Cs.

So a non-strict monoidal structure on Vect®2*¢ is defined by the one of the 3-cocycles

defined in (3.22), or by a 3-cocycle as in (3.23) with b € k* \ k*(). All the remaining

tCQ xCo

monoidal structures of Vec are monoidal isomorphic to the strict monoidal struc-

ture of Vect©2*¢,

All our computations are over fields of characteristic different from 2; they can be
extended easily to the case where char(k) = 2. Then all ¢, =1, and we obtain the
following result.

Proposition 3.10. Let k be a field of characteristic 2. Then
H3(Cy x Co, k*) = k* /"2,
If every element of k has a square root, then H3(Co x Co, k*) = 1.

Remark 3.11. Let C; = {e,a}. If the characteristic of k is different from 2, then
Z3(Cy, k*) contains two cocycles. The non-trivial cocycle ¢ takes the value —1 at («a, a, a)
and 1 elsewhere. Otherwise stated,

¢=1-2P,® Py @ P,
if {P., P,} is the basis of k[Ca]* dual to {e, a}.
Now we have three Hopf algebra morphisms t1, t2, t5: k[Ca]* — k[Cy x Ca]*. These are

given by the formulae

tl(Pe):Pe+Poa tl(Pa):PT+Ppa
tZ(Pe):Pe+PT» t2<Pa):Pa+va
t3(P.) = Po+ Py, t3(Pa) = Py + Py

The t; induce group morphisms t;: Z3(Cy, k*) — Z3(Cy x Co, k*). Now we easily see that

If k£ contains a square root i of —1, then h_1g_1 is a coboundary, and

[t1(O)][t2()] = [ts(¢)] in H?(Ca x Ca,k*).
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4. Computation of the abelian cocycles on the Klein group

4.1. Computation of the quadratic forms

Throughout this section we assume that char(k) # 2. In order to describe the braidings
of Vect®?*“2 we have to compute H3, (Cy x Ca, k*) (see §2.3). To this end, we will make
use of the Eilenberg-Mac Lane theorem (see §2.5). We compute QF(C2 x Caq, k*).

Lemma 4.1. Q: Cy x Cy — k* is a quadratic form if and only if
(i) Qle) =1,

(i) Qo)'=Q(1)!'=Q(p)* =1,

(iif) Q(0)*Q(1)*Q(p)* =1.

Proof. Assume first that @ is a quadratic form. Part (i) follows after we take x =
y =2z = ein (2.7). For (ii), take z = y = 2z = o in (2.7). Since 0% = o and 0% = ¢, it
follows that Q(o)* = 1. For (iii), take # = y = ¢ and p = 7 in (2.7). Then we find that
Q(0)?Q(7)? = Q(p)%. Multiplying both sides by Q(p)?, we find (iii).

Conversely, assume that @ satisfies conditions (i)—(iii). Then Q(z~!) = Q(z) is auto-
matically satisfied, since x = 2~! for all z € Cy x Cy. To prove (2.7), we distinguish
several cases.

Case 1 (e € {z,y, 2}, say * = e). Then (2.7) reduces to
Qyz)Q(y)Q(2) = QY)Q(2)Q(y2),
which is satisfied.
Case 2 (e & {x,y, z}).
(a) Hz,y,2} = 1: @ =y = 2. (2.7) reduces to Q(z)* = Q(e)® = 1.
(b) {z,y,2}| =2,say x =y =0, 2 =7. (2.7) reduces to

Q(1)Q(0)*Q(1) = Q(e)Q(p)Q(p)-

(c) Hz,y,2}| =3,say x =0,y =7, 2 = p. (2.7) reduces to

O

Assume first that & contains i, a primitive fourth root of 1. Then @ is a quadratic form
if and only if Q(e) = 1, Q(0),Q(7),Q(p) € {£1,+i} and Q(0)Q(7)Q(p) = £1. Then
QF(Cs x Cy, k*) has 32 elements, which are summarized in Table 1.

Thus QF(Cy x Cq, k*) is the abelian group consisting of I, A, B, C, AB, AC, BC,
ABC, Ej, AEj, BEj, C’Ejj7 ABE]‘, ACEj, BCE]', ABCEJ, ] = 1,2,3, with relations

A’=B?>=C?=1, FE? = BC, E2 = AC, E? = AB, (4.1)
E1Ey = CEs, E\E3 = BEy, EyE3 = AFq, .
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Table 1. The 32 elements of QF(Ca x Ca, k™).

I A B C AB AC BC ABC

Qo) 1 1 1 -1 1 -1 -1 ~1
Qr) 1 1 -1 1 -1 1 -1 -1
Qp 1 -1 1 1 -1 -1 1 -1

for all j = 1,2, 3. Hence QF(Cy x Cy, k™) = Cy x Cy x Cy, because it is an abelian group
of order 32 that contains precisely seven elements of order two and all the other non-trivial
elements have order four.

If £ does not contain a fourth root of 1, then we clearly have

QF(C2 X CQ,k*) = {I,A,B,C,AB,AC,BC, ABC} = CQ X CQ X CQ.

This describes QF(Cq x Co, k*) = H3, (Cy x Ca,k*). Our aim is now to compute explic-
itly the abelian cocycles corresponding to the 32 quadratic forms.

4.2. Computation of the abelian cocycles

We will say that a 3-cocycle ¢ € Z3(Cy x Ca,k*) is abelian if it is the underlying
cocycle of an abelian cocycle (¢, R) € Z3, (Ca x Ca, k*), or, equivalently, if 7=1(¢) # 0,
where 7: H3 (Cy x Ca, k*) — H3(Cq x Co, k*) is induced by the projection on the first
component.

Lemma 4.2. For b € k*, g, is an abelian 3-cocycle if and only if gy, is coboundary as
a 3-cocycle.
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Proof. Assume that g, is an abelian 3-cocycle via a certain map R: G x G — k*.
Taking x = y = 0 and z = 7 in (2.2), we find that

R(e,7)gp(o,7,0) = gp(o,0,7)R(0o, T)ng(T, 0,0).

By (3.23) we obtain b = R(c,7)?, and so gy is a coboundary 3-cocycle on Co x Cy (see
Proposition 3.7). O

Our next aim is to compute 7 *(¢p). This allows us to compute 7~ 1(¢) for every
coboundary ¢.

Proposition 4.3. The subgroup 7 !(¢y) of H3, (C2 x Ca,k*) is isomorphic to Co x
Cy x Cy. Its elements are of the form [(1,R)], with R given by the following data:

R(x,x) = pp with u2 =1 for all x € {o, 7, p},
R(O', T) =1, R(T7 U) = Mo lrfp, R(Uv p) = Ho,
R(p,0) = prpbps  R(T:p) = pottp,  R(p;T) = pr.

Moreover, EM(7~1(¢)) is the subgroup of QF(Cy x Co, k*) generated by A, B and C.
Proof. Let (1,R) be an abelian cocycle. The relations (2.2) and (2.3) reduce to
R(zy,z) = R(z,2)R(y,z) and R(z,yz) = R(z,y)R(x,z) (4.2)
for all x,y, z € Cy x Cs. This means that R is a bilinear map. Observe that
Bil(C3 x C3,k*) = Hom(C3, (C3)*) = End(C3) = Cj.

Here (C3)* is the character group of C3, and the characters take values in {1, —1}. It
follows that R takes values in {1, —1}, and there are 16 different maps for R. These are
completely determined by the values

R(U’O’):ua7 R(T7T):u7—7
R(p,p) = fip, R(o,7)=a€{1,—-1}.

Indeed, the other values of R follow from the bilinearity of R:

R(o,p) =R(0,0)R(0,7) = oupte,
R(p,7) = R(o,7)R(7,T) = apur,
R(p,0) = R(p,7)R(p, p) = cvpirfip,
R(7,0) = R(0,0)R(p,0) = apigfirfip,
R(1,p) = R(0, p)R(p, p) = cthicftp

Now let R and R_ be two bilinear forms that reach the same values at (o, o), (7,7) and
(p,p), and assume that R(o,7) =1 = —R_(0,7). Then R and R_ are cohomologous
as abelian 3-cocycles on Cy x Ca. To see this, take g: Cy x Co — k* as in (3.1) with
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Table 2. The eight abelian 3-cocycles with trivial underlying 3-cocycle.

EM(1,R) I A B C AB AC BC ABC

R(o,0) 11 1 -1 1 -1 -1 -1

R(7,7) 11 -1 1 -1 1 -1 -1

R(p, p) 1 -1 1 1 -1 -1 1 -1

R(o,7) 11 1 1 1 1 1 1

R(r,0) 1 -1 -1 -1 1 1 -1

R(o, p) 1 1 1 -1 1 -1 -1 -1

R(p, o) 1 -1 -1 1 1 -1 -1 1

R(T,p) 1 -1 1 -1 -1 1 -1 1

R(p,7) 1 1 -1 1 -1 1 -1 -1

Otherwise 1 1 1 1 1 1 1 1
a1 =as =ag =by =bs =bg = —1 and by = by = b3 = ¢ = 1. Then one can easily verify
that

Az(g) =1

and

R(w,y) = g(z,9) " g(y, 2)R—(z,y) forallz,y € Ca x C.

It is easy to see that the images under EM of the eight bilinear forms that take the
value 1 at (o,7) are I, A, B, C, AB, AC, BC and ABC. It then follows from the
Eilenberg—-Mac Lane theorem (Theorem 2.4) that these eight bilinear forms represent
different cohomology classes in H3 (Cy x Ca, k*). O

In Table 2 we present the eight abelian cocycles representing the elements of 7~1().
Note that the braidings associated to I, AB, AC and BC are symmetries on Vect@2X 2,
Indeed, by (4.2) it follows that

RN, y) = R(z~",y) = R(x,y) forall z,y € Cy x Cs,

s0 Vect @22 is symmetric monoidal if and only if R(z,y) = R(y, z) for all z,y € Co x Cs.

Now Table 2 shows that only I, AB, AC and BC satisfy this condition.
We still have to compute the abelian 3-cocycles in 7~ 1(¢x), with X a non-empty
subset of {o, T, p}.

Proposition 4.4. Let X C {o,7,p} be a non-empty subset. Then ¢x is an abelian
3-cocycle if and only if it is even and k contains a primitive fourth root of 1.

Proof. Assume that (¢x,R) is abelian for a certain R and define y, := R(z, z) for
all z € {0, 7, p}. Taking z = y = z in (2.2) or (2.3), we get p2 = ¢, for all z € {o, T, p}.
If we take © = z # y in (2.2), we obtain

R(zy,z) = dx(x,y,x) . R(y,x) forall z £y
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from {o, 7, p}. Thus, according to (3.21) we have

R(p,0) = poR(7,0),
R(T,p) = 1peperR(0, p), (4.3)
R(o,T) = preqepR(p, T).

We obtain the same relations if we take y = z # x in (2.2). For x = y # z in (2.2) we

obtain ¢x(z,2,z) = ¢x(z,z,2)R(x,2)*¢x(2,7,2), and therefore, by (3.21) we deduce
that

R(o,7)* =1, R(o,p)* =e;,  R(r.0)" =p, } (4.4)

R(7,0)? =esep, R(p,0)* =cper, R(p,7)*> =6

Moving to (2.3), for z = z # y we obtain ¢x (z,y, x)R(z, zy) = puR(x,y), so

R(o,p) = poR(0,7), esR(0,7) =R(0,p)tie, PR(7,p) =R(7, U)MT,} (4.5)
perR(7,0) = R(T, p)pir, PeoR(p:T) = R(p,0)1p, €-R(p,0) =R(p,T)kp- .

The same relations are obtained if we take z = y # z among {o, 7, p} in (2.3), while for
y = z # x we obtain ¢x (z,y,y)dx (y,y,2) = R(z,y)*¢x (y,2,y). This yields

R(o,7)> =p, R(o,p)* =¢re,, R(1,0)*>=1, (4.6)
R(T, P)2 =E&r, R(P7 0)2 =&, R(p, T)2 = E5€p- .
From the first equalities in (4.4) and (4.6) it follows that p = 1, and so ¢x is necessarily
even. Also, there exists € {0, 7, p} such that e, = —1, so the equation u? = —1 has a
solution in k, and k£ contains a primitive fourth root of 1.
Conversely, if ¢x is even and k contains a primitive fourth root of 1, then ¢x is
completely determined by u,, © € {o,7,p}, and a := R(o,7) € {£1} (see the first
relation in (4.6)). Actually, combining the relations in (4.3)—(4.6), we must have

R(w,2) = pp  with p2 = ¢, for all x € {o, 7, p},
R(07 T) =acEc {:tl}7 R(T, U) = QEplorlhp, R(07 P) = Qg (47)
R(p,0) = aerpirpp,  R(T,p) = aeopiopty,  R(p,7) = apir.

Likewise, if R is defined by (4.7), then it can be easily checked that all the relations in
(4.3)—(4.6) are satisfied, and so (2.2) and (2.3) are verified. O

Remark 4.5. Consider an abelian 3-cocycle (¢x, R), and assume that the correspond-
ing braided monoidal structure is symmetric. If X # (), then there exists x € X such that
gx = —1 and R(z,z) = pu, = *i by (4.7). Then R(z,z)~! = —R(x, ), contradicting the
fact that the monoidal structure is symmetric. We conclude that X = (), and Vect©2*2
admits only four types of symmetric monoidal structures, namely the ones corresponding
to the abelian 3-cocycles I, AB, AC and BC (see Table 2 for the description of these
cocycles).
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Table 3. The abelian 3-cocycles with underlying 3-cocycle ¢{s,73.

EM(¢{s,-},R) E1 AE, BE, CE, ABE, ACE, BCE, ABCE,

R(o,0) i i i —i i —i —i —i
R(7,T) i i —i i —i i —i —i
R(p, p) 1 -1 1 1 -1 ~1 1 ~1
R(o,T) 11 1 1 1 1 1 1
R(T,0) -1 1 1 1 -1 1 ~1 1
R(o, p) i i i —i i —i —i —i
R(p,0) —i i i —i —i i i —i
R(T, p) —i i —i i i —i i —i
R(p,T) i i —i i —i i —i —i
Otherwise 1 1 1 1 1 1 1 1

Table 4. The abelian 3-cocycles with underlying 3-cocycle ¢ o} .

EM(¢¢s,0},R) E2 AE; BE;, CE, ABE, ACE; BCE; ABCE;

R(o,0) i i i —i i —i —i —i
R(r,7) 11 -1 1 -1 1 ~1 ~1
R(p, p) i —i i i —i —i i —i
R(o,T) 11 1 1 1 1 1 1
R(T,0) 1 -1 -1 -1 1 1 1 ~1
R(o, p) i i i —i i —i —i —i
R(p, o) i —i —i i i —i —i i
R(,p) 1 -1 1 -1 -1 1 ~1 1
R(p, ) 11 -1 1 -1 1 -1 ~1
Otherwise 1 1 1 1 1 1 1 1

The abelian 3-cocycles in Proposition 4.4 with o = 1 represent the same elements in
H3, (Cy x Cy,k*) as the ones with a = —1. For this, take g as in the proof of Proposi-
tion 4.3 to show that they are cohomologous as abelian 3-cocycles. The abelian 3-cocycles
obtained from o = 1 are not cohomologous because of the Eilenberg-Mac Lane theorem.

If k does not contain a primitive fourth root of unity, then 7=1(®x) = 0 for X # 0,
and H3, (Cy x Ca, k*) = Cy x Cy x Cy, as described in Proposition 4.3. Now assume that
k contains a primitive fourth root of unity i. The inverse images under 7 of ¢x, X =
{o,7}, {0, p}, {7, p}, each contain eight elements. Their explicit description is given in
Proposition 4.4, and is summarized in Tables 3-5.

Remark 4.6. This remark is a continuation of Remark 3.11. It is easy to show that
Q: Cy x Cy — k* is a quadratic form if and only if Q(e) = 1 and Q(a)* = 1. Assuming
that k has a primitive fourth root of 1, we have that QF(Cy, k*) = Cy = H% (Co, k).
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Table 5. The abelian 3-cocycles with underlying 3-cocycle ¢ .

EM(¢¢r,,.R) FEs AEs BE3 CEs3 ABE3 ACE; BCE; ABCE3

R(0,0) 11 1 -1 1 ~1 ~1 ~1
R(7,T) i i —i i —i i —i —i
R(p, p) i —i i i —i —i i —i
R(o,T) 11 1 1 1 1 1 1
R(r,0) 1 -1 -1 -1 1 1 1 ~1
R(o, p) 1 1 1 -1 1 1 1 1
R(p, o) 1 -1 -1 1 1 ~1 ~1 1
R(T, p) i —i i —i —i i —i i
R(p,T) i i —i i —i i —i —i
Otherwise 1 1 1 1 1 1 1 1

The four cocycles in H% (Co, k*) are
(1,1), (1, R2), (¢, R3), (¢, Ra),
with
Ro=1-2Py@Py, Ri=1-(1-1)P.®Pn, Ri=1-(1+i)Ps® Pa.

(1,1) and (1, R9) give symmetries on Vect®?; the two others give braided non-symmetric
monoidal structures. Now it is easy to calculate that

t1(1,Rq) = (1, AB), t2(1,R2) = (1, AC), t3(1,R2) = (1, BC),

and these are precisely the non-trivial symmetric abelian cocycles. In a similar way, we
can compute that

tl((bv RS) = (¢{T,p}7 E3)v tl(d)a R4) = (¢{T,p}7 ABES)»
tZ((bv RS) = (¢{o,p}a E2)a t2(¢)a R4) = ((b{a,p}v ACEQ)

t3(¢, Rs3) and t3(¢, R4) are cohomologous to (¢y4,ry, £1) and (¢4, -y, ABEY).

5. Some applications

5.1. Quasi-Hopf algebra structures

We will examine the following classification problem. Let H be a commutative, cocom-
mutative, finite-dimensional Hopf algebra: in our case, let H = k[C),] or k[Cy x C5], where
C,, is the cyclic group of order n. Classify, up to gauge equivalence, all quasi-bialgebra
structures on H. Recall briefly that a quasi-bialgebra is a unital associative algebra
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endowed with a coalgebra structure that is coassociative up to conjugation by a reasso-
ciator ® € H® H ® H. For a complete definition we invite the reader to consult [17,19].
Note that a quasi-bialgebra structure on a commutative Hopf algebra H is completely
determined by such a reassociator, that is, a normalized Harrison 3-cocycle @ on H. Fur-
thermore, the quasi-bialgebra (H, @) is gauge equivalent to (H,1®1® 1) if and only if &
is a coboundary. Since every Harrison 3-cocycle is equivalent to a normalized 3-cocycle,
it follows that our problem is equivalent to computing the third Harrison cohomology
group Hy, (H, k,G,,). For the definition and generalities on Harrison cohomology, we
refer the interested reader to [8, §9.2].

If k contains a primitive nth root of unity (or, respectively, has characteristic not 2),
then the Hopf algebras k[C,,] and k[C2 x Cs] are isomorphic to their dual Hopf algebras.
This means that, for G = C,, or Cy x Cs,

Hgarr(k[GL k’ Gm) = HI{))Iarr(k[G]*7 k7 Gm) = H3(G7 k*)7
and we are reduced to computing group cohomology.
Proposition 5.1. Let C,, = {c¢) be the cyclic group of order n written multiplicatively

and let k be a field containing a primitive nth root of unit £&. Then all the normalized
Harrison 3-cocycles ¢ € k[C,] ® k[C,] ® k[C,,] are of the form

1 l n—1 ) ; )
d=1-— ﬁ(l —c ) X Z (1 — n5i,j)(§J — ’fl(Sj,o)C ®d,
2,7=0
where l € {0,1,...,n— 1}. In particular, if n = 2, there is a unique non-trivial 3-cocycle

$1=1-2p_®p_®@p_, wherep_ = 3(1—¢).

Proof. As mentioned in the introduction, we have a bijection between H3(C,,, k*) and
the nth roots of 1 in k. So we have a cocycle for every positive integer I € {0,...,n—1}.

Since k contains a primitive nth root of unit £, we deduce that the characteris-
tic of k does not divide n (this follows easily from n = (1 —&)(1 — £2)--- (1 — &7 1)),
Suppose C,, = {(c), written multiplicatively, and let {P., P.,..., P.n-1} be the basis
of k[C,]* = k% dual to the basis {¢ = 1,c,...,c" '} of k[C,]. Define f € k[C,]* as
f(c)=¢ forall 0 <i < n—1. Then f is a well-defined algebra map and f7(c*) = &7¢
for all 0 < s < n — 1. Furthermore, we know from [9, Exercise 4.3.6] that

W k[C,] 3¢ I e k[C,]",

extended linearly, is a Hopf algebra isomorphism. Its inverse is defined by

n—1
1 .
L[/_l(ch) = - E g("_s)Jcs forall0 < j<n—1.

s=0
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We easily compute that

n—1 n—1
qu!p—l Zglj(gn 5) ) s
=0

j=0

I
S|

I
S|+
M
L
e
. 3
ML L
S
|
w
e
N~
O(IJ

Thus, using the definition of ¢, from (1.1), we have that any normalized 3-cocycle ¢ €
E[Cy] ® E[Cy] ® k[Cy)] is of the form

n—1
Bpi= Y pgc W (Pa) @ (Pov) @ W1 (Prs)
u,v,s=0
n—1
:ng*l( ® Y U )W Y(P.)
v+s<n
+Zq“!l7 ® Y UHPa)@VH(Pe)
v+s>=>n
=10 Y VT (P) @V N (Pe)+d® Y T Pe) @0 (Pa)
v+s<n v+s>=n
=1-(1-c)e Y v ) QWY (Py)
v+s>n
n—1ln—2
=1-(1-)®@> Y 0 (Pu) @0 (Pentiv)
v=1 t=0

n—1 n—1n—-2

=1- 1 _ C Z Z Zf(n D)v+(n—j)(ntt— v)cz ® &

i,j=0 v=1 t=0

-1 %“ e S (Swr)ee (e

ij=0 Nwv=1 t=0
1 =
=1- (=)@ D (1 —nbi )€ —ndjo)d @,
4,7=0

as stated. In the case where n = 2, we calculate

n

> (1=25)((-1) =250 ©d =181 -1@c—c®1+c@c
4,j=0
’ =(1-¢e(l-0
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to deduce that 1 = 1—2p_ ®@p_ ®p_, as claimed. Note that it is precisely the 3-cocycle
that confers to k[Cs] the unique quasi-bialgebra structure that is not twist equivalent to
a Hopf algebra [14]. O

Our next aim is to describe the cocycles in
H%arr(k[CQ X 02]7k7Gm) = H3(02 X CQ, k*)

more explicitly. We use the notation of the previous sections: Cy x Co = {e, 0, 7, p}, with

o1 = p. There are three Hopf algebra maps k[Cs] — k[Co x C3], so we immediately find

three Harrison 3-cocycles @, =1 — 2p* Q@ p* ® p*, x = o, T, p, where p* = %(1 — ).
One of the isomorphisms

/& k[CQ X CQ]* = k[CQ}* X k[CQ}* — k[CQ} X k[CQ} = k[CQ X Cz]
is the following:

U(P,) =u, =
U(P)=u, =

(e—o+7—0p),
(e—0—T+p).

(6+0’+T+p), LP(PO_):UO_:
(e+o0—7—p), U(P,) =u,=

N N
W=

We can use this isomorphism to write down the Harrison cocycles in the basis
{te, U, ur, up}. It is then possible to write the cocycles as sums of monomials, but this
gives long formulae. Some of the cocycles can be written down elegantly. Observing that

Xe+ X, + X0+ X5, =(FPr+P,)® (P> +P,) @ (Py + P,) (5.1)
and
U(Py+ Py) =us +u, = 3(e —0), (5.2)
we see that
(Pgopy) =1—2p7 @ p? @p? = D,.

In a similar way, we can show that ¥(¢y, ,)) = @ and ¥(h_19-10(s,-}) = P,. If —1 has
a square root in k, then it follows that @, is cohomologous to ®,®,. Note that these
observations are consistent with Remark 3.11.

5.2. Weak braided Hopf algebra structures

The definition of a weak Hopf algebra can be found in [5]. For the definition of a weak
braided Hopf algebra in a symmetric monoidal category, we refer the interested reader
to [4,6]. We recall the following construction of weak braided Hopf algebras in Vect®
from [6].

Let F: G x G — k* be a normalized 2-cochain (see Lemma 2.1), with pointwise inverse
F~1. Consider

Rp-1: Gx G — k", Rp-1(z,y) = F(z,y)F(y,z)" .
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Then
(pp-1 = Ag(F 1), Rp-1)
is a coboundary abelian 3-cocycle on G. Let Vectlc,f,l be category Vect® equipped with

the braided monoidal structure provided by (Ag(F~1), Rp-1).
Let kr[G] be the k-vector space k[G] with multiplication given by the formula

rey=F(x,y)zy

for all z,y € G. kr[G] is a commutative algebra in Vect%_, (see [1, Corollary 2.4]).
If |G| # 0 in k, then we can define a cocommutative coalgebra structure on k[G] in
Vect%_1. k¥'[G], the k-vector space k[G] with comultiplication and counit given by

1

AF(Z‘) = @

Z Fu,utz) 'u@u 'z and ep(r) =|G|6,,. forallz € G,
ueG

is a cocommutative coalgebra in Vect$_. (see [6, Proposition 3.2]). kE[G], the vector
space equipped with the algebra and coalgebra structure defined above, is a commutative
and cocommutative weak braided Hopf algebra in Vectgfl (see [6, Proposition 4.7]). The
antipode S is the identity on k[G].

Examples of such braided Hopf algebras are the Cayley—Dickson and Clifford alge-
bras [6,7]. Moreover, they are monoidal Frobenius algebras and monoidal co-Frobenius
coalgebras in the appropriate braided monoidal category of graded vector spaces.

We will now apply this construction to the case where G = C),, and G = Cs x Cs,
in order to construct more examples of weak braided Hopf algebras. We begin with a
generalization of [2, Corollary 10], where it is shown that the map ¢ in Lemma 5.2 is a
3-cocycle and a coboundary in the case where n = 3.

Lemma 5.2. Let C,, = (o) be the cyclic group of order n, let k be a field and let q
be an nth root of 1. Then ¢(c®, 0" o¢) := ¢ is a normalized 3-cocycle on C,,. ¢ is a
coboundary if and only if ¢"("~1/2 = 1.

Proof. The fact that ¢ = 1 implies that ¢ is well defined. Indeed, if a = a’ + n,
b=V +nandc=c +mn, then

abc =03+ (d/ +b +n? + (d'V +d'd +0)n+dbd,

and so

¢(Ua,0'b,dc) _ qabc _ qa b'c” _ ¢(o_a ,Ub ,O'C )
The 3-cocycle condition reduces to bed + a(b + ¢)d + abe = ab(c + d) + (a + b)ed in Z,
which is clearly satisfied. It is also clear that ¢ is normalized.

If ¢ is a coboundary, then there exists g: C,, x C,, — k* such that

g(o®,0)g(c?*t, 0) "1 g(0%, 0" ) g(0%, 0¥) 7t = ¢ for all a,b,c € Z. (5.3)
Let 8 := g(0%,1) = g(1,0%) and a. := g(o,0°) for all a,b,c € {1,...,n — 1}. Taking
a=1,b=kand c=n—1in (5.3), we obtain
g™ o™ 1) = ¢Fg(a", 0" Ng(o, 0" V) g(o,0F)"t for all k € Z.
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By mathematical induction, it follows that
g(ak,anfl) = qk(kfl)/zan_lﬂalz_ll forall2<k<n—-1.
We then have
B

-1

g(La_n—l) _ g(O'(n_l)-H,O'n_l)
qn

g(o" 10" g(o.0
_ qnflq(nfl)(n72)/2a
— qn(n—l)/2ﬁ7

n—2) n—l)—l

g(o,0

—1 —1
n_l/BOén72an_204n71

and we conclude that ¢"("~1/2 = 1.
Conversely, assume that ¢™("~1)/2

frlx BT fl,y) = =5 (@ = D),
g: Cux Cpy =k, g(o®, 0% = ¢f@,

=1 and consider

Ifa=a +n and b = + n, then it can be easily checked that

f(a,b) = f(a',b)) = —a'n® — (3d'(a' = 1) +a'V)n— 3n*(n — 1) — in(n —1)V'.
This relation, together with ¢ = 1 and ¢"("—1)/2
straightforward computation now shows that

=1, implies that g is well defined. A

fly.2) = fle+y,2)+ fle,y+2) = flz,y) =xyz foralla,y,z€Z,
proving that As(g) = ¢, and ¢ is a coboundary. a

Proposition 5.3. Let k be a field and let ¢ be an nth root of 1 such that ¢"("~1/2 = 1
(which is automatic if n is odd). If C,, = (o) is the cyclic group of order n generated
by o and F: C,, x C,, — k* is given by F(c®,¢%) = ¢~ (=12 for all 0 < a,b < n — 1,
then k[C)] is a commutative and cocommutative weak braided Hopf algebra in Vectgil
via the structure

n—1
1
a b _ —(a—1)ab/2__a+b ay _ — (I-Dl(a—1) 1 a—l1
c%eg’=¢q oA A(o?) . Z q o' o,
1=0
for all 0 < a,b < n — 1. The unit is e and the counit is given by €(c®) = ndg,, for all

0 < a < n — 1; the antipode is the identity on k[C,].

Proof. This follows immediately from Lemma 5.2 and the general construction of
kE[G] presented above. We leave the verification of the details to the reader. O

The 2-cochains discussed in Proposition 3.7 can also be applied to construct examples
of weak braided Hopf algebras.

Proposition 5.4. On k[Cy x C3] we have the following commutative and cocommu-
tative weak braided Hopf algebra structure.
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(i) The multiplication table is as follows (a € k* is a fixed scalar):

e ¢ o T P
e e o T P
o o ale p T
T T P a le o
p P T o a le

The comultiplication is given by the formulae

Ale

)=s(e®e+ac®oc+at T+ ap ® p),
(o) =
)=

P>

eRo+0oRe+TRp+pRT),

>

(
T (e®@T+TRe+0Rp+p®o0),
(

(
(p) =

while the counit is given by e(e) = 4 and ¢(z) = 0 for x € {0, T, p}. The antipode is the
identity on k[Cy x C3].

>

1
4
1
4
1
4
1(e@p+pReto@T+TRO),

(ii) For any d € k*, the multiplication table is

T 2 9 o e
T 2 9 o o

The comultiplication is given by the formulae

Ale

)=1(e®e+do®@o+dr@T+dp® p),
(0) =
) =

>

eRo+oRe+TRp+dp®T),

>

T

MH »M»—‘ MH »MH

(
( (e®@T7T+7Re+do®Rp+ p® o),
( (

>

p)=5eRp+pRe+o@T+drR0),

while the counit £(e) = 4 and e(z) = 0 for all © € {0, T, p} makes k[Cy x C3] a weak
braided Hopf algebra. The antipode is the identity on k[Ca x Cj].

Proof. (i) We use the fact that h, is a coboundary for all a € k*. Actually, if we
take g: Cy x Cy — k* defined by b; =1 forall 1 <i<6,a; =azs =az3 =aand c=1,
then we have seen that As(g) = h,. Consequently, g is a 2-cochain on Cs. A simple
inspection_shows us that the claimed structure on k[Cy x C3] from (i) coincides with
that of kg,l [Cy x O3], so we are done. Note that we have a weak braided Hopf algebra
in Vect%xc?, and that Ay(g) = hg, while Ry(z,y) =1 for all z,y € Cy x Cs.
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(ii) We proceed as above, but now we take b = d? for some d € k*. Then g, is cobound-
ary (see Proposition 3.7). More precisely, if g: Cy x Co — k* is defined as

a1:a2:a3:b4:b5:b6:d and b1:bQ:b3:C:17
then As(g) = gp = gqz. We leave it to the reader to check that the second weak braided

-1
Hopf algebra structure from the statement is precisely the one on kf; _1[C2 x C3]. We only
CQ X Cz

note that, in this case, we have the braided monoidal structure on Vect produced
by g, that is, As(g) = g2 and
Ry(z,z) =Ry4(e,y) = Ry(z,e) =1, Va,y,z € Cy x Cs,
Rg(0,7) = Ry(7,p) = Ry(p, o) = d,
R9(7—7 o) = RQ(J7 p) = Rg(p7 )= d-'.
O
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