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Recently, we have applied a Fourier-space formalism to the computation of the electron optical phase 
shift associated to long range electric and magnetic fields [1]. In particular, we have analyzed in detail 
a semi-infinite array of reverse biased p-n junctions, a boundary value problem difficult to solve 
because the potential is only known on a half-plane. The solution in real space [2] has been found by 
exploiting a similarity with the well-known optical problem of the diffraction of an inclined plane 
wave by a perfectly conducting half-plane [3]. 
 
This problem can be also studied in Fourier space. In fact, the Fourier transform of the phase shift 
coefficients (the phase shift is expressed as a Fourier series) can be obtained in analytical form. 
Regularizing the singularity at the origin by separating the distributional step function contribution 
from the convergent terms [1], the phase coefficients can be inverted successfully by numerical FFT 
methods, achieving a considerable improvement in computing time. Unfortunately, the obtained 
results were strongly affected by the Gibbs phenomenon in correspondence of the edge. To eliminate 
this inconvenience, we have succeeded in the analytical evaluation of the phase coefficients by 
contour integration. The obtained results are shown in Fig. 1, where the phase shift computed in real 
space (a), by numerical (b) and analytical (c) inversion of the phase coefficients are compared. 
 
In electron holography, the half-plane geometry is extremely relevant. In fact, a set-up where the thin-
film specimen terminates with an edge is often required in order to have a vacuum region where the 
reference wave can propagate. However, the reference wave may be perturbed by the fringing fields 
protruding from the edge, and a detailed knowledge of the field topography in the vacuum region is 
necessary for a correct interpretation of the retrieved phase shift. 
 
From the mathematical model we have developed, the distance x0 shown in Fig. 2(a) can be evaluated 
analytically for abrupt junctions. It turns out that the phase shift in the vacuum region extends up to a 
distance approximately equal to the array pitch b. In fact, we have x0=(4K/π2)b, where K=0.916… is 
the Catalan number, and the phase becomes negligible at a distance 3x0≅1.1b. In Fig. 2(b-f), the effect 
of a perturbed reference wave on the phase shift is reproduced by computing a phase difference 
according to Ref.[4]: ϕpert(x,y)=ϕ(x,y)-ϕ(x-∆,y), where ∆ is the interference distance. It can be noticed 
that the interference distance has a strong effect on the retrieved phase, and the knowledge of the 
distance x0 helps us estimating an appropriate choice for ∆. For the lowest values, as in Fig. 2(b,c), the 
perturbed reference wave contains all the vacuum phase shift, and the result is a dramatic change in 
apparent field topography. The perturbation decreases with increasing interference distance (d,e), and 
eventually becomes negligible (f) when ∆≥5x0. 
 
An additional benefit of the knowledge of the Fourier coefficients, is the exact determination of the 
maximum phase shift associated to the array. Referring again to Fig. 2(a), it can be calculated that 
ϕmax=CEV(2K/π2)b=1/2 CEVx0, or, roughly 1.2 radians per Volt of bias for a junction array with pitch 
b=1 µm (CE≅6.53 V-1µm-1 is the value of the electrostatic phase constant for 300 keV electrons). 
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FIG. 1. Comparison between the three different approaches for the computation of the p-n junction 
array phase shift (displayed as a 2× amplified cosine map): (a) real space approach, (b) numerical 
inversion and (c) analytical inversion of the phase coefficients (the series was truncated after six 
terms. The junctions are tilted at 35° with respect to the edge perpendicular. The computing times 
on a standard windows-PC with a 1 Ghz processor were, respectively, 550 s, 80 s, 15 s. 
 
 

 
FIG. 2. On the left: p-n junction phase shift profile across the edge, taken at the center of the p-region. 
On the right: effect of the perturbed reference wave on the reconstructed phase shift (displayed as a 
10× amplified cosine map) of a p-n junction. The image size is 1×2 µm, and the interference distances 
are indicated in the images. 
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