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Characterisation of

quasi-Anosov diffeomorphisms

Graham Couper

Let f be a Cl diffeomorphism of a compact c” boundary-less

manifold, and let f# be the operator on the bounded or
continuous sections of the tangent bundle (with supremum norm)
defined by f#n =Tfoneo f'-l . The main result of this paper

is that f 1is quasi-Anosov if and only if 1 - f# is injective

and has closed range.

1. Introduction

Let M be a compact Cc° manifold without boundary, and let diffl(M)
denote the Cl diffeomorphisms of M with the Cl topology. Write IM

for the tangent bundle of M , and for f € diffl(M) let Tf : TM > TM

denote the tangent map of f . Fix a riemannian metric on M , and let

|l be the associated Finsler norm on T . Let Fb(TM) (FO(TM)] denote the

Banach space of bounded (continuous) sections of TM , with supremum norm.
Define f# : Fi(TM) > *(Tm) , ©=b, 0, by: for every n € r*(rM) and

every x €M, [f#n)(x) =Tf o n(frlx) . f# is a bounded linear operator

(on either space).
In [11], Mather showed that f 1is Anosov if and only if
(l—f#) : FO(TM) - FO(TM) is an isomorphism. It is also known that f
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satisfies Axiom A and the strong transversality condition if (Mané, [9])

and only if (Robbin, [12]) (l—f#] : FO(TM) > FO(TM) is surjective. In
this paper we prove that there is an analogous result for quasi-Anosov

diffeomorphisms.

DEFINITION. We say that f € diffl(M) is quasi-Anosov if and only
if, for every x € M , and every non-zero v € TxM y {”ITnUH :n €I} is
unbounded.

THEOREM. Let f € diffl(M) . The following are equivalent:

(a) f s quasi-Anosov;

b

(b) (1-]"#) . TP(mmy > P (M) is injective and has closed range;

(e) {l—f#) : I‘O(TM) - I‘O(TM) is injective and has closed range.

This is the characterisation that should have appeared in [8]. There

Mafié states that the following are equivalent:

(a') f is quasi-Anosov;
(b') (l-f#) : Fb(Z?H - Fb(TM) 18 injective;

(e') {l—f#) : FO(TM) > FO(TM) has closed range.

In Section 5 below we give an example of a diffeomorphism f on T2

which is not quasi-Anosov and for which (l-f#] . tP(m) > TP(mH) s

injective. If g 1is the north pole - south pole diffeomorphism of 52
(see [12]), then g satisfies Axiom A and strong transversality, and by
g

Robbin's result (l-g PO(TM) - PO(TM) has closed range. But the north

pole - south pole diffeomorphism is not quasi-Anosov.

The name quasi-Anosov was introduced by Mane [7] in relation to a
question of Hirsch regarding invariant hyperbolic submanifolds. Mané has
established another characterisation of quasi-Anosov diffeomorphisms in
[10]. Franks and Robinson [5] have given an example of a quasi-Anosov

diffeomorphism that is not Anosov (and resolves Hirsch's question).

Relationships between f and [l-f#) have appeared in the work of several
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other authors; see [31, [41, [61, [13].

2. Proof that (a) implies (bJ
Let f Dbe quasi-Anosov. For every non-zero v € TM +there exists
n{v) € Z such that ”Tfn(v)v” > 2 . By continuity, there is an open

neighbourhood V¥V of v in TM such that Hljn(v)wﬂ > 2 for every
we€V . Let S={v €T : %< (vl =1} . By compactness of § there
exists N € Z+ with the following property: for every v € S there
exists n € Z with |n| =N such that

(1) Nzl > 2 .
b . ~ -
Let n € T°(TM) with |n]l =1, and let ¢z = (1-fﬂ)n . Then, for all
x €M,
nlfx) = Tfmlz) + g(fx)
and

n(f'lx] = 77 N (z) - 777 % (2)

Using these repeatedly gives that, for all = € Z\{0} ,
(

v
b_l

T () + § R (R ) i ow

k=1

(2) n() ={

-n
Tf'(z) - ¥ Tf'kz;(f”+kx) if ns-1.
k=1

Let & > 0 and such that

(3) sup{I7f"0l : |n| s N, v € ™M, |l < €} < 1/N .

Suppose {lz[l < € . Let x be a point of M such that ([n(x)fl > % . Then
by (1), (2), and (3) there exists n € Z , |n| = ¥ , such that

In(F =)l > 2-w.(1/m) =1,

contradicting |[nlf = 1 . Hence H(l—f#]n“ > € . This means that

{1-fﬂ] : Fb(TM) -+ Fb(TW) is injective and has closed range (see [1] for

example) .
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3. Proof that (b) implies (e)

If (b) is true, then there exists € > 0 such that every n € Fb(TM)

with |In|l = 1 satisfies H(l—f#)nn > ¢ (see[1]). Since

FO(TM) c Fb(TM) , every 1 € FO(TM) with [In]] = 1 satisfies

H(l—fﬁ)nH > ¢ , so (¢) is true.

4. Proof that (e) implies (a)
Let f satisfy (e¢). Then there exists € > 0 such that every
n € FO(TM) with |in}l = 1 satisfies H(l—f#)nﬂ e

We first show that this implies that the nonperiodic points are dense

in M . The argument is due to Mather [11] Let Pn denote the closed

set of points of M of period »n . We will show that, for each positive

integer n , Pn has no interior point. It then follows that U Pn is
nowhere dense, by Baire's theorem.
Suppose for some n that Pn does contain an interior point. Let =n
be the least such integer. Then kg Pk is nowhere dense and
n

#9 . Let xj ¢ (intP )\ U P

[ Then there is a
k<n

(intP)\U P

k<n k

neighbourhood U of &z, such that U< P and fk(U) nlU=¢g for

1<k =nl. Let %o € FO(TM) , have support in U, and satisfy

n-1 k
;O(xo) #0 . Let g = kég fﬂ L, - Then C(xo) = Co(xo) ,s0 £ # 0 ; and
fﬂc = ¢ . This contradicts the fact that (l—f#) : FO(TM) - FO(TM) is
injective.
Now assume that f 1is not quasi-Anosov. We will show that this

implies that there exists € Fb(TM) with finite support, Hn2H =1,

N2
\ . . 0
and H(l—f#)n2” < €/2 . Then we will smooth n, to obtain n €T (TM)

with |[n]l = 1 ana H(l-f#]nﬂ < £ , which is impossible.
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1 € M and non-zero

n
v € T M such that {Il7f vl : n € 2} 1is bounded. We may suppose that

If f 1is not quasi-Anosov, there exists* x
1
sup{“Tfan tne€z}=1.
suppose that |jv]] > % .

Let El

"
that (l-el) <e/8 .

satisfy 0 < El

and w € TxM so close to v that

In| =1 +n

0

b (ru)

Define ny €r by

(l—el)lnIIan

0

nl(y) =

Then [/l 2 IIn; (@)l = lwll > % . For

| -0, (7 |

LA

< e/l

Further,

|a-n, (52 |

"(1_f#)nl(fpl+l§0”

and for all other points y € M ,

JG-m

Now let ny, =n,/|n I . Then

< min(1, €/8)

Choose a non-periodic point =«

By replacing v by Ijkv if necessary, we may

let n. €zt

1 be such

so close to xl

lwil > % ana {|7f %l < 2 for

for y = f'x and In| = ny o
otherwise.

- + < <
nl lsns= ny o

”(1—61)lnITfnw-{l—el)ln—llenw”
e, lI7f "l

n -n

‘(1-51) rp Ll < em
”n n,+1

(1-¢,) et ol < e

Hence

'(1-f#)n1(y)” =0 .

< e/b < Feln, |l .

n, has the required properties.
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We now smooth Ny to get n € I‘O(TM) . The riemannian metric

determines a metric on M which we denote by 4 . Let
U, =Ty €M :dlz, y) <r}

Choose » > 0 so small that the following conditions are satisfied:

the sets fn(Ur) s lnl = ny + 1 , are pairwise disjoint;

for each »n with ]n| = ny + 1, fn(Ur) is contained in a

normal neighbourhood of fn(x) .

et p, g €M and v € TpM , let ‘tpqv € TqM denote the parallel
translation of v along the geodesic joining p to ¢q .

By making » smaller if necessary, we may ensure that the following

condition is also satisfied:

for all =n with -1y =n= nl+l , all y €U_ and all
r

< kel .

”( Z}f‘)fn_lxv-Tfny ,fnx(Tf)fny Tf"'lx ,fn'lyv"

Let ¢ : R>R be ¢ with ¢(0) =1, 0= ¢(x) <1 for all

x € R, and with supp(¢) contained in (-2, r) . Define n € I‘O(TM) by

n(fy) = o(dlz, »)) . 7 n(f2) if y €v_ and |n| =n_,
P g :
nly) =0 it y¢ U )
lnlfnl

7n.+1

Then |nfl=1. 1 y ¢ U f"(up) , Ia=-fnel =0 . 1e
n=-n
1
y € Up and "y =n = nl+l s then
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Ia-rAn )
= ”n(fny)—(Tf) _lyn(fn_ly) ”
”n(f"y]-rfnxJny(Tf)fﬂ_lefn_ly Jn-lx"(f”- y)”

g, DT s, g 20Ty )|

||¢(d(x, y)) .t n,{f=) - (rf) ¢{dl=z, y)) -n2(fn_lx] ”

(A

+

i

=y Fafy 7=
+ Hrfnx 2,70 ny $lat 9)) (7 ) - (zp) i 2 )
o, oot 20|
= ol ) U gl -0,y npls" )|
DI Co R

_Tf”y ,fnx(Tf)fﬂ'lny"“lx Jn_lyne(fn-lx) “

since parallel translation preserves the norm. Therefore
1@ )n(Fy) I < % + %eung(fn—lx] N <e.

So we have n € FO(TM) with |n]] =1 and ”{l—f#)nﬂ < g , giving the

contradiction.

5. Examples
Here we construct an example of a diffeomorphism f on the 2-torus

M= T2 which is not quasi-Anosov and for which (l-f#) : Fz(TM) > Fl(TM)

is injective, Z =0, Db .

2

Let g4 : RZ » R® be given by

and let g be the induced diffeomorphism of 72 = R2/Z2 . Let
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o R2 - T2 be the covering map, and let p = m(0) . We will perturb g

in a neighbourhood of p to give a diffeomorphism f of 72 with the

following properties:
(i) flp) =p ;

(ii) Tpf equals minus the identity;

(iii) for every q € Tz\{p} and for every non-zero v € TqM ,
{IlenvIl :n € Z} is unbounded.
By (i) and (ii), for every v € TpM , {IITf‘nvll :n € I} is bounded;

so f 1is not quasi-Anosov. Now suppose n € l'b(TM) and (l-f#)n =0 .
Then O = (l—f#)n(p) =2n{p) by (i) and (ii), so nlp) = 0 ; and for any
q €M, 0= (l—f'#)n(q) , which gives n(fnq) =Tfnn(CI) for any n € Z
Hence {||7f™M(g)l : n € 2} is bounded, and therefore nlg) = 0 by (iii).
Thus (l—f#] is injective on I'b(TM) , and so also on I'O(TM)

We now set about constructing f . Let 0 : R? > R? be the rotation

of coordinate axes that takes the x-axis (y-axis) into the contracting

(expanding) eigenspace of gO . Call these new axes the :L'l— and yl-

axes. Let 9, represent 9, with respect to these new coordinates, that

is, g, = Ggoe 1 Then g, = diag(—k_l, -A) , where A > 1 . Let

m, o R2 -> T2 be the covering map with respect to the new coordinates, that

. -1 . . . 2
is, mw, =m0 . From now on we work with the new coordinates in R° .

1

Let ¢t be the flow of

dxl dyl
) T W
where U =1log A . Then g; = —-qbl . Let

%
B(0, k) = {[:cl,yl) : [xi-»yi) = k} .
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choose kl >0, k2 > 0 such that the following condition is satisfied:

(A) for all ¢ with |¢| =1, ¢tB(O, kl) < int B{0, %) , and

$,8(0, k) < int B(0, k)

Let 0<k,<ky<k, andlet o :R >R be ¢” with these

properties: plz) =1 for z =< ky plx) =0 for = k3 ; p'(z)=0
2. 2\*

for all . Let »r = leml) . The differential equations

dx

1 2. 2

e —uxl[xl*yl)p(r) - uxl(l—p(r ),
(5)

dy §

el uyl[xfmi)p(r) + uyl[l-p(r ),

2

define a flow lpt on R The flow lines for both (L) and (5) are the

curves <z =e¢ , ¢ constant. Equations (4) and (5) are identical in

Y1

RE\B(O, k2) . Because of condition (A), we have:
(8) in RAB(0, %) , w, =0, (=g,) ana v, =¢_ (=9])
>t 1 1 1 -1 -1 1

Y1

o_, (B0, % ])

FIGURE 1
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Note also that (A) ensures the following property:

(C) suppose that @rl, yl) ¢ B(o, kl] and that y, # O . Then
. + 1n-1
there exists n € Z such that wl (ml, yl) € B(O, kl] N

and y](z,, y,) € B0, $)\B(0, k) . By (3);

by ° "’?(xl’ y) =9y ° l"’11(”’"'1’ vy -

There is a similar statement to (C) for L

Define f : T2-+ T2 by

flr ey w)) =mp e (W)= 9)) it (2, 4) €BlO, %),

lq) =g(q)} if q ¢ °B(0, %) .

Condition (B) shows that f is a diffeomorphism. Condition (C) is
needed to give the following property for f , which we will use later:

(D) let q € T2 . Then either fn(q) > p as n > | or there

" "
exists a sequence {nk} +® such that f o f " (q) =g o f "(q)

There is a similar statement to (D) for f’l .

We must establish conditions (i)-(iii) for f . Condition (i) is

1 - In these

coordinates, Tpf is given by -le(O, 0) . From (5), le(O, 0) is the

immediate. For (ii), use the local coordinates, given by T

identity.

It remains to establish (iii). The covering map ﬂl can be used to

give a chart at any point of M = T2 . All charts used henceforth will be

the charts given by Let q € M\{p} , w € TqM\{O} , and suppose ¥

1

is represented by [u, v] in terms of the chart. We will show that if

{v] = |u| , then {”(Tf)nw” :m € Z+} is unbounded. A similar argument
n -

yields that it [v| = |u| , then {I(TA)wI : n € Z7} is unbounded.

In local coordinates, Tf is represented either by —le or by
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Dg, - We examine Dy, first. Let F{z,,y,) be the right hand side of

(5), and let [uo, vo] be a vector in R2 . The vector

24y Uns U satisfies the variational equation
Dbyl s yy) lug

(6) %ant(xl, yl] [uo, vo] = DF[tpt(xl, yl)]DLpt(:cl, yl) [uo, v0]

A short calculation yields
(. 2 2 2 2
(~u> vIDF(zys y ) lus 0] = uL(3u m2)x1+huvx1yl+(u +3v2jyl:[p(r)

+ u(WP?) (mple) ] + 0" o) (o) -0
=0,

with equality only when x =0 or u=v =0 . This means that, for

1%
any + € R and any {xl, yl) € R2\{(O, 0)} ,the vector field determined by

(6) in the punctured (u, v)-plane ((0, 0) removed] is nowhere tangent

to the family of hyperbolas v2 - u2 =¢, e €R , and is directed as

shown in Figure 2.

<

FIGURE 2
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This yields the following property of Dtbl .

2 2 2 2
> - = >
(E) Suppose vy *tug >0 and N 0 . Let

[us -v,] = o0 (=), ) [uy> o] » and let

vi - uje_ = (—v1)2— (—ul)z = 012_ . Then ci > cg .

The action of Dgl is similar, and we get some additional information.

(F) Suppose e + ug >0, and 02~ W = CS

o o 0 2 0. Let
[ul, vl] = Dgl[uo, vo] = [:—A-luo, —)\vJ , and let

2 2 _ 2 2 2.-2 2 .22
v] - u] =c] . Then cl-()\-k 2)u0+>\co,sothat

2 22 .
el 2 A ey (recall that X > 1 ). Equality holds only when
u, =0 ; but then ¢, >0 so always 02 > 02 .

0 ? 0 ? 1 0

Let g € M\{p} , and let w € TqM and be represented in the chart by
[u vo] with |v I z Iu l ; that is, with v2 - u2 = 02 . For n20
0’ 0 o'’ ’ 0 0 ?
let Tfnw be represented in the chart by [un, vn] , and let

0
02 - W = cj . By (E), (F), the sequence {05} is monotone increasing.
n=0

Suppose first that fn(q) does not tend to p as n -+« . By (D),

there exists a sequence {nk} + o guch that (Tf) " = (Tg) n for
k k
7 (q) F(q)
all k . Property (F) then gives that ci +® gag n>® _, Hence vi >

as n > o , so that {”Tfan :n € Z+} is unbounded.

Now suppose that fn(q) »p as n > . Then there exists n, 20

such that fn(q) lies on ﬂl{(xl, 0] : |x1| = kh} whenever n 2= ny - Let

(xnl, 0), |:z:nl| = kh , be the point such that nl{:cnl, 0) = f “(q)
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Inside B(0, kh) equations (5) become

ey 5 dyy

dt - M1 > ge T WYy -

-k
Hence for ¢t 2 0 , wt(x , 0) = Lr [l+2ux2 t} s o) . The variational
n n n
1 1 1
equation for the derivative Dwt(xn . O) for ¢ =2 0 Dbecomes
1
-1
-3ux2 [1+2ux2 t] o]
n n
d 1 1
(1) Zz Db (=, ,0) = oy (z, , 0
1 5 5 -1 1
0 uxn 11+2pxn t)
1 1
Let |ug, v/] =y, (= ,0)[u, ,v ] . From (1), for all t=0,
1 1 1
loglvl| - loglv. | = % log[l+2ux2 t] >© a5 t > |
t n n
1 1
Therefore ]vé| +® as t > ., Finally |vn| = |vé| for all nzn ,
- . +
so in this case too, we have {HTfnw” :n € Z'} unbounded.
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