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( r ece ived Ju ly 9, 1969) 

Cons ide r the functional equation 

(1) f(x+h,y) + f (x -h ,y ) - f(x, y+h) - f (x ,y-h) = 0 

a s s u m e d valid for a l l r e a l x, y and h. Notice that (1) can be 
w r i t t e n 

(2) A2 f - A2 f 
X X VV 

h h y y 

a dif ference analogue of the wave equat ion, if we i n t e r p r e t 

A f (x, y) = f(x + — , y) - f(x - — , y), e t c . , (i. e . s y m m e t r i c 
h 
d i f f e rences ) , and tha t (1) ha s an i n t e r e s t i ng geome t r i c i n t e r p r e t a t i o n . 

The continuous solut ions of (1) w e r e found by Sakovic [5] . In th is 

p a p e r the r e s u l t of Sakovic is obtained using a method r e l a t e d to the 
d i s t r i bu t iona l methods employed in [1] and [6]. This method i s then 
used in deal ing with r e l a t ed equat ions such as those cons ide red in 
[1] and [6]. 

Throughout th i s p a p e r R denotes the se t of a l l r e a l n u m b e r s and 
4> i s a r e a l va lued function of two r e a l v a r i a b l e s sat isfying the 

n 
following condi t ions for each n = 1, 2 , 3, . . . 

(i) <b (x, y) > 0 for a l l r e a l x , y and <b (x, y) depends only 
n — n 

on x + y and is thus s y m m e t r i c in both v a r i a b l e s . 

oo 2 (ii) <|) € C (R ) i . e . <j> has continuous p a r t i a l 
n n 

d e r i v a t i v e s of eve ry o r d e r . 
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1 
( i i i ) s u p p c ^ { ( x , y ) : <|> ( x , y ) + 0} c { ( x , y ) : x Z + yZ < - ^ } . 

(iv) J J (j) (x,y)dxdy = 1. 

A sequence { cj> } with these p r o p e r t i e s can be c o n s t r u c t e d 

as fol lows. Let 

f 0 11 | > 1 

T(t) = \ i 

[ exp(^-^) | t | < 1 

and define 

(x, y) = c T(n x + n y 

00 00 

- 1 
^he 

r e c = \ j T(n x + n y ) dx dy. 

P r o p e r t i e s (i), (iii) and (iv) a r e obvious and (ii) 
00 

follows f rom the fact that T € C (R). (See [7 , page 3J. ) 

Not ice that if f: R2 ^ R is cont inuous , then { f*cj> } , is 
n n=l 

00 

a sequence of C (R ) functions which c o n v e r g e s to f a l m o s t 
uni formly (uniformly on c o m p a c t s u b s e t s of R2 ). H e r e f*c(> 

denotes the convolut ion of f and d> , i . e . 
n 

f*<b (x ,y) = f f f(s,t)d> ( x - s , y - t )ds dt 
n J J n 

R2 

1. We now give a proof of the r e s u l t of Sakovic . 
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THEOREM 1. A continuous function f: R2 — R sa t i s f i e s (1) 
for a l l x, y, h e R if and only if t h e r e ex i s t continuous functions 
a, p: R -> R such that for a l l x, y e R, 

(3) f(x,y) = a(x+y) + (3(x-y). 

Proof . Suppose f is a cont inuous solution of (1). F o r each 
n = 1, 2 , 3 , . . . , let f = f *d> . Multiply both s ides of (1) by 

n n 
cf> ( s - x , t -y ) and in t eg ra t e with r e s p e c t to x and y over R to 

show that each f i s a l so a solution of (1). That i s , 
n 

(4) f (s+h, t) + f ( s - h , t) - f ( s , t+h) - f ( s , t -h ) = 0 
n n n n 

for a l l r e a l s, t , and h. But f has cont inuous p a r t i a l d e r i v a t i v e s 
n 

of e v e r y o r d e r . Different ia te (4) twice with r e s p e c t to h and then 
put h = 0 to obtain 

9 2 f 
— - 2 - = 0 . 

9 x 9 v 

Thus f (x, y) = a (x+y) + (3 (x-y) for all x , y € R where 
n n n 

a , (3 e C (R) for n = 1, 2, 3 , . . . . 
n n 

u+v u-v u+v u-v , . 
Let g(u,v) = f ( — . — ) and g n (u ,v ) = M — , — ) = aju) + pjv) 

for a l l u, v e R and n = 1, 2, 3, . . . . Since f -* f a l m o s t uni formly , 
n 

g -* g a l m o s t uni formly. Thus 
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g(u,v) - g(u, 0) - g(0 ,v) + g(0 ,0) 

= Iim(<* (u) + (3 (v) - a (a) - p (0) - a (0 ) - (3 (v) + a (0) + p (0)) 
n->oo n n n ' n n n n n 

= 0 for a l l u, v € R. 

JLet a(u) = g(u ,0) - lg(0 , 0) and p(v) = g(0 ,v) - i g ( 0 , 0 ) for u, v e R. 

Since g is cont inuous so a r e a and p . M o r e o v e r f(x, y) = g(x+y , x -y) 
= tf(x+y) + p(x-y) for a l l x , y e R. 

Since the c o n v e r s e is t r i v i a l , t h i s c o m p l e t e s the proof. 

R e m a r k . Not ice that any f of the fo rm (3), with a r b i t r a r y a 
and p , i s a solut ion of (1). It i s thus e a s y to find so lu t ions of (1) 
which a r e n o n m e a s u r a b l e , m e a s u r a b l e so lu t ions which a r e nowhere 

r r+1 
cont inuous and so lu t ions of c l a s s C which a r e not of c l a s s C 
for each r = 0, 1, 2 , . . . . This i s in m a r k e d c o n t r a s t to the 
equat ion 

f(x+t, y+t) + f(x+t, y - t ) + f (x- t , y+t) + f (x- t , y - t ) = 4f(x,y) 

whose only m e a s u r a b l e so lu t ions a r e h a r m o n i c po lynomia l s of 
d e g r e e < 4 . See [ 1 , T h e o r e m 3] . 

We r e m a r k tha t not e v e r y solut ion of (1) i s of the f o r m (3). 
In fact it i s e a s i l y ve r i f i ed tha t any b iadd i t ive a n t i s y m m e t r i c function 
f s a t i s f i e s (1). (An e x a m p l e of a n o n - t r i v i a l function of th i s type i s 
suppl ied by 

f(x, y) = xa(y) - ya(x) 

whe re a i s addi t ive and d i s con t inuous . ) However if f i s b iadd i t ive 
and a n t i s y m m e t r i c then f cannot be of the f o r m (3) un l e s s f = 0. 
To see t h i s , s u p p o s e , on the c o n t r a r y , tha t 

f (x ,y) = <*(x+y) + p (x -y ) . 
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Since f i s a n t i s y m m e t r i c and addit ive in each va r i ab l e 
f(x, x) = - f (x ,x) = f(x, -x) for a l l x € R. Thus 

0 = f(x,x) = ÛT(2X) + (3(0) 

and 0 = f(x, -x) = a{0) + p(2x) 

which i m p l i e s that a and p a r e cons tan t which in t e r m impl i e s that 
f i s cons tan t and finally, f = 0. 

If we i n t e r p r e t A f(x, y) = f(x+h, y) - f (x ,y ) , e t c . , then 
h x 

(2) become s 

(5) f(x+2h,y) - 2f(x+h,y) - f(x, y+2h) + 2f(x, y+h) = 0. 

2 

THEOREM 2. A cont inuous function f: R -> R sa t i s f i es (5) 
for a l l x, y , h € R if and only if t h e r e e x i s t s a cont inuous a: R -> R 
and r e a l cons t an t s a, b and c such that for a l l x, y e R, 

(6) f(x,y) = a(x+y) + a (x-y) 2 + b(x-y) + c. 

Proof . Suppose f i s cont inuous and sa t i s f i es (5). As in the 
proof of T h e o r e m 1 we find that f(x,y) = a(x+y) + (3(x-y) for a l l 
x, y € R w h e r e a and p a r e cont inuous . Then f rom (5) we obtain 
p(x+2h-y) - 2p(x+h-y) - p(x-y-2h) + 2p(x-y-h) = 0 for a l l x , y, h € R. 
With y = 0 th i s b e c o m e s 

(7) p(x+2h) - 2p(x+h) - p(x-2h) + 2p(x-h) = 0 

for al l x, h € R. Accord ing to [2 , T h e o r e m 6 . 1 ] , s ince p is 
con t inuous , p m u s t be a po lynomia l . Different ia t ing (7) t h r e e t i m e s 
with r e s p e c t to h and se t t ing h = 0 we find that p* ! ! (x) = 0 for a l l 
x € R and thus conclude that (6) ho lds . 

It i s e a s y to show that if f i s of the fo rm (6), then f 
s a t i s f i e s (5). This c o m p l e t e s the proof. 

2 . The method employed above m a y be used to solve or to 
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obtain qua l i t a t ive in fo rmat ion conce rn ing funct ional equat ions of the 

form 

(8) f(x, y) = 2 v f(x + P.h, y + o- h) 
i i i 

w h e r e n , cr and y. a r e r e a l c o n s t a n t s . F o r m a l l y d i f fe ren t ia t ing 
i i i 

(8) twice with r e s p e c t to h one ob ta ins , upon set t ing h = 0, 

(9) A 9 2 f ZB9 2 f C 9 2 f 
+ + = o 

3x9 v 9 y 

m 

w h e r e A = S \ . P. , B = 
1 i 

i=l 
S y p o- and C = S \ o-

• A { x i • A i i 

i= 1 i= 1 

THEOREM 3. Suppose f i s a cont inuous solut ion of (8) and 
at l eas t one of A, B or C is non z e r o . 

(i) If (9) i s hyperbo l i c (AC - B < 0) then 
f(x, y) = «(ax + by) + (3(cx + dy) w h e r e a, (3: R -* R a r e 
cont inuous and a, b , c and d a r e r e a l c o n s t a n t s with 
"â 5~i 

* 0. 
c dl 

If (9) is p a r a b o l i c (AC - B = 0 ) then 
f(x,y) = (ax + by)cc(cx + dy) + p(cx + dy) w h e r e a, (3: R -* R 
a r e cont inuous and a, b , c and d a r e r e a l c o n s t a n t s with 
I a b 

c d 
* 0. 

(iii) If (9) i s e l l ip t ic (AC - B > 0) then f(x, y) = g(ax + by , ex + dy) 
w h e r e g i s h a r m o n i c and a, b , c and d a r e r e a l c o n s t a n t s 

with 
a b 
c d 

f 0. Thus f e C (R*) if (9) is e l l i p t i c . 

Proof . As above we let f = f*<b and find that f a l s o 
n n n 

oo 7 sa t i s f i e s (8) and f € C (R ). Thus f i s a so lu t ion of (9). 
n n 
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00 2 

(i) If (9) is hyperbol ic then , since f € C (R ), a su i tab le 
n 

change of v a r i a b l e gives r i s e to the wave equat ion . Thus t h e r e a r e 
cont inuous functions a , p : R -* R and r e a l cons tan t s a, b , c and 

n n 
d with ^ 0 such that f (x ,y) = a (ax + by) + p (ex + dy) 

I c d I n n n 
/ a» b 1 \ / a b \ 

for a l l r e a l x, y . Let { ^ ^ ) = { Q d J 

- 1 
and 

g(u,v) = f(a ! u + b ' v , c ' u + d ' v ) and 
g (u ,v) = f (a ' u + b ' v , c ' u + d ' v ) = a (u) + 6 (v) for a l l r e a l u and 
n n n n 

v . Since f -*• f a lmos t uni formly , g -> g a l m o s t un i formly . 

Thus g(u,v) - g(u, 0) = l i m ( g (u ,v) - g (u, 0)) 
n-^oo n n 

= Iim {a ( u) + p (v) - a (u) - 6 (0)) = Iim (p (v) - p (0)). 
n-+oo n n n n n-^oo n n 

We can thus w r i t e 

g(u,v) = a(u) + p(v) 

w h e r e »(u) = g(u,0) and p(v) = Iim (p (v) - p (0)). Since g is 
n->oo n n 

con t inuous , so a r e a and p and 
f(x,y) = g(ax + by , ex + dy) = #(ax + by) + p(cx + dy) for a l l x, y e R. 

(ii) If (9) is pa rabo l i c we s i m i l a r l y find that 
f (x, y) = (ax + by)a (ex + dy) + p (ex + dy) . Let 
n n n 

-1 

( a« d' ) ' ( - ^ a n d f ~ ( a f Q + b , V , c l Q + d t v ) = u^( v ' + P^(v> c d 

and f ( a ! u + b ' v , c ' u + d ' v ) = g ( u , v ) for a l l r e a l u and v . 
Then s ince f -> f, g -* g and 

n n 
g(u ,v) - g(0 ,v) = I im (ma (v) + p (v) - p (v)) = u Iim a (v). 

n->oo n n n n ->oo n 
If we let Q'(v) = Iim a (v) and p(v) = g(0,v) then 

g(u,v) = u»(v) + p(v) for a l l r e a l u and v. Hence 
f(x,y) = g(ax + by , ex + dy) = (ax + by)a(cx + dy) + p(cx + dy) 
for a l l r e a l x and y. 

P a r t (iii) follows in a s i m i l a r m a n n e r f rom the wel l -known 
t h e o r e m of H a r n a c k which a s s e r t s that the a l m o s t uniform l imi t of 
h a r m o n i c functions is h a r m o n i c . (See, for e x a m p l e , [4]). 
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COROLLARY. _If \ . > 0 for i = 1, 2 , . . . , m and the 

p ! s and o" ! s a r e not p r o p o r t i o n a l then e v e r y cont inuous solut ion 
i i 

oo 2 

of (8) be longs to C (R ). 

Proof . By the Schwarz inequa l i ty 

m m m 
B 2 = ( S ( ^ p.KyV.cr.))2 < ( 2 ( / T . P . ) 2 ) ( 2 ( / Y > . ) 2 ) = AC 

i =1 i =1 i =1 

and the r e s u l t follows f rom (iii) of T h e o r e m 3. 

3 . As a fu r the r example let us show that the p r e s e n t me thod 
can be used to solve some equa t ions of the type c o n s i d e r e d in [6] . 
The following equat ion was solved in [6] , 

(10) f(x + h , y ) + h 2 f (x ,y+h) - (h2 + l ) f (x ,y ) = h ( 2 x + h + h 3 + 2yh ). 

Le t us show tha t f i s cont inuous and sa t i s f i e s (10) if and only if 
2 2 

f(x, y) = x + y + C w h e r e C i s a r e a l cons t an t . 

Suppose f is a cont inuous solut ion of (10). Mult iply both s ides 
of (10) by <j> (u -x , v -y ) and i n t eg ra t e with r e s p e c t to x and y over 

n 
R . By (i) , cf> ( s , t ) i s an even function of s for each fixed t . 

oo n 

Thus / S(|> ( s , t ) d s = 0 for e v e r y t so tha t 
n -oo 

/ / xcb (u -x , v - y ) d x dy = / / (u-s)<J> ( s , t )ds dt = u - / ( / sd> ( s , t )ds)dt = u. 
J J n J Y n J J n 
R 2 R2 - 0 0 - 0 0 

S i m i l a r l y ff ycb ( u - x , v - y ) d x dy = v a n d s o 
j J n 

R2 

(11) f (u+h, v) + h 2 f (u, v+h) - (h +l)f (u ,v) = h(2u + h + h 3 + 2vh 2 ) 
n n n 

oo 2 
for a l l r e a l u, v and h. Now f € C (R ). Di f fe ren t ia t ing (11) once 

n 8 f 
with r e s p e c t to h and se t t ing h = 0 we find -r— (u ,v) = 2u. Thus 

0 o x 
2 oo 

f (u ,v) = u + b (v) w h e r e b € C (R). Since f -> f we find, a s 
n n n n 

b e f o r e , tha t f(u, v) = u + b(v) for a l l r e a l u and v w h e r e 

b : R -* R i s con t inuous . T h i s , t oge the r with (10), i m p l i e s that 
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2 4 3 
h [b(y+h) - b(y)] = h + 2yh for a l l r e a l y and h. Thus 

b(y+h) - b(y) 
- = h + 2y 

for a i l y e R and a l l r e a l h i 0. Thus b f (y) = 2y so that 

b(y) = y + C w h e r e C i s cons tan t . We thus have f(x,y) = x +y + C 
and e v e r y function of th i s fo rm is r ead i ly shown to sat isfy (10). 

In [ l ] and [6] cont inuous so lu t ions of functional equat ions of a 
type s i m i l a r to those c o n s i d e r e d he re we re found using r e s u l t s 
concern ing the r e g u l a r i t y of d i s t r ibu t iona l solut ions to c e r t a i n e l l ip t ic 
and hypoel l ip t ic p a r t i a l d i f ferent ia l equa t ions . Such methods c l e a r l y 
cannot be applied to equat ions like (1) which do not give r i s e to 
e l l ip t ic or hypoel l ip t ic p a r t i a l d i f fe rent ia l equa t ions . 

M. A. McKie rnan [3] has found the g e n e r a l solut ion of (8) (and 

i t s n a t u r a l gene ra l i za t ion to R ) under the a s sumpt ion that 
2 \ . i 0 whenever <b f J c { 1, 2, . . . , m} . Thus our C o r o l l a r y 

i e j x 

is a p a r t i c u l a r case of McKiernan 1 s r e s u l t . Again (1) and (5) a r e not 
of th is t ype . 
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