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NEIGHBOR RELATION AND NEIGHBOR
HOMOMORPHISM OF HJELMSLEV GROUPS

FRIEDER KNUPPEL AND MICHAEL KUNZE

The geometry of Hjelmslev groups is a comprehensive plane metric geom-
etry. It supplies, for example, an approach to euclidean, hyperbolic, elliptic,
Minkowskian and Galilean geometry.

The subject of this geometry are Hjelmslev groups and their group planes.
(The definition of Hjelmslev groups and some basic concepts and propositions
of this theory can be found in the second edition of Bachmann's book (1]
(pages 318-328). A similar report in English is the lecture [3]. A comprehensive
introduction is developed in the key work [2]. The first part of this work was
translated by Garner [4]. An abstract is given in Math. Rev. §2, 9066 (1976).)
The group plane arises from giving geometric names to some group theoretical
facts. The group plane of a Hjelmslev group is an incidence structure with

orthogonality, and the Hjelmslev group acts on this plane as a group of
motions.

Within the geometry of Iljelmslev groups ideas from J. Iljelmslev’s ‘‘Allge-
meine Kongruenzlehre” (AKL) appear in a more general shape. In group
planes of Hjelmslev groups, the first or the second or both the following classical
axioms can be false.

(V) Any two points are incident with at least one line;

(E) Any two distinct points are incident with at most one line.

A good deal of Hjelmslev's work, mainly the third and the fifth communication
of AKL is devoted to the study of a neighbor relation for points and, sub-
sequently, also for lines. These relations serve to make planes not satistying (E)
more accessible. 1jelmslev suggests to merge points which are neighbors and
also lines which are neighbors, in order to obtain a geometric structure satis-
tying (E).

The goal of our article is the definition and study of a neighbor relation for
Hjelmslev groups (more precisely: for the group plane of Iljelmslev groups).
Diverging from Hjelmslev's definition we shall define: two points 4, B are
called neighbors if and only if there is a rotation fixing 4 and B but not every
point. With this we shall continue: two lines «, b are called neighbors if and
only if the product of the reflection in the line ¢ and the reflection in the line b
moves every point X into a neighbor of X. As a first result we shall, for example,
show that orthogonal projections of the point set preserve the neighbor
relation.
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It is natural to ask for a description of Hjelmslev groups with transitive
neighbor relation. In our Theorem 1 we shall show that a Ijelmslev group has
transitive neighbor relation if the following three properties are fulfilled.

(VI*) Any two points which are non-neighbors are incident with at least one
line; there exist non-neighbor points.

(W) There are orthogonal lines «, b and orthogonal lines ¢, d such that any
two of the lines a, b, ¢, d intersect in just one point.

(Z) Let a, b, ¢ be lines through a point C and suppose a is orthogonal to b;
then C is the unique intersection point of «, ¢, or C is the unique intersection
point of b, c.

Each of these additional axioms was already introduced in earlier studies.
(The first additional axiom was originally introduced in a somewhat stronger
version denoted (Vf); this version claims not only existence of non-neighbor
points but instead demands that to each line g there is a pair of non-neighbor
points lying on g.)

The geometry of Hjelmslev groups subsumes the plane absolute geometry
which is discussed in the main part of Bachmann’s book [1]. The groups of
plane absolute geometry defined by the system of axioms applied there
([1] § 3.2; sec also§ 20.3) are called AGS groups in agreement with the title of
the book. They are [1jelmslev groups which fulfill (V) and (E).

Given a Hjelmslev group (with more than one point) satisfying (Vf*), (W)
and (Z) we shall canonically construct a Hjelmslev homomorphism onto an
AGS group such that points and also lines have the same image if and only if
they are neighbors (Theorem 4).

Supplementary to Theorem 1 we shall discuss two special situations in
Section 2*, Theorem 2 appliesif (V) is valid and Theorem 3 applies to I1jelms-
lev groups having an ordered group plane. Finally we shall construct a Hjelms-
lev group over a local ring and give an algebraical description for its neighbor
relation and the homomorphism given by Theorem 4.

Remark. In the above mentioned third communication of AKL Hjelmslev
presupposed (V). Hjelmslev called two points neighbors if and only if they are
incident with more than one line. He proved the transitivity of this neighbor
relation in the same article. In this communication strong axioms were assumed
(order, free mobility) in addition to (V). In his paper ‘‘Euklidische Ebenen mit
Nachbarelementen”” (Euclidean planes with neighboring elements) W.
Klingenberg also assumed validity of (V) and used Hjelmslev's neighbor
relation. From propositions of this article transitivity of Hjelmslev's neighbor
relation can be deduced for Hjelmslev groups satisfying (V), (W) and (Z).

Note. Hjelmslev's definition implies: 1. If any two points are incident with
more than one line then any two points are neighbors. 2. Unjoinable points are
non-neighbors. These consequences may indicate an inflexibility of Hjelmslev's
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neighbor relation, and that its efficiency seems to be linked to the assumption

of (V).

1. Definition and elementary properties of the neighbor relation-
Throughout this article ‘“‘Hjelmslev group’”’ means ‘‘non-elliptic Hjelmslev
group’’. Let (G, S) be a Hjelmslev group and P its point set. Let Sever (5°4) be
the set of products of an even (odd) number of lines. If « € S¢¥e® and if the set

Fla) := {4 € P: 4= = 4}

of points which are fixed by « is not empty, then « is called a rotation. More
exactly we might say: the motion X — X¢ x> x* of the group plane of
(G, S) is called the rotation induced by a. If 4 € F(«) then there exist lines a
and b passing through 4 such thata = ab. Let D (4) denote the set of rotations
fixing A4,

D(4) := {a € S 4 € F(a)}.

There may exist elements a € S*\{1} such that F(a) = P. The center

Z(Sven) of the subgroup S of G consists of exactly those elements of Seven
which fix every point.
For a rotation « let

S(a) :={c € S:ac € S}.

Then (N ¢(F(a)), S(a)) (where N (F («)) is the normalizer of F(«) in G) is a
Hjelmslev subgroup of (G,S) and F(a) is its set of points. We call this
Hjelmslev subgroup the spot of the rotation a. A spot of a rotation is locally
complete: if A € F(a) and b € S with 5|4 then b € S(a). Therefore a spot of
a rotation has the
“Thales property’’: Let A, B be points of a spot of a rotation and a|4 and
b|B, a. Then ab is also a point of the spot.
A and B are called neighbors if and only if there exists a rotation fixing 4 and B
but not every point. This relation will be denoted by 4 < B. Thus,

Definition. Let (G, S) be a Hjelmslev group and P its point set. For 4,8 € P
define 4 < B if and only if

J o€ SV 4, B € F(a) # P.
Or, equivalently, if and only if
D(4) N D(B)\Z(Seven) = 9.

If 4, B are non-neighbors then we say A distant B according to the definition
of Salow [10]. Hence 4 and B are neighbors if and only if they are points of a
spot of a rotation which is not the entire group. If 4, B are neighbors in the
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Hjelmslev group (G, .S) and if (G, S) is a Hjelmslev subgroup of the Hjelmslev
group (G',S"), then A, B are neighbors in (G, .S’). Our definition of 4 < B
depends not only on the set of lines joining A to B but also on the entire Hjelmslev
group (G, S).

Examples. In a Hjelmslev group (with more than one point) satisfying (E)
two points are neighbors if and only if they are equal. If in a Hjelmslev group
(V) holds and Z (Sever) = {1} then two points are neighbors if and only if they
are incident with more than one line.

Motions of the group plane preserve the neighbor relation:

(1) If A T B then A* = B« for points A, B and o € G.

The relation < is symmetric by definition:

(2) If A < Bthen BC A.

Furthermore the relation is also reflexive:

(8) A < A for each point A, except for the trivial case that P consists of one
point only.

A main concern of this article is to find sufficient conditions for the transi-
tivity of C.

If A, B are points in the same spot F of a rotation and if 4, B possess a mid-
point M (this means 4™ = B) then M is also a point of F. From this it follows
that

(4) A = Maf and only if A & A™M.

If a point A can be moved into a point B, that is if there is an o € G satis-
fying A« = B, then 4, B have exactly one mid-point, denoted M, . Therefore
it follows from (4) that a point 4 is a neighbor of 4« if and only if 4 is a neigh-
bor of the mid-point M, 4«

A consequence of the Thales property of spots is

(Th) Suppose that a|A; b|B, « and A = B. Then A, B T ab.

Orthogonal projections preserve the neighbor relation. In what follows (4, g)
denotes the unique perpendicular through 4 to g; (4, g)¢ is the foot.

(5) (a) If A = B then (A, g)g T (B, g)g for any line g.

) If (4, g)g < (B, g)g then there exists a point E| (B, g) satisfying A < E;
one such powmnt is E := (A4, (B, g))(B, g).

Proof (see also Salow [12], (2.3)). Let 4, B, g be given and b|B, g; d|A4, g;
C:=bg,D:=dg;a|ld,band E : = ab (see figure). Then for all lines e, & satisfy-
ing e|4 and &|D, e the following conditions are equivalent:

E € F(de);

Elade (because Ela);

E ade € S;

CDe € S (because Ead = bd = CD);
Clh;

C € F(gh).
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(a) Suppose that 4 = B. We have to show that C  D. From (Th) we
know 4 C E. Hence there is an @ = D(4) N D(E)\Z(S¢). Let e := da
and % := (D,e). From E € F(a) = F(de) and the above equivalences we
obtain C, D € F(gh). Assuming F (gh) = P we would have 4 = A" = A¥" =
AP" and consequently A4, kle, Dh. Therefore e = Dh, eh = D = dg and hence
F(a) = F(de) = F(gh) = P which is a contradiction. Consequently I (gh) = P
and C C D.

(b) Now suppose that C = D. Then there is an « € D(C) M D(D)\
Z(Sven). Let h:= ga and e := (4, k). Then C € F(a) = F(gh) and by the
above equivalences 4, E € F(de). Assuming F(de) = P we would have Dle
and thus Dlelh. D = eh = dg, but F(de) = F(gh) = P is a contradiction.

(6) Let A, B, X, Y be poinis on a line g and A = B. Then AXY < BXY.

Proof. By hypothesis we have a rotation ag € D(4) N D(B)\Z(Seven), Tt
follows that a|4, B. Let l := (BXY,a) and b := IBXY. By [2, 3.6] we have

AXY
~—__" °\]/'
)

b|A4-B-BXY = AXY and therefore bg € D(AXY) N D(BXY). Assuming
that bg € Z(S**") we would have 0|B and «, b|B, [, hence ¢ = b. But ag €
Z (Sevem) is a contradiction.

(7) Let o € G and A = B. If a € 8 or if A, B have a joining line then
My x T Mp >

Proof. Suppose that a € S°. According to the representation theorem
([2], 3*.2) we can write @ = gab where gla, b. Thus for each point X we have
My yx= (X,2)gab. A = B and (6) imply (4, g)g < (B, g)g, and from (6)
we obtain (4, g)gab = (4, g)gaggb = (B, g)g-ag-gb = (B, g)gab, i.e.
My 42 & Mg pe.

Finally, if « € S and 4 is joined to B by a line ¢ we have 4 = A and
Be = Be. Therefore we may repeat the above proof writing ca instead of a.

A special case of (7) is
(8) Suppose A and B have a joining line. If A & B and AB = CD then
CcD.
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Proof. This follows from M, 480 = C, M gep = D and (7).
(9) Suppose A 1s joined to B.

(a) If A = B then X = X428 for each point X.

(0) If there is a point X such that X & X*% then A T B.

Proof. Let gld, Band A’ : = (X, g)gand B’ : = A’ADB where X is any point.
Then X482 = X4'F = X4'98" = X5’ Hence (X, gB')¢B’ is the mid-point of
X and X*%, From (8), (5) and (4) we conclude that the following statements
are equivalent: 4 © B; A’ © B'; X © (X, gB")gB’; X & X4P.

X . o XA
g4’ gB’

. . u!

A B A’ B’ g

Proposition (9) suggests the following definition.

Definition. The line « is called a neighbor of the line b, denoted by a < b, if
X = X for every point X. If ¢ is a non-neighbor of b we write a distant b.

We now state some properties of the relation T on the set of lines.
(10) If a < b then a* < b* for each a € G.

a  a if there exists more than one point.

If a b then b Z a.

If ab = ¢d and a Z b then ¢ Z d.

Let ab = AB. Then a Z b of and only if A T B.

If a, blg, then a < b if and only if ag Z bg.

If a, m|g, then a = m if and only if a < a™.

Proof. The first four assertions are obvious. To prove the fifth one, we notice
that adb = A B implies that 4 is joined to B ([2], 3.1) and we can apply (9). The
sixth assertion follows immediately, and to prove the last one we use (4) and
(ag)™ = a™g.

The following lemma is proved in |2, § 5, (x7)] and also in [10, 3.2].

LEMMA. Let o be a rotation and a, b € S(a) such that F(ab) = {C}. Then
C € F(a).

A consequence from this lemma is

(11) Assume a|A and b|B. If A = B and F(ab) = {C} then A, B < C.

2. Transitivity of the neighbor relation. In the following we shall confine
our attention mainly to Hjelmslev groups which satisfy two additional axioms
called (W) and (VI).

(W) There exist lines a, b, ¢, d such that a|b and c|d holds and such that the
pairs a, ¢; a, d; b, c and b, d each intersect in just one point.

https://doi.org/10.4153/CJM-1979-068-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1979-068-5

686 F. KNUPPEL AND M. KUNZE

A Hjelmslev group satisfying (W) has the following two additional proper-
ties. (See [9], Anhang. In [2], (W) is called the “‘star axiom’’.)

(W’) Let alb. There exist lines ¢, d for which ab|c|d and F («c) = F(bd) =
F(ad) = F(bc) = {ab}.

(K1) If A|b, ¢ then F (be) = {4} if and only if b, ¢ have a unique point of
intersection.
Our second additional axiom is

(Vf) If 4 distant B then there is a line joining 4 to B. To each line g there
is a pair of distant points lying on g.

If (Vf) is valid and Z (Sever) = {1}, then 4 disiant B is equivalent to ‘4 and
B have a unique joining line”’. If in a Hjelmslev group there exist two points
with just one joining line then Z (S¢ver) = {1}.

LEMMA. Given a Hjelmslev group, suppose (W) and (VI) are valid. Then, for
an arbitrary point C and line g, the following conditions are equivalent:
(2) C distant (C, g)g.
(i) There exists a line a and a point B such that a|B, C and B|g and B distant
C, and B is the unique intersection point of a and g.
(it2) For each point B on g one has B distant C, and if a|B, C then B is the
unique intersection point of a and g.
(tv) There exist points A, B and lines a, b such that a|4, C and b|B, C and
A distant B and g has a unique intersection point with both a and b.
(v) D distant C for each point D on g.

We illustrate some of the statements as follows.

C C

Q@ a b

‘Zﬁzs A ,E‘ )

B

(€, )¢ g g >
Proof. (v) — (¢) and (1) — (#1) are evident. (i) — (212) ({10], Lemma 6):
According to (i7) there is a point Blg and a line a|B, C such that B distant C
and F (ag) = {B}. Suppose A|g. By (11) A4 distant C, and (Vf) implies the exis-
tence of at least one line b joining 4 and C. The assumption {4} # F(bg) =
F(4b Ag) will lead to a contradiction. From (Kl) we obtain a point D|4b, Ag
for which D # A. Because of 4 distant C it follows from (5) that C distant D.
Hence there is a line d|C, D. Now dba € S (since d, b, a|C) and dbg € S (from
d, Ab, Ag|D). Furthermore F (ag) = {B}, and applying the lemma in Section 1
we find that B € F(db). B, C € F(db) and B distant C imply that F(db) = P,
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especially D® = D, and since d|D we have D|b. Hence D|b|Ab and therefore
A = D, which is a contradiction. (#41) — (1v) is clear, since (Vf) yields two
points on g which are distant. (7o) — (v). Consider the triangle A|a, g; B|b, g;
Cla, b, where A, B and a, b are chosen according to (iv). Let D be a point
on g and « a rotation fixing C and D. Then «, b, g € S(a) and F(ag) = {4}
and F(bg) = {B}. Now the lemma in Section 1 yields 4, B € F(«) and there-
for F(a) = P.

(12) Given a Hjelmslev group which satisfies (W) and (Vf), and that AlD, c.
Then b = ¢ if and only if F (bc) # {A}.

Thus, two intersecting lines are neighbors if and only if they meet in more
than one point.

Proof. Suppose F (bc) = {A}. According to (Vf) there are points C, D on b
such that C distant D. Hence 4 distant E : = DCA by (6), and from (i) — (7)
we have E distant M := (E, c)c. Therefore E distant EM = E®¢, Thus, by

E

A v ¢ \/

Cc

definition, b distant c. Conversely, let F(bc) # {4} and let X be any point. We
shall prove X < X% If a line d|4, X exists then X C M := (X, dbc)dbc;
otherwise (2) — (122) would imply F(ddbc) = F(bc) = {A}. Hence X = X¥
= X% = X follows from (4). Now suppose there is no line joining 4 to X.
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X

dbc

A .
M

By (Vif) there is a rotation « satisfying 4, X € F(a) ## P. Thus we have
b,c¢ € S(a) and X? € F(a), since (N¢g(F(a)), S(a)) is a locally complete
Hjelmslev subgroup of (G, S) with the point set F(a). Therefore X < X*°.

For the class of Hjelmslev groups which satisfy (W) and (Vf) the following
axiom will prove decisive for the transitivity of the neighbor relation.

(Z) If alb and glab then a and g, or b and g intersect uniquely.

In [2] this is called the “‘Gitteraxiom'". It prevents a line through a point ab
from intersecting both @ and b in some other points. In other words it prohibits
twisting through a right angle.

Under (W) and (Z) the axiom (Vf) may be weakened as follows.

(18) Given a Hjelmslev group satisfying (W), (Z) and
(VI*). If A distant B then there is a line joining A to B. There exist two points
which are distant.
Then (Vf) is fulfilled.

Proof. By assumption there is a line b and points B, C|b where B distant C.

Leta : = Cb. First of all we shall construct a point 4|« such that 4 distant C.

By (W’) there exists a line w|C such that w, b and also Cw, b have only
one common point. Consider D := (B, w)w and 4 := (D, a)a. Since w|Cw,
(B, w) and since Cw, b have only one common point we can apply [2, 3.7]
(“Transversalensatz’’) from which we conclude that (B, w) and b have only
one common point. A similar argument yields that w and (D, @) have only one
common point. The assumption 4 = C leads to a contradiction, since (11)
would imply D < C, and a second application of (/1) would yield B = C.

a

Cw w (B, w)
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In order to prove (Vf) let g be a given line. We have to construct two points
on g which are distant. Let 4’ : = (4, ¢)g, B’ := (B,g)g and C": = (C, g)g.
According to (Z), (C, g) and «, or (C, g) and b intersect uniquely. Hence, from

B

(K1) we have F(a(C,g)) = {C} or F(®(C,g)) = {C}. The assumption
A’ = C" and B’ < (' leads to a contradiction: if F(a(C, g)) = {C} then (5)
yields a point E|(C, g) which is a neighbor of 4. But then 4 < C by (11).
Similarly F(b(C, g)) = {C} would imply B = C.

If the relation T on the set of points is transitive then the relation C on the
set of lines is also transitive. Because, if X** X and X°° X for every point
X then X* < X° and, by (1), X% C X. Therefore talking about transitivity
of the neighbor relation cannot cause ambiguity.

(14) Given a Hjelmslev group which satisfies (VI), (W) and (Z). Then  is
transitive.

Proof. Let A4, B, C be points such that 4 © B and B C C. We have to show
A< C

First suppose there is a line g passing through 4, B, C. From (W’) we obtain
a line a4 such that F(ag) = {4} = F(4ag). Let ¢|C, a. Then al4a, ¢ and
from [2, 3.7] (“Transversalensatz’’) we conclude F(cg) = {C}. We shall see
that the assumption 4 distant C leads to a contradiction. () — (v) in the
lemma of this section yields 4, B, C distant ac. (Vf) provides a line b|B, ac.

Axiom (Z) guarantees F (ab) = {ac} or F(bc) = {ac}. In the first case, (17) —
(v) in the lemma implies 4 distant B, and in the second case C distant B. Now
consider the general case and suppose A4 distant C. Then we have a line g
joining 4 to C. By (6)(a) we have 4 < (B, g)gand C = (B, g)g. A < C now
follows since the first part of the proof may be applied to the collinear points
4, (B, g)g, C.

THEOREM 1. Given a Hjelmslev group which satisfies (W) and (VI*). Then the
neighbor relation Z 1s transitive if and only if (Z) is valid.
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That is, if (Z) holds we deduce (Vf) from (18); now transitivity of  follows
from (14). For the converse we use the following two propositions.

First we shall show that (V) may also be replaced by (V{*) if axiom (W)
holds and if the neighbor relation is transitive:

(18') Given a Hjelmslev group which satisfies (W) and (VI*). Suppose that
the neighbor relation is transitive. Then (VI) 1s valid.

Proof. Assume (Vf) is not valid. Then there is a line g such that any two
points on g are neighbors. From (W) and the first part in the proof of (13) it
follows that the same assertion is true for each line %|g. Let /|g. We shall show
that 4 < gh for any point 4. From (4, g)g < gh and (§) (b) it follows that
A < (4, h)h. Furthermore we have (4, h)h T gh. The transitivity now yields
A T gh.

(15) Given a Hjelmslev group with transitive neighbor relation. Suppose (Vf)
and (W) are fulfilled. If a, b, ¢ are lines through a point D and a, b as well as b, ¢
wntersect in more than one point then a, ¢ also intersect in more than one point.

Proof. From the assumption and (72) we obtain ¢« < b and b < ¢. Therefore
a ¢ and from (12) it follows that ¢ and ¢ have more than one point of
intersection.

Applying (15) to the case a|c we obtain

(14") Comsider a Hjelmslev group satisfying (W) and (V) and suppose Z 1is
transitive. Then (Z) is valid.

Now we shall finish the proof of Theorem 1. Given a Hjelmslev group satis-
fying (W) and (Vf*). Suppose its neighbor relation is transitive. From (13)
we deduce that (Vf) holds, and applying (74") we see that (Z) holds.

We close this section by restating propositions (7), (8) and (9) more plainly
under the additional assumption that < is transitive.

(7") Suppose Z is transitive and let o € Gand A & B. Then M4 4« & My, ge.

Proof. Choose a|A and b|B, a. Then by (5)(e) A = C and C < B, where
C:=ab. Now M4 4« © M¢ c*and Mo ¢ & Mp = by (7), and the assertion
follows from the transitivity of .

(8') Suppose Z is transitive. If A = Band AB = CD then C  D.
Proof. As is shown in the proof of (8) this is a consequence of (7).

(9") Suppose = 1is transitive.

(a) Let A, B be any points. Then A = B if and only if X = X*® for any point
X.

(b) Let (VI*) be valid and let A, B, X be points such that X < XAB. Then
A T B.
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Proof. (a) Suppose 4 < B. In the same way as in the proof of (7") we
construct a point C & 4, B which is joined to 4 as well as to B. From (9) it
follows that X = X4¢and X < X®¢ for any point X and thus X4¢ & X5¢,
Therefore X482 = X4¢ 8 = X by (1). Conversely if X & X2 for every
point X then especially 4 = 442 = A% and by (}) A = B.

(b) If A distant B then by (V{*) there exists a line ¢|4, B and (9) (b) leads to
a contradiction.

2*. Two more theorems deducing transitivity of <. The results of this
supplementary section will not be required in the further sections. Theorem 2
is due to Salow [12]; the idea of its proof can be traced back to J. [1jelmslev (see
especially third communication, 15.). This theorem applies to Hjelmslev
groups with the property that any two points are incident with at least one
line, whereas our Theorem 1 also applies to certain Hjelmslev groups admitting
pairs of unjoinable points (for an example sce Section 4). The second theorem
of this section will deduce transitivity of the neighbor relation from an order
of the group plane.

Again, let (G, S) be a Hjelmslev group and let P be its point set. If 4 € P
let & , be the set of spots of rotations fixing 4:

F 4= {(Ng(F(a)),S(@): a € D(4)}
{(Ng(F(a)),S(@)): a € S and 4 € F(a)}.

i

& , is partially ordered by €, and the structure % ,, C is independent of
the choice of 4: if 4 and B are points then the partially ordered sets % ,, C
and &, C are isomorphic ([2], 6.7). Especially, if % 4, C is a chain (i.e.
totally ordered) for some point 4 then % 5, C is a chain for any point B.

(16) If F 4, C is a chain then the relation T is transitive.

Proof. Suppose B Z C and C C D. From the definition of C we have spots
Fi, Fsy such that B, C are points of F;, and C, D are points of F, with F; #
(G,S) # Fy. As F (, C is a chain we may assume that F; is a Hjelmslev
subgroup of Fi. Therefore B and D are both points of Fs, which means that
B D.

TueoreMm 2 ([12]; |2] 8.6, 9.4). Given a Hjelmslev group. Suppose that (W)
holds and that any two points are incident with at least one line. Let A be a point.
Then F 4, C is a chain if and only if (Z) holds.

COROLLARY. If, wn addition, there is a pair of distant points then lransitivity
of the meighbor relation is equivalent to axtom (Z), and also to the statement that
F 4, C is a chain.

The next theorem will deduce the property “.% 4, C is a chain’ from an
order of the group plane. Such an order is studied in [9].

Definition. Let (G, S) be a Hjelmslev group satisfying axiom (W). Suppose
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that to each line g we have an order relation (.. ), defined on the set P(g) of
points lying on g, whose defining properties are as follows.

(4.B.C), = (C.B.4),

(A4.B.C), V (A.C.B), V (C.A.B), for 4, B, C|¢

(4.B.C), N (A.CB),=B =C

(A4.B.C), N X|g = (4.B.X), V (X.B.C),.

Suppose that (4.B.C), implies ((4, h)h.(B, h)h.(C, h)k),, for any two lines g,
h. Then theset {(..),: g € S} is called an order of the group plane.

THEOREM 3. Giwen a Hjelmslev group. Suppose that (W) holds and that an
order is given on the group plane. Then F ,, C is a chain for every point A.

Proof. Let @ and B8 be rotations such that 4 € F(a), F(8) and suppose
F(8) & F(a).

From (W) we can deduce that for any line ¢ through 4 the statements
“Fla) "YP(c) T F@B) NP()" and “F(a) C F(B)" are equivalent (see
[2], 9.1). Furthermore we need F () M P(¢) and F(8) M P(c) are convex sets
(with respect to the relation (.. ).; for the easy proof see [9], 4.4). Since
F(B) € F(a) there exists a point B € F(8) N P(c)\F(a). Now suppose
C € F(a) N P(c). We have to show that C € F(8). From 4 € F(a) N\ F(B)
and B € F(B)\F (a) follows B* € F(B)\F(a). In the case of (4.B.C), or
(4.8%.C), we would conclude B € F(a) or B4 € F(a) (by the convexity of
F(«)) which is a contradiction. Therefore (B.C.B%). is true (by [9], (2.3))
and therefore the convexity of F(8) implies that C € F(B).

3. The neighbor homomorphism. If, in a Hjelmslev group with more
than one point, the neighbor relation T is transitive, then it is an equivalence re-
lation, and there isa partition on the set of points given by the equivalence classes
of . Regarding the equivalence classes as new points the situation suggests the
construction of a new plane which is expected to satisfy (E). This idea is due
to Hjelmslev. The new plane is called the Gross-Geometrie. In order to formalize
Hjelmslev’s idea within the theory of Hjelmslev groups we shall use the con-
cept of Hjelmslev homomorphism as it is defined in [2] and outlined in [1] and
[3]. In addition to (W) and the transitivity of the neighbor relation we suppose
that (Vf*) holds in order to obtain (V) for our Gross-Geometrie. Thus we
derive a connection between the geometry of Hjelmslev groups and classical
geometry.

Definition. Let (G, S) and (G ¢, S¢) be Hjelmslev groups, where ¢ is a group
homomorphism from G to Ge. ¢ is called a Hjelmslev homomorphism if alb
implies a¢|b¢ for all a, b € S.

If P is the set of points of (G, .S) then it is easy to see that P¢ is the se t of
points of (Ge, S¢).

For this section let (G, S) be a Hjelmslev group with more than one point
which satisfies (W), (Vf*) and (Z). Then < is transitive. Let P be the set of
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equivalence classes on P in respect to the relation  with C denoting the class
of C € P.Witheach C € P associate the set S(C) of lines incident with at least
one point B € C.

(17) Each C € P has the properties () If a,b € S(C) and alb then ab € C.
B) If A, B € Cand A = B for some point M then M ¢ C. (y) C* = C= for
eacha € G. 8) Let U, V, W€ Cand Z := UVW € P. Then Z € C.

Proof. (@) is an immediate consequence of (5)(a), and (8) follows from (4).
For (y) let C € P and « € G. Then for each point X the statements X ¢ C;
X = C; X« < C*; X« € C* are equivalent. Now let the hypothesis of (§) be
satisfied. Then V"< Wand by (9')(a) U < U"W = UY% = UZ? From (4) we
obtain U < Z, and this means Z € C.

From (17) and (2, § 6, 1-2] we derive the following important conclusion.
(18) Let Ng(C) be the mormalizer of Cc P Then (Ng(C),S(C)) s a
Hjelmslev group and C is its set of points. Furthermore,
N:= {a € Sven: C« = C for each C ¢ P}
is a normal subgroup of G.

Actually we need only the last assertion which may easily be derived from
(y): It is obvious that N is a subgroup of G. To prove invariance suppose
a € Nand B € G. From a € N we have

X871 o X e

and consequently X = X#7'e® for each point X, by (1). By (y) this means
B~laB € N.

Let ¢: G— G/N be the canonical homomorphism. We contend that
(G, S¢) isa (non-elliptic) AGS group, i.e. a Hjelmslev group with the proper-
ties: Any two distinct points are incident with just one line; and there exist
three non-collinear points.

(19) Let A, B € P and a,b€cS. Then Ao = Byp if and only if A = B
and ap = b if and only if a < b.

Proof. For each pair of points 4, B the following statements are equivalent:
A T B; X T X4 for every point X (by (9')); X= X8 = X45 for every
point X; AB € N. By definition, ¢ T b is equivalent to X < X for each
point X, and this means ab € N.

(20) Assume Alb, cand b = b°. Then b = cor b T Ac.

Proof. We need Lemma 1 of {2, § 9], which is valid in any Hjelmslev group:

(+) Let 4 be a point and a € D(4). If F(a) = {4} = F(4a) then

F(a?) = {4}.
Now suppose, b, ¢|4 and a = bc. Then our assertion follows from (12) and
(+).
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N has the following properties:

(N1) N C Seven,

(N2) NN P = 0.

(N3) If A, B, C are points and A-AB¢ € N then BC € N.

(N4) If A is a point and a € D (A) such that a* € N then o € N or Aa € N.

Proof. (N1) is clear from the definition of N. (N2). Given any point 4.
Using (Vf*) and the transitivity of < a point B which is distant to 4 can be
constructed. B is distant to B* by (4) and thus 4 ¢ N. (N3) follows from
(9) () by (19), and (N4) follows from (19) and (20).

According to [1], page 327, or [3], page 476, N is the kernel of a Hjelmslev
homomorphism.

TuroreM 4. Let (G, S) be a Hjelmslev group with more than one point. Suppose
that (W), (VI*) and (Z) hold. Then

N := {a € Sver: Ae S A for each point A}

15 the kernel of a Hjelmslev homomorphism ¢ of (G, S) such that (Ge, S¢) is an
AGS group. For points A, B and lines a,b one has A ¢ = B if and only if
A B, and ap = by if and only if a  b; A|lbe holds if and only if 4 <
(4, b)b; aelbe holds if and only if there is a perpendicular ¢ to b which meets a in
more than one point.

Proof. We have already seen that the canonical homomorphism with kernel
N is a Hjelmslev homomorphism of (G,S). Consider two distinct points
Ao, Boof (Go,S¢) (where A, B are points of (G, S)). From (19) and (Vf*)
we have a line ¢|4, B and hence c¢|4 ¢, B¢. Now assume there is a lined € S
such that de¢|4 ¢, Be. We shall see that d¢ = ce. Since do = ((4,d)4) ¢
we may assume d|4 ; and from d¢|B ¢ it follows that By = ((B, d)d) ¢. By (19)
B is a neighbor of (B, d)d and A distant B. We now apply (18) and the lemma

B

A (B, d)d

(1) — (4) and obtain ¢ T d and therefore co = d¢. In order to show that
(G, S¢) has three noncollinear points, we choose lines b, ¢ € S such that b|c.
Let 4 : = bc. By (Vi) there are distant points C, D on b, and (8) implies that
E := ACD is a point distant to 4 which lies on b. Analogously there is a point
F which lies on ¢ and is distant to 4. (19) and the uniqueness of the joining line
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through two diflerent points of (Ge, S¢) yield that E¢, A¢, Fo are not
collinear.

The other assertions follow easily from simple properties of Hjelmslev
homomorphisms.

Suppose ¢ is a Hjelmslev homomorphism of an arbitrary Hjelmslev group
(G,S) and the following two properties are valid.

1.4 T Be Ap T B, for any two points 4, B, and
2. (Go, S¢) is an AGS group.

These two properties determine ¢ up to composition with an isomorphism. We
shall therefore speak somewhat loosely of the mneighbor homomorphism of
(G, S), provided such a homomorphism exists.

4. Example. The following construction will provide a Hjelmslev group
which satisfies the axioms (W), (Vf) and (Z); hence from Theorem 1 we can
deduce transitivity of <. But % ,, C will not be a chain. We shall find pairs
of unjoinable points. The Hjelmslev group will be singular: if @, b, ¢, d are lines
such that a|b and b|c and ¢|d holds then also a|d. This means that P? is a group.

Let R be a local (commutative) ring with 1 € R. Let J be its maximal ideal.
Suppose that all non-units of R are zero-divisors and that the following
condition holds.

(*)IENp€ Rand N2 4 p? € J then N\, p € J.

Furthermore let V be the free 3-dimensional metric R-module whose symmetric
bilinear form is given by 1, 1, 0 with respect to an orthogonal basis. This basis
will be fixed.

Let EV be the “euclidean plane” over R: its points are the following
1-dimensional subspaces of V*, the dual of V.

R(a, B,v) where a, 8 € R and v € R\J.

The lines are the 1-dimensional subspaces of V of the form
R, 8, v'] where o, 8/, v € Rand {o/, 8’} & J.

As usual, incidence is defined by
ad’ + 68" + vy = 0.

A symmetric orthogonality relation on the set of lines is given by the metric
form of V. EV is the structure consisting of these points and lines, together
with this incidence and orthogonality.

Let n be the homomorphism of EV onto the euclidean plane EV’ over the
field R/J of residue classes, which maps the points R (e, 8, v) onto R/J (o + J,
B+ J,v +J), and the lines R[e’, 8,%'] onto R/J[o' + J, B8 + J,v" + J].
We omit R and R/J in the following. The discriminant of each line a of EV
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contains an R-unit (because of (*)) and therefore the reflectionina, o,: V—V
is well-defined. Let

S := {0, aisaline of EV}.

Writing compositions of reflections ¢, as products one obtains a group G
which is generated by S. If 4 is a point of EV and «, b are orthogonal lines
through 4 let o4 : = 0,0, o4 is well-defined, and the discussion in [5] leads to
the following results.

(a) (G, S) is a singular Hjelmslev group, and P : = {o4: 4 is a point of EV}
is the point set of (G, S). 4 — o4, a — 0, is an isomorphism of EV onto the
group plane assigned to (G, S).

(b) Two points A, B of EV satisfy An # By if and only if 4, B have
exactly one common line. Two intersecting lines «, b of EV satisfy an # by if
and only if they have not more than one common point.

(c) (G, S) satisfies the axioms (W) and (Z). Z(S®e) = {1}.
In addition we now request that

(**) Ann(J) # {0}; i.e. there is some X € R\{0} such that \u = 0 for all
pcJ.

With this assumption (**) we shall prove

(d) Let 4, B be points of EV. Then Ay = By is equivalent to o4 Z o3
in (G, S).

Proof of (d). If A, B have more than one common line then by («) and (c¢)
o1 C opin (G, S). If A, B have exactly one common line then ¢, distant o in
(G, S). If 4, B have no joining line then we have to show that there is a rota-
tion # 1 of (G, S) which fixes o4 and o5. Applying (b) we may assume that
A = (0,0,1) and B = (A, Ny, 1) where A, N\ € J. Let X € Ann(J)\{0}
and consider the lines ¢ := [1,\,0],0:=[—X\, 1, — Xy],a’ : = [1,0, 0] and
b’ :=[0, 1, —X,]. Then the lines «, a’ pass through 4 and b, b’ pass through B.
a is orthogonal to b, and «’ is orthogonal to b’. Also «a, b, a’, b’ meet in the point
C = (0, \g, 1). Therefore we have o,0, = 0¢ = ooy and o,0, = ay0oy i a
rotation fixing o4 and o; it is not the identity because a # .

It is obvious from (d) and (b) that

(e) The relation < is transitive in (G, S). (G, S) satisfies (Vf).
Now assume

(***) There are u, v, ¢, w € R such that uwe = 0 = vw, but pw # 0 and
ve #Z 0.

Under this additional assumption we prove
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(f) The spots of rotations with center (g,o,1) do not form a chain.

Proof. Let X := (0,0,1), 4:= (0,p,1), B:=(0,»,1), a:=[1,¢70],
b:=1[1,00],x:=[1,0,0] Then, by (¢), 0,0, fixes ¢y and ¢4 but not s,

and g,0, fixes oy and ¢ but not ¢,. Hence the spot of 7,0, is not contained in
the spot of o,0, and conversely.

Now we give an example of a local ring R such that (*), (**) and (***) are
valid and all non-units are zero-divisors.

For this purpose let K be a commutative field such that a? + 5% # 0 for
each pair ¢, b € K\{0}. Let T be the ideal generated by {x2?, ¥?} in the ring
K[x, y] and consider R : = K|x, y]/T. We represent R by the set of represen-
tatives

{a + bx + ¢y + dxy: a,b,¢,d € K}.

It is easy to see that the R-ideal J = {bx + ¢y + dxy: b, ¢, d € K} consists of
the non-units of R. Thus R is a local ring and J is its maximal ideal. Since
xy € Ann(J)\{0}, (**) is satisfied. To verify (***) let pu:= e¢:= x and
vi:= w:=9v. (*) follows easily from the requested property of K.

Remark 1. We have seen that the canonical homomorphism R — R/J
provides a homomorphism EV — EV’. Similarly there is a homomorphism

V: GL(V) = GL(V"), (ay) — (ay + J)

(in terms of matrices) which is studied in [5] and [9]. Then the following
diagram is commutative:

EV—25G,S)
nl llﬁ
ET—<5 (G5
and the restriction /| ¢ is exactly the neighbor homomorphism of (G, .S):
(G, S) = (Go, Se)
where ¢ is the IHjelmslev homomorphism of Theorem 4.

Remark 2. Let (G, S) be the Hjelmslev group over the above special local
ring. Then the neighbor relation of (G,.S) is transitive, but the neighbor
relation of the spot [ which belongs to the rotation o(o,1,010(zy,1,00 s DOt transi-
tive. F satisfies the axioms (W) and (Z), but it fails to satisfy (V{*): There
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exist two points, namely for example ¢(,0.1y and o, , 1y, which are distant in F
and which have no common line. F is the Hjelmslev subgroup (N¢(won),
S(3w0n)) which is considered in (18).

Proof of Remark 2. (W) is valid in F because F is locally complete in (G, S),
and (Z) is fulfilled in F because there is no ‘‘twisting line’" in (G, .S).

(@) 00,01y distant o, 1) in F. Let § be a rotation of F which fixes both points.
Then § may be written as
8 = 070,1,00p,1,00

where A € Ann(x), and
6 = 0[1,0,—2] O[1,p,~2]

where p € Ann(y), and the two lines [\, 1, 0], [1, , —x] must be orthogonal
([2], 4.3). Therefore N = —u € Ann({x, y}) = Rxy, and § is a rotation of F
which fixes each point of F on the line g(g 1,0. From (W) we now conclude that
¢ fixes each point of F.

[11 Ov —x]
(x, 5, 1)
[lv My _x]
M, 1,0] 5
[0, 1, 0]
0,0, 1) B (x,0,1)

B) 00,01 Z oo and og oy S oy i Foop00 0,0 fixes o0
and o(;,0,1) but not the point o, ¢ 1) which also belongs to F. Similarly a(1,0,_y
0[1,y,—a1 f1Xes o, 0,1y and o, ,, 1 but not the point o, 4 1).

Remark 2 shows that (V{*) in Theorem 1 is essential.
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