
BULL. AUSTRAL. MATH. SOC. 5 8 F I 5

VOL. 17 ( 1977), 321-334.

Characterisation of

quasi-Anosov diffeomorphisms

Graham Couper

i °°
Let f be a C diffeomorphism of a compact C boundary-less

manifold, and let j fee the operator on the bounded or

continuous sections of the tangent bundle (with supremum norm)

defined by / % = Tf ° n ° f • The main result of this paper

is that / is quasi-Anosov if and only if 1 - j is injective

and has closed range.

1 . Introducti on

00 1

Let M be a compact C manifold without boundary, and let diff (M)

denote the C diffeomorphisms of M with the C topology. Write TM

for the tangent bundle of M , and for / f diff1^) let Tf : TM -* TM

denote the tangent map of / . Fix a riemannian metric on M , and let

||»|| be the associated Finsler norm on TM . Let T (TM) {? (TM)) denote the

Banach space of bounded (continuous) sections of TM , with supremum norm.

Define / : V%'(TM) •* T1(TM) , i = b, 0 , by: for every n € YV(TM) and

every x € M , [JT\)(X) = Tf ° r\[f x) . j is a bounded linear operator

(on either space).

In [?7], Mather showed that / is Anosov if and only if

[l-j] : T (TM) •* T (TM) is an isomorphism. It is also known that /

Received 25 May 1977. The author would like to thank C. Pugh for
pointing out an error in an earlier version of this paper.

321

https://doi.org/10.1017/S0004972700010613 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700010613


322 Graham Couper

sat isf ies Axiom A and the strong transversality condition if (Mane, [9])

and only if (Robbin, [72]) ( l - / ) : T°(TM) + T°(TM) i s surjective. In

this paper we prove that there is an analogous result for quasi-Anosov

diffeomorphisms.

DEFINITION. We say that / f d i f f 1 ^ ) is quasi-Anosov i f and only

if, for every x i M , and every non-zero v € T M , {||T/\>|| : n i 1} is

unbounded.

THEOREM. Let f € diff1(A/) . The following are equivalent:

(a) f is quasi-Anosov;

(b) ( l - j ) : r (TM) •* r (TM) is injective and has closed range;

(c) [l-j ) • T (TM) -*• T (TM) is injective and has closed range.

This is the characterisation that should have appeared in [£]• There

Mane states that the following are equivalent:

(a') f is quasi-Anosov;

(b') ( l - / ) : Tb(TM) -+Tb(TM) is injective;

(c') [l-f**] : T°(TM) •* T°(TM) has closed range.
2

In Section 5 below we give an example of a diffeomorphism f on T

which is not quasi-Anosov and for which (l- j ) : I" (TM) •* V (TM) is

2
injective. If g is the north pole - south pole diffeomorphism of 5

(see [72]), then g satisfies Axiom A and strong transversality, and by

Robbin's result [l-g ) : T (TM) •* T (TM) has closed range. But the north

pole - south pole diffeomorphism is not quasi-Anosov.

The name quasi-Anosov was introduced by Mane [7] in relation to a

question of Hirsch regarding invariant hyperbolic submanifolds. Mane has

established another characterisation of quasi-Anosov diffeomorphisms in

[70]. Franks and Robinson [5] have given an example of a quasi-Anosov

diffeomorphism that i s not Anosov (and resolves Hirsch's question).

Relationships between / and (l-J ) have appeared in the work of several
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other authors; see [3] , [4 ] , [ 6 ] , [73].

2. Proof tha t fa^ impl ies (b)

Let / be quasi-Anosov. For every non-zero V € 27»/ there exists

n(u) ? Z such that H27/1 w|| > 2 . By continuity, there is an open

neighbourhood 7 of v in TAf such that \\T/* U|| > 2 for every

W 6 7 . Let 5 = {v € TM : h 2 ||y|| 5 1 } . By compactness of 5 there

exists N € Z with the following property: for every u € 5 there

exists B f Z with \n\ S iV such that

(1)

Let n € T (TM) with ||n|| = 1 , and le t X, = ( l - / j n • Then, for a l l

and

n(/"1x) = Tf\(x) - Tf\{x) .

Using these repeatedly gives that, for all n € Z\{0} ,

k=i

(2) n(A) =

+ Z r /" 1 ^ / -^ 1 ^ if « > i ,
k

) - X Tf l[f x) if n 5 -1 .

Let e > 0 and such that

(3) sup{ \\Tf-v\\ : \n\ £ N, v € TM, \\v\\ < e} < l/N .

Suppose \\t,\\ < e . L e t x b e a p o i n t o f A/ such t h a t | |n(a;) | | > % . Then

by ( 1 ) , ( 2 ) , and (3 ) t h e r e e x i s t s n i l , \n\ 5 N , s u c h t h a t

||n(A)ll > 2 - JUl/ilO = 1 ,

contradicting ||r)|| = 1 . Hence ||(l-j )r)|| 2 £ . This means that

{l-f) : T (TM) •* r ( W ) is injective and has closed range (see [7] for

example).
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3. Proof tha t (b) impl ies (a)

If (b) i s t rue , then there exists e > 0 such that every r\ (. T (TM)

with ||n|| = 1 sa t i s f ies ||(l-/#)nll > e (see [ ? ] ) . Since

r°(2W) c Tb{TM) , every n € T°(TM) with ||n|| = 1 sat isf ies

|| ( l - / )n i l 2 e , so (a) is true.

4 . P r o o f t h a t (a) i m p l i e s (a)

Let / satisfy (a) . Then there exists e > 0 such that every

n € T°{TM) with ||n|| = I satisfies 11(1-/*)nil > e .

We first show that this implies that the nonperiodic points are dense

in M . The argument is due to Mather [//] Let P denote the closed

n

set of points of M of period n . We will show that, for each positive

integer n , P has no interior point. It then follows that U P is

nowhere dense, by Baire's theorem.

Suppose for some n that P does contain an interior point. Let n

be the least such integer. Then U P. is nowhere dense and

k<n K

(int P ) \ U P, + 0 . Let x i ( int P ) \ U P . Then there is a
k<n k<n

neighbourhood U of x such that Uc P and f^iU) n U = 0 for

1 2 k 5 n-1 . Let L f F (TM) , have support in U , and satisfy

C0(xQ) # 0 . Let c = £ / \ • Then ?(iQ) = C0(xQ) , so £ # 0 ; and

,T £ = ? . This contradicts the fact that [l-f) : T°(TM) •* T°(TM) is

injective.

Now assume that / i s not quasi-Anosov. We will show that this

implies that there exists n2 * ^ {TM) with f in i te support, ||n2ll = 1 ,

and iKl-Z^nJI < e/2 . Then we will smooth n2 to obtain n € T°(TM)

with ||n|| = 1 and | | ( l - j jn l l K E > which is impossible.
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If / i s not quasi-Anosov, there exists* x € M and non-zero

v € T M such that {\\Tf v\\ : n Z. Z} is bounded. We may suppose that

sup{||Tf v\\ : n € Z} = 1 . By replacing u by Tjv i f necessary, we may

suppose that ||y|| > % .

Let e, satisfy 0 < e < min(l, e/8) . Let n € Z+ be such

" lthat ( l -e , ) < e/8 . Choose a non-periodic point x so close to x,

and w i T M so close to v that ||w|| > % and llT/^ull < 2 for

\n\ <

Then

Define T\1 € Vb(TM) by

l-e , ) ' w ' 2 j u for z/ = / x and |n| - n.

otherwise.

= ||u|| > % . For -n. + 1 < n 5 n, ,

< e/U .

Further,

i i H

V 1 »|
and for a l l other points y € M ,

Now

= 0 . Hence

l e t rip = n_ /I|TI-. If • Then n ? has the required properties.
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We now smooth rig ^o get n € T {TM) . The riemannian metric

determines a metric on M which we denote by d • Let

Ur = {y € M : d(x, y) < r } .

Choose r > 0 so small that the following conditions are satisfied:

the sets j[u) , \n | 5 n + 1 , are pairwise disjoint;

for each n with \n \ S n. + 1 , /"([/ ) is contained in a

normal neighbourhood of fix) .

Let p, q £ M and V (• T M , let T V (. T M denote the parallel

translation of v along the geodesic joining p to q .

By making 2» smaller if necessary, we may ensure that the following

condition is also satisfied:

for all n with -n. - n 2 n +1 , all y € U and all

v € r *,

/ a fy,fx fy f x,f y

Let <)) : R -> R be C°° with <|>(0) = 1 , 0 5 i()(x) < 1 for a l l

x € R , and wi th supp((|>) contained in ( - r , 2>) . Define n i V (TM) by

x , y)) . T n2(/"x) if z/ € ^ and

fyfx,fy

n(j/) =0 if y 4 U

I l

1

Then ||nl| = 1 . If H U /"(t/r) , | |(l-/)n(i/)l! = 0 . Ifn=-n±

y t U and -n £ n S n +1 , then

https://doi.org/10.1017/S0004972700010613 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700010613


Characterisation of diffeomorphisms 327

T (Tf) . ((>(d(x,
fxjy f x

f
„ ! *(d(x, y))

f y

+ U{d(x,y))\ (Tf) n

f *

" f y
since parallel translation preserves the norm. Therefore

s e .

So we have n € r°(rw) with

contradiction.

= 1 and ||(l-/ )n|| < e , giving the

5. Examples

Here we construct an example of a diffeomorphism f on the 2-torus

M = T2 which is not quasi-Anosov and for which (l-f ) : f"(TM) •* Y1'(TM)

is injective, i = 0, b .

2 2
Let gQ : R •* R be given by

gQ =

2 2 2
and l e t g "be the induced diffeomorphism of T = R /Z . Let
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2 2TT : R •+ T be the covering map, and l e t p = IT(O) . We wil l perturb g
o

i n a n e i g h b o u r h o o d o f p t o g i v e a d i f f e o m o r p h i s m / o f T w i t h t h e
f o l l o w i n g p r o p e r t i e s :

(i) f(p) =P ;

( i i ) T f equals minus the ident i ty ;

( i i i ) for every q (. T\{p} and for every non-zero v € T M ,

{||T/"y|| : n d 1} i s unbounded.

By ( i ) and ( i i ) , for every v € 1 M , {||T/IU|| : n € Z} is bounded;

so / i s not quasi-Anosov. Now suppose r) € F {T14) and ( l - / )n = 0 .

Then 0 = {\-fw)r\{p) = 2n(p) by (i) and ( i i ) , so n(p) = 0 ; and for any

q <= M , 0 = [l-fff)r\(q) , which gives n(/"<?) =2>/ln(qr) for any n i l .

Hence {Hr^nC? )|| : n d 1} i s bounded, and therefore r\{q) = 0 by ( i i i ) .

Thus ( l - / # ) i s inject ive on T {TM) , and so also on T°(TM) .

2 2We now set about constructing / . Let 9 : R •*• R be the rotation

of coordinate axes tha t takes the x-axis (z/-axis) into the contracting

(expanding) eigenspace of g . Call these new axes the x - and y -

axes. Let g represent g with respect to these new coordinates, that

i s , g± = Q^QQ"1 - Then g = diag(-A"1, -X) , where X > 1 . Let
o p

TT : R -»• T be the covering map with respect to the new coordinates, that

is, v = IT9~ . From now on we work with the new coordinates in R

Let ij>, be the flow of

dx dy
{k) -dT=-vxi - 1 T = W I '
w h e r e y = l o g X . Then g1 = -<J> . L e t

5(0, Zc) ={{xi,yl) : [ x^J S
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choose k, > 0 , A:? > 0 such that the following condition is satisfied:

(A) for a l l t with | t | < 1 , <j>,B[0, fcj c i n t s ( O , %) , and

<j>,B[Q, fe?) cz i n t s ( O , k ) .

L e t 0 < k^< fe3< k2 a n d l e t p : R -»- R b e C°° w i t h t h e s e

p r o p e r t i e s : p ( x ) = 1 f o r x 5 k^ ; p ( x ) = O f o r x ^ f e , ; p ' ( x ) S 0

f 2 2l^
for all x • Let r> = x,+iv, . The differential equations

( 1 - 1)

(5)

dt

2
d e f i n e a f low \p, on R . The f low l i n e s f o r b o t h (h) and (5 ) a r e t h e

c u r v e s x , i / , = a , a c o n s t a n t . E q u a t i o n s (k) and ( 5 ) a r e i d e n t i c a l i n

R \B[0, k„) . B e c a u s e o f c o n d i t i o n ( A ) , we h a v e :

(B) i n R 2 \ f l ( 0 , k±) , i|)1 = <S>1 {= -gj and ^ ^ = if.^ (= -g^1)

FIGURE 1
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Note also that (A) ensures the following property:

(C) suppose that (x , y ) € 6(o, k ) and that y # 0 . Then

there exis ts n i l such that ip (x. , y ) € 5(o , k ) ,

and \IK{X , # ) € 5(0 , %)\s(o, fc ) . By (B)',

There i s a similar statement to (c) for IJJ .

Define / : T2 •* T2 by

f^iT1(x1, j / J ) = ir1 o (_i/)l)(xi, y_J i f [Xl, yj f 5 ( 0 , %) ,

/(<?) = ff(q) it q i tf ° B{0, % ) .

Condition (B) shows tha t f i s a diffeomorphism. Condition (C) i s

needed to give the following property for / , which we wi l l use l a t e r :

(D) l e t q € T . Then ei ther f'(q) •* p as n •* <*> , or there

exis ts a sequence \n7,} ~* °° such that f ° f (q) = g o f (q) .

There i s a similar statement to (D) for /

We must es tabl ish conditions ( i ) - ( i i i ) for / . Condition ( i ) i s

immediate. For ( i i ) , use the local coordinates, given by IT . In these

coordinates, T f i s given by -Zty (0, 0) . From (5) , ^ , ( 0 , 0) i s the

identi ty.

I t remains to establish ( i i i ) . The covering map IT can be used to

2
give a chart at any point of M = T . All charts used henceforth will be

the charts given by ir . Let q € M\{p} , W € T M\{o) , and suppose W

is represented by [u, v] in terms of the chart. We will show that if

|u| 5 \u\ , then {||(T/) u|| : n € Z } is unbounded. A similar argument

yields that if \v\ 5 \u\ , then {ll(2T)nw|| : n € Z"} is unbounded.

In local coordinates, Tf is represented either by -Dip. or by
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Dg^ • We examine Zty, first. Let F{x,, J/.) be the right hand side of

(5), and let £« , y_] be a vector in R . The vector

DtyAx-^, yA [wQ, y j satisfies the variational equation

A short calculation yields

(-M, v)DF{xx, y-^iu, y] = \

5 0 ,

[l-p(r)]

with equality only when x. = y. = 0 or u = V = 0 . This means that, for

any t (. R and any (x,, j/,) € R \{(0, 0)} , the vector field determined by

(6) in the punctured (u, y)-plane ((0, 0) removed) is nowhere tangent

o o
to the family of hy p e r b o l a s y - u = c , e € R , and is directed as

shown in F i g u r e 2.

FIGURE 2
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This yields the following property of £

(E) Suppose vQ + uQ > 0 and v2 - u~ = a2 2 0 . Let

[~V "UJ = ^ i K ' ^C"o' UI>1 ' and l e t

^ - - J - K ) 2 - ^ ) 2 - ^ . Then O
2 > O

2 .

The action of Dg i s similar, and we get some additional information.

(F) Suppose VQ + uQ > 0 , and V^ - u2 = a2 > 0 . Let

Q j | \ %] » and let

v\ ~ ui = °i ' ^ ^ c i = ( A 2 - X ~ 2 ) M O + x 2 e o ' s o t h a t

o P 2
e > X c (recall that X > 1 ). Equality holds only when

2 2
u. = 0 ; but then a > 0 , so always e > c .

Let c? € M\{p} , and let U 6 2" A? and be represented in the chart by

[uQ, V^\ with |wQ| > \uQ\ ; that is, with V - uQ = cQ . For rt > 0 ,

let Tf W be represented in the chart by \u , V 1 , and let

? 2 2 I 21
y _ M = e . B y ( E ) , ( F ) , the sequence \o } i s monotone i n c r e a s i n g .

n n n \ n>n=0

S u p p o s e f i r s t t h a t j(q) does n o t t e n d t o p a s n •+<*>. By ( D ) ,

t h e r e e x i s t s a s e q u e n c e {n,} •*• °° such t h a t (T f ) = ( 2 ^ ) f o r
72, Wj,

2 2

a l l fe . Property (F) then gives that a -*• <» as n -»• « . Hence U •* «

as n -»•<», so that {||r/"w|| : n € Z } is unbounded.

Now suppose that /" (q) -*• p as « -»• °° . Then there exis ts n.. > 0

such tha t /"(<?) l i e s on IT {(x , o) : |x | 5 k, } whenever n 2 n± . Let
n l(x , 0) , \x | 5 fe, , be the point such that ir [x , o) = f (q) .
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Inside B[0, kx) equations (5) become

dx

It
dy

= W

Hence for t 2 0 , ty [x , 6] = \x l+2ux2 t\ , 0 . The variat ional

equation for the derivative £ty,(x , o) for t 2 0 •becomes

-1

2 ( ?
X l+2px tn{ ^

- 1
( ^ , 0) .

J

Let {xn , 0) \un , Vn2 . From (7), for all t > 0 ,

log|u! | - log|w 2

l o g l+2vuc t -»• <*> a s * - » • < » .
{ n

1 i

T h e r e f o r e \v'\ -*• °° a s * - * • » . F i n a l l y | u | = \v'\ f o r a l l n 2 n ,

s o i n t h i s c a s e t o o , w e h a v e { | | T / w | l : n (. Z } u n b o u n d e d .
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