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The Weak Type (1, 1) Estimates of Maximal
Functions on the Laguerre Hypergroup

Jizheng Huang and Liu Heping

Abstract. In this paper, we discuss various maximal functions on the Laguerre hypergroup K includ-
ing the heat maximal function, the Poisson maximal function, and the Hardy-Littlewood maximal
function which is consistent with the structure of hypergroup of K. We shall establish the weak type
(1, 1) estimates for these maximal functions. The L? estimates for p > 1 follow from the interpolation.
Some applications are included.

1 Introduction

It is well known that various maximal functions play a very important role in har-
monic analysis. The most common way is to establish first the weak type (1, 1) es-
timates for the Hardy-Littlewood maximal function by using of some kind of cov-
ering lemmas (cf. [4, 8]) and then control other maximal functions by the Hardy—
Littlewood maximal function. But this method can not be used for the Laguerre
hypergroup K, because there is not a suitable quasi-distance on K. In this paper, we
shall discuss various maximal functions on the Laguerre hypergroup K including the
heat maximal function, the Poisson maximal function, and the Hardy-Littlewood
maximal function which is consistent with the structure of hypergroup of K. Start-
ing with the heat semigroup, we first establish the weak type (1, 1) estimate for the
Poisson maximal function by using of the Hopf~-Dunford—Schwartz ergodic theorem
asin [7]. Then we use the Poisson maximal function to control the Hardy—Littlewood
maximal function, which, in turn, gives the control of the heat maximal function.

The paper is organized as follows. In Section 2, we collect some results about
the Laguerre hypergroup, which we will use in the sequel. In Section 3, we give
the explicit expressions of the heat kernel and the Poisson kernel. The pointwise
estimates of both kernels are derived from their expressions. The weak type (1,1)
estimates for various maximal functions are given in Section 4. Some applications
are also included.
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2 Preliminaries

In this section, we set some notations and collect some basic results about the La-
guerre hypergroup. We refer the reader to [12], [6] and [9] for detail.
Let K = [0, 00) x R equipped with the measure

1

2a+1
_ dx dt > 0.
Mty % o=

dmg(x,t) =

We denotes by L5 (K) the spaces of measurable functions on K such that || f||,, <
+00, where

%
1l = ( 1560 dmat t>) Cl<p<oco
K
[ flla,co = €SSSUP (. 1)ek | f(x, 1)

For (x,t) € K, the generalized translation operators T((gz) are defined by

T((;yz)f(yv S)

= 027T]‘(\/9c2 + y2+2xycosf,s+t+xysinf)df ifa =0,

BRE- OM fol f(\/x2+ y* + 2xyrcos 0,5+t + xyrsin)r(1 — r?)*~ ' dr do
ifa > 0.

It is known that T((,(:Z) satisfies

@2.1) ITED fllap < 11 Fllap-

Let M, (K x K) denote the space of bounded Radon measures on K. The convolution
on M;(K) is defined by

e = [ T2 £ dute ) (5,
KxK

It is easy to see that px v = v x p. If f,g € LL(K) and p = fm,, v = gm,, then
v = (f *g)m,, where f * g is the convolution of functions f and g defined by

(f*g)x,1) = / Teh f(3,5)8(y, —5) dma(y, s).
K

The following lemma follows from (2.1)).

Lemma 2.1 Let f € L) (K)andg € L5(K), 1 < p < oc. Then

1f* gllap < 1 fllar [1gllap-
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(K, *,1) is a hypergroup in the sense of Jewett (cf. [5], [1]), where i denotes the
involution defined by i(x,t) = (x, —t). If @ = n — 1 is a nonnegative integer, then
the Laguerre hypergroup K can be identified with the hypergroup of radial functions
on the Heisenberg group H".

The dilations on K are defined by

8.(x,t) = (rx,r*t), r>0.

It is clear that the dilations are consistent with the structure of hypergroup. Let

(2.2) Sl 1) = e (2 ! ).

=
r’r?

Then we have

[ fellar = 11 fllas-

We also introduce a homogeneous norm defined by |(x,t)| = (x* + 4t2)% (cf. [10]).
Then we can define the ball centered at (0, 0) of radius r, i.e., the set B, = {(x,t) €
K:|(x,1)] <1}

Remark 2.2 It seems difficult to define balls or cubes on K as on the Euclidean
space. This is the reason that we don’t have suitable covering lemmas.

Let f € LL(K). Setx = p(cos )z, t = 1p?sin 6. We get

/ flx,t) dmg(x,t)
K

= ; : - 3 1 2 o3 20+3 a
= 27TI‘(04+1)/_;/0 f(p(cos@) 5P 51n9)p (cos0)* dpdo.

If f is radial, i.e., there is a function 1 on [0, 00) such that f(x, ) = ¢ (|(x, 1)), then

z
2

— ; « > 200+3
/K flt)dma(x,t) = 5o [ (cosoy dp /0 B dp

2

2¢/ml(a+ DTG +1) Jy
Specifically,
(el
(2.3) me(B,) = (%) 2o

a/ra+ 20+ D5 +1)

We consider the partial differential operator

L__(iz+2a+12+xziz)
a Ox? x Ox ot/
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L is positive and symmetric in L2 (K), and is homogeneous of degree 2 with respect to
the dilations defined above. When o« = n — 1, L is the radial part of the sublaplacian
on the Heisenberg group H”. We call L the generalized sublaplacian.

Let L' be the Laguerre polynomial of degree 7 and order « defined in terms of
the generating function by

- m « 1
(2.4) mZ;Os L) = (1 =)ot "Xp(*fs)'

For (A, m) € R x N, we put

| .
m.r(o& + 1) el)\te_%l)\|x2

L (INx).
I'm+a+1) m (A7)

Coum (%, 1) =

The following proposition summarizes some basic properties of functions ¢y -

Proposition 2.3 The function () ) satisfies that
@ lleomllase = vom0,0) =1,

(e}

(i) @om @ Pam(.9) = Teh@onm (7,9
(ii1) Loom = 4|/\\(m + %)Qp@\’m).

Let f € L} (K), the generalized Fourier transform of f is defined by

FOum) = [ 000 1) )
K
It is easy to known that

(f % g\, m) = F(A, m)Z(\, m)

and R R
S m) = f(r*A,m).
Let d, be the positive measure defined on R x N by

_y~Tmtatr
/RXNg()\,m)d%()\,m)mZ_o Tt D) /Rg()\, m)| M| d.

Write Lg(l/i) instead of L?(R x N, d~, ). We have the following Plancherel formula.

flloz = I1flz@:  f€La(K)NLL(K).

Then the generalized Fourier transform can be extended to the tempered distribu-
tions. We also have the inverse formula of the generalized Fourier transform.

flx, 1) = FO\, m) o m(x, 1) dya(N, m)

RXN

provided f € L! (K).
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3 Heat Kernel and Poisson Kernel
Let {H} = {e~*L} be the heat semigroup generated by L. There is a unique smooth
function h( (x,1), s) = hy(x,t) on K x (0, +00) such that
Hf(x,t) = f * hy(x,t)

where F; is the heat kernel associated to L. The following proposition due to Stem-
pak [9].

Proposition 3.1 The heat kernel h, satisfies that

(i) (Os+ L)hy =0, 0n K x (0, +00),

(ll) hs(x7 t) Z 0) hs(x7 7t) = hS('x? t)) fK hs(x7 t) dm(}'(xa t) = 1)
(111) hsl * hsz = h51+52)

(iv) hpes(rx, 12t) = r~ QD h (x, 1).

Remark 3.2 We recall that there are a confusion to some extent between the nota-
tion h; and the dilation (Z2)). In fact, let f = hy, then h; = f, with s = 2,

As a direct consequence of Proposition 3.1 we have:

Lemma 3.3 The heat semigroup {H*} satisfies that

(i) limeo [|[Hf = flla,p = 0for f € LE(K), 1 < p < o0,
) H fllap < || fllags 1 < p < o0,

(iii) H* is self-adjoint on L% (K),

(iv) H'f > 0if f >0,

(v) H1=1.

We shall give an explicit expression of the heat kernel A in terms of Euclidean
Fourier transform with respect to the variable ¢.

Lemma 3.4

A atl 1 2
he(x, £) = ( ) — LA cothA9? fide gy
(1) /R 2 sinh(2\s) ¢’ ¢

Proof It is known that N
h5(>\, m) _ 674(m+%)|/\\s

(¢f. [9]). By the inverse formula of the generalized Fourier transform,
bt = [ RO m)pnn () O
RXN
— / Z e—4(m+%)|/\\se—%|/\|x2L’(1<ly)(‘)\|x2)|)\‘a+1€i)\t da\
R m=0

= / hM(x)e™ d.
R
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By the generating function identity (Z.4) for the Laguerre polynomials, we have

0o
B = (30 e LG () ) e DRIy
m=0

1 |\jaZe4IAls
(1 — e—4Ps)a+l exp(—

_ ( A ) A~ I coth2xs)
2sinh(2)\s) )

5 )e—2(a+l)|)\|se—%|)\|xz|)\|a+l
1— 674/\5

This completes the proof of Lemma[3.4] ]

The pointwise estimate of the heat kernel hy(x, t) can be derived from its expres-
sion as same as in [11].

Lemma 3.5 There are positive constants C and A such that
he(x,t) < Cs—a= 246N

Proof In view of Proposition 3.1l we may assume that s = 1 and t+ > 0. By

Lemma[3.4]
o0 A a+l 5 .
hy(x, 1) = (7) — A coth@V) iXt gy
11 [00 2sinh(2)\) ¢ ¢
Let ) »
) = ( . ) —{Acoth2)
YCEY 2sinh(2) ¢
Then f(x, A) can be extended to a holomorphic function of A in the strip [SA| < 7.
Hence by Cauchy theorem,
hi(x,t) = lim (If + Iy + I})
R—o
where

i .
Iy = / iel R f(x R+ i0) do,
0

R
oin s
I}Zz:/ e’(”+13)tf(x,a+zf) do,
x 4

bis

i
I = —/ ie ®H f(x R +i0) do.
0
It is easy to see that I} and I} go to zero as R — oo. Thus we have

- ot T
hi(x,t) =e / e f(x,a+14)da.

— 0o
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Therefore,

(3.1) hi(x,t) < Ce™ 3",

Because limy_,o A coth(2)) = 1, we also have

(3.2) hi(x,t) < Ce™ .

The lemma follows from the estimate (3.1)) and (3.2)). [ |

Now we turn to the Poisson kernel. Let {P*} = {e~*VZ} be the Poisson semigroup.
There is an unique smooth function p( (x,1), s) = ps(x,1) on K x (0, +00), which is
called the Poisson kernel, such that

Pf(x,t) = f * ps(x, 1)

The Poisson kernel can be calculated by the subordination. Using the identity

1 (e _p
eiﬁ\/Z = ﬁ 67@ fTL d,u, /8 > O,
0
we get
SR
(3.3) pi(x,t) = € ha (et dp.

\F Vi
From (3.3)) and Proposition 3.Ilwe obtain:

Proposition 3.6 The Poisson kernel p; satisfies that

(i) (@2 —=L)p; =0, 0nK x (0,+00),

(11) Ps(x7 t) Z 0) Ps(x7 7t) = Ps(xa t)) fK Ps(x7 t) dma(x; t) = 1)
(iii) ps * Ps, = Psytspr

(iv) pslx,1) = s~ p (X, L),

The following lemma gives the explicit expression of the Poisson kernel p;.

Lemma 3.7

_ 4 S oA N, 2 n — 42
ps(x,t) = ﬁf‘(a+2)/0 <7sinh)\) ((s + x“Acoth \) +(2)\t))

cos( (a + g) arctan(%) ) dA.
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Proof By Proposition[3.6l we only need to prove this lemma for the case s = 1. From

(B.3) and Lemma[3.4] we have
(xt)—i/ooﬂh (x,1)d
pilx, *\/% M T H
A atl 7%/\coth(%)x2 it
\f/ 251nh(’\)) ¢ e dhdu

4 © 5 o a+l 5
_ ﬁ/ e—/;,ua+§ / (Sln/\h)\) e Hx )\COth/\COS(Z/},)\t) da\ d,u
0 0

4 o0 a+l o0
== / (Fﬁh A) ( / o gmui Aot cos(2,u)\t)d/,t> dA.
0 0

By the integral transformation formula

/ X lem ™ cos(xy) dx = NI yz)*% cos<1/arctan(
0

Q=

)), v>0,a>0

(f. [3]), we get

_ 4 AN AR 2 2 2\ — 4
pl(x,t)_ﬁf(a+2)/0 (SinhA) ((1+x*Acoth \)? + (2A¢)?)

cos( (a + g) arctan( %) > d.

The proof is completed. ]

As an easy consequence of Lemma [3.7] we have the following pointwise estimate
of the Poisson kernel pg(x, t).

Lemma 3.8 There is a positive constant C such that

(a+2 )

Ds(x, 1) <C5(s + |(x,1)] )

4 Weak Type (1, 1) Estimates

We will consider following maximal functions.
The heat maximal function My is defined by

My f(x,t) = sup |[H f(x,t)| = sup |(f * h)(x, 1)].
s>0 s>0
The Poisson maximal function Mp is defined by

Mpf(x,t) = su%) |Pf(x,0)| = sug |(f * ps)(x, 7).
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The Hardy-Littlewood maximal function is defined by

1
Mgf(x,t) =su
s r>(F)> me(By) B,

T (fD(y,5) dma(y,s) = sup(| | by) (1),

where b(x,t) = mxgl (x,1).

Remark 4.1 It is clear that M is consistent with the structure of hypergroup of K.
The Hardy-Littlewood maximal function on Euclidean space restricted on [0, 00) xR
is worthless to harmonic analysis on K.

We are going to prove the following results.

Theorem 4.2 My, Mp and Mg are operators on K of weak type (1, 1) and strong type
(p,p) forl < p < oo.

Proof It is obvious that My, Mp and Mg are bounded on LS°(K). Then the L?
estimates for p > 1 follow from the weak type (1, 1) estimates and the interpolation.

We first establish the weak type (1, 1) estimate for the Poisson maximal function
Mp. By the subordination identity (3.3),

e M

1 +00 i
P = /0 R e du

The same as in [7], we have

|P°f(x,t)| < Asup
y>0

1 [ P
- | m
) /0 f(x,t)ds

where A = ||y¢’(y)||; and

1 1 s
Therefore,
1 Yy
(4.1) Mpf(x,t) < Asup f/ Hf(x,t)ds|.
y>0|Y Jo

Lemma [3.3] shows that the heat semigroup H° satisfies the conditions of the fol-
lowing Hopf-Dunford—Schwartz ergodic theorem (cf. [2, p. 690]).

Theorem (HDS) Let (M, dm) be a positive measure space. {T" }o<r<+o0 1S @ Semi-
group of operators on M such that

(i) lim_g ||T"f — f||, = 0 for f € L*(M, dm),

G) 1T fll, < £l 1 < p < .

(iii) Each T is self-adjoint on L2(M, dm),

(iv) T'f>0if f >0,
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v) T'1=1,
then the maximal function M f defined by

Mf(x) = sup (1 [1rse) dt)
0

s>0
is of weak type (1, 1).

It follows from (@) and the Hopf~Dunford—Schwartz ergodic theorem that the
Poisson maximal function Mp is of weak type (1, 1).

From Lemma[3.7] it is easy to see that p;(0,0) > 0. There exist constants ¢ > 0
and § > 0 such that p,(x,t) > ¢ when |(x,1)| < ¢. Take sy = %, by Proposition 3.6
there exists a constant C > 0 such that

b(x,1) < Cpy(x,1).

This means
Mg f(x,t) < CMp(|f)(x,1).

Therefore the Hardy-Littlewood maximal function Mg is of weak type (1, 1).
It follows from Lemma[3.5] that there exists a constant C > 0 such that

Mpuf(x,t) < CMgf(x,1)

(see Proposition [4.4] below). Then the heat maximal function My is of weak type
(1,1). [ |

As a consequence of the weak type (1, 1) estimate for the Hardy—Littlewood max-
imal function, we have the following Lebesgue differential theorem.

Corollary 4.3 Suppose f € L! | (K). Then

a,loc

}i_l)‘% miBr) /B’ |T((zg)f(y, s) — f(x,8)|dma(y,s) =0, ae (x,t) €K
The proof of Corollary[4.3]is standard and we omit it.
As application, we give a result about approximations of the identity. Let ¢ €
L! (K). We say that ¢ is well controlled if there exists a nonnegative and decreasing
function 9 on [0, c0) such that |p(x,t)| < w(\(x, t)\) and w(|(x,t)|) € LL(K).
Lemmas[3.5 and 3.8 show that the heat kernel #; and the Poisson kernel p; are well
controlled.

Proposition 4.4 Suppose  is well controlled. Then there exists a constant C > 0 such
that

M, f(x,t) = sup |(f * @r)(x,t)| < CMpf(x,t).
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Proof Let ¢ be a control function of .
[(f * @) (x, 1)

- ‘/ T((:clg)f(y? S)@r(ya —s) dma(%s)
K

= _(a (y,s) «
Z 2 +4)/ ¢(| Y |> \T((x})f(}/,s)|dma()”5)
k= —oo 2kr<|(y,5)| <2k+1r r

IN

IN

Z r—(2a+4)1/)(2k)/B |T((;Z)f(y75)|dma()’, s)

k=—o00 okt

(malB) 3 25000504 My,

k=—o00

IN

— latd ( m,, (B;) i 2k(2a+4)w(2k)) MBf(x7 t)

k=—o00

where we have used (2.3]).
On the other hand, we have

(at) d (M(at): (at) d Oz(at)
/bi(lx ) dmal Zoo/2“<|<y,s>|<zk¢(|x ) dma

k=—

o
> ma(Bl) Z (2k(2u+4) _ 2(k—1)(2a+4))w(2k)

k=—o00
_ (1 _ 2—(2a+4))<ma(B1) Z 2k(2a+4)w(2k)) )
k=—o0
Because (| (x,1)|) € L. (K), the proposition is proved. [ |

Corollary 4.5 Suppose  is well controlled. Then for f € L5(K) or f € C.(K),
lirré(f * ) (x,t) = Af(x,t), ae (x,t) €K,

where

A:/cp(x,t)dma(x7t).
K

The proof of Corollary[d.3]is standard and we omit it.
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