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( r e c e i v e d M a r c h 12, 1963) 

1. In t roduc t ion . In h i s 1922 a r t i c l e [ l ] on funct ions of 
bounded v a r i a t i o n , Vi t a l i gave a me thod for c o n s t r u c t i n g m o n o 
tone n o n - a b s o l u t e l y cont inuous func t ions , g e n e r a l i z i n g ideas 
f r o m the t e r n a r y se t i n t roduced in ano the r connec t ion by C a n t o r . 
In [2] , Hi l le and T a m a r k i n gave a full accoun t of the " m i d d l e -
th i rd f ! function, showing it to be a s ingu la r d i s t r i b u t i o n function, 
and finding i t s c h a r a c t e r i s t i c function. In [3] , E v a n s obta ined 
a g e n e r a l i z a t i o n of the m i d d l e - t h i r d function by d i s c a r d i n g midd l e 
i n t e r v a l s of length o the r than o n e - t h i r d , and obta ined a l g o r i t h m s 
by which the m o m e n t s of h i s function could be ca l cu l a t ed . In 
v a r i o u s p a p e r s , a m o n g t h e m [4] , Wintner s tudied infinite con
vo lu t ions of s y m m e t r i c B e r n o u l l i d i s t r i b u t i o n s , finding a g r e a t 
v a r i e t y of d i s t r i b u t i o n s whose c h a r a c t e r i s t i c funct ions w e r e of 

oo 
the f o r m n cos (xa, ). 

1 k 

In the p r e s e n t p a p e r the Can to r t e r n a r y se t wi l l be g e n e r 
a l i z e d a s a ( 2 N + l ) - a r y se t , and a C a n t o r - V i t a l i d i s t r i b u t i o n 
function wi l l be defined on i t . An a l g o r i t h m for ca l cu la t ing i t s 
m o m e n t s wi l l be g iven, whi le i t s c h a r a c t e r i s t i c function wi l l 
t u r n out to be a n a t u r a l g e n e r a l i z a t i o n of the p r e c e d i n g infinite 
p roduc t of c o s i n e s . 

About t e r m s and s y m b o l s . If a finite o r infinite f r ac t ion 
i s w r i t t e n in G r e e k l e t t e r s , it wi l l be in the sca le 2N+1, and 
if in La t in l e t t e r s , in the sca l e N + l . The l e t t e r a wi l l 
r e p r e s e n t any one of the odd i n t e g e r s 1, 3, 5, . . . , 2N-1 ; p wi l l 
r e p r e s e n t any even i n t e g e r 0, 2, . . . , 2N; and y wi l l r e p r e s e n t 
any i n t e g e r 0, 1 ,2 , 3 , . . . , 2N. F o r conven ience we w r i t e 
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- 1 - 1 + -
r = (N+l) , p = (2N+1) , e = 2 N, a + 1 =a = 2a, a - 1 = a , 

P + 1 = P , P - 1 = p " , P = 2b. Thus a. and b . a r e i n t e g e r s 

sa t i s fy ing 

(1 .1 ) 0 < b . < N , 1 < a. < N. 

A suffix a t t a c h e d to any one of t h e s e l e t t e r s wi l l i nd i ca t e 
i t s pos i t ion , e. g. , 0. a 6 = a p + 6 p 2 . 

2. The s e t s R and A. A d i s c a r d i s def ined a s the 
p r o c e s s of d ividing e a c h c l o s e d i n t e r v a l of a se t of c l o s e d 
i n t e r v a l s into 2N+1 equa l p a r t s , and of r e m o v i n g f r o m e a c h 
c losed i n t e r v a l the i n t e r i o r s of i t s 2 n d , 4 t h , 6 t h , . . . , ( 2 N ) t h 

p a r t s . 

The f i r s t d i s c a r d i s app l i ed to the i n t e r v a l I = [0 , 1], The 
r e m o v e d open i n t e r v a l s a r e 

6, = (0. <*_,<>.**), (a. = 1 , 3 , 5 , . . . , 2 N » 1 ) , 
la t 1 1 1 

1 

and the r e s i d u a l c l o s e d s u b i n t e r v a l s a r e 

\p = [O-P^O.p* ] , (p4 = 0 , 2 , 4 , . . . , 2 N ) . 

The second d i s c a r d i s app l i ed to the se t of i n t e r v a l s r\ , the 

r e m o v e d and the r e s i d u a l i n t e r v a l s be ing d e s i g n a t e d a s 6^ , 
2<* 

2 
(a = 1, 3 , 5, . . . , 2N-1) and r\ r e s p e c t i v e l y . 

2 2P Z 

The p r o c e s s of m a k i n g s u c c e s s i v e d i s c a r d s i s con t inued , 
the se t f r o m which the ( m + l ) - t h d i s c a r d i s m a d e be ing the 
(p rev ious ) r e s i d u a l se t r\ . A l i t t l e c o n s i d e r a t i o n wi l l 

m p 
m th 

show tha t any i n t e r v a l 6 of the m d i s c a r d i s 
ma 

m 

(O .P . P ,OL , O.p p a+ ) 
1 m - 1 m 1 m - 1 m 
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TV) A 

the n u m b e r of t h e s e i n t e r v a l s be ing N(N+1) , s ince e a c h 
digi t (3 can take N+l and a can take N p o s s i b l e v a l u e s . 

m 

Le t 

6 = TJ 6 , A =TT ô , R =1 - A . 
m a ma m m 

m m 

The following a s s e r t i o n s can e a s i l y be ve r i f i ed , s ince each i s 
a g e n e r a l i z a t i o n ( f rom 3 to 2N+1) of a s t a t e m e n t in [2]: 

(2. 1) The se t R i s p e r f e c t and n o w h e r e dense in I; 

( 2 . 2 ) E a c h i n t e r v a l ô h a s length p ; the m e a s u r e of 
m<* 2 — : 

m 

5 is N 

m — (N+l) 
N+l 
2N+1 

m 
; the m e a s u r e of A i s 1; and R 

is a se t of m e a s u r e z e r o ; 

(2. 3) A n u m b e r x is in A if and only if t h e r e o c c u r s at l e a s t 
one odd digi t in i t s r e p r e s e n t a t i o n in the s c a l e 2N+1, and 
a t l e a s t one of the d ig i t s following th i s odd digit is n e i t h e r 
0 n o r 2N. 

3. The d i s t r i b u t i o n function F(x) . Defini t ion. Let 
F(x) = 0 when x < 0 and F(x) = 1 when x > l . When 
0 < x < 1, we m a y , by in t roduc ing if n e c e s s a r y r e c u r r i n g 
g r o u p s of d i g i t s , r e p r e s e n t x in the s ca l e 2N+1 a s an 
infini te f r ac t i on 

X = ° ' V 2 Vn-'- • 

When a l l y a r e even , ( i . e . , x = 0.(3 (3 . . . ) le t 

Fix.) = O.b b^ b . . . . When at l e a s t one y is odd, 
1 2 n 

s a y , x = 0. (3 6 . a v , • • • > wi th the f i r s t odd digi t 
1 P - l p p f l 

o c c u r r i n g in the p - t h pos i t ion , let F(x) = 0. b A b a . 
1 p - 1 p 

P r o p e r t i e s of F(x) s i m i l a r to t hose given for the c a s e 
N = l by Hil le and T a m a r k i n in [2] and by E v a n s in [3] a r e a s 
fo l lows : 
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(3 . 1) F(x) i s cons t an t o v e r the c l o s u r e of any r e m o v e d i n t e r v a l . 
C o n s i d e r the r e m o v e d i n t e r v a l (0. 6 t 6 t a , 0. 6 t (3 a 

1 m - 1 m 1 m - 1 rr 
o r (0.(3, 6 a e , 0 . 6 , (3 a k). By def in i t ion 

1 m - 1 m 1 r n - 1 m 

F(0.pÂ 8 Âa ) = 0 . b . . . . . b a ~ N 
1 r n - 1 m 1 m - 1 m 

= 0. b b a , 
1 m - 1 m 

F(0.p_ p ,ct ) = 0.b, b a . 
1 m - 1 m 1 m - 1 m 

When x i s i n t e r i o r to t h i s r e m o v e d i n t e r v a l , say 

x = 0. p , p a v A . . . , 
r l m - 1 m m+1 

the d ig i t s v . . . . cannot a l l be z e r o , n o r a l l e q u a l to 2N: 
m + 1 

then by def ini t ion F(x) = 0. b . . . . . b a 
1 m - 1 m 

(3 .2 ) F(x) i s n q n - d e c r e a s i n g . It i s suff ic ient to p r o v e tha t 
F(x f ) > F(x) when x ! > x and x, x1 € R. Le t 
x = 0 .p p p . . . , x« = 0 . p 6 6' t . . . w h e r e 

1 q q+1 1 q q+1 
p ! > p , . Then r q + 1 r q + 1 

F ( x ! ) = 0 . b . . . . . b b f
 i . . . > 0 . b J b b . . . = F(x) . 

1 q q+1 1 q q+1 

(3 . 3) F(x) i s con t inuous bu t not a b s o l u t e l y c o n t i n u o u s . It i s 
suff icient to show tha t a s x1 -* x t h r o u g h v a l u e s g r e a t e r t han 
x, then F ( x ' ) -*• F ( x ) , bo th x and x' be ing in R. Th i s i s 
e a s i l y deduced f r o m (2. 3) and the def in i t ion of F . 

To show tha t F i s not A C , c o n s i d e r the r e s i d u a l 

i n t e r v a l s r\ , w h e r e q = 1, 2, . . . , (N+l) . We note tha t 
m q 

R C U r\ . Let r\ be the i n t e r v a l x < x < \ . Then 
q Tnq m q q — — q 

2 | F ( \ ) - F U ) | = s {F(X ) - F ( ^ ) } = 1 , 
q ^ q ' q q q 

s ince the i n t e r v a l ( /< . \ ) i s p a r t of the m - t h d i s c a r d . 
q -1 q 

68 

https://doi.org/10.4153/CMB-1964-009-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1964-009-6


( 3 . 4 ) F f ( * ) = 0 . 

x 
(3 . 5) / F f (t)dt = 0 jbut F(x) - FCO) > 0 when x > 0. 

o 

(3. 6) F(x) + F ( i - x ) = 1 for al l x. 

This i s obvious when x < 0 or when x > 1. When 
0 < x < 1, and x = 0. 8 a 8 . . . , then 

GO 

1 - x = S (2N-P )p q , and 

q - i ^ 

F(x) + F ( i - x ) = S (b + N - b ) r q = i . 

q = l q 

When 0 < x < 1 and x = 0. Q . . . . , 8 a a v , • • • , then 
~ ~ 1 ^ p - i p'p+1 

p-1 co 

1 - x = S (2N - p )p q +{2N - a )p P + S ( 2 N - -y ) p q , 
q = l q P q = p f l q 

and 
p-1 p -1 

F{x) + F ( l - x ) = 2 b r q 4- T(a + l ) r P + S {H - b ) r q 

q - i q P q = i q 

+ T ( 2 N + 4 - * ) r P 

P 

= 1 . 

( 3 . 7 ) rF(x) = F ( p x ) , ( 0 < x < i ) ; 

(3. 8) r + F(x-2p) = F(x) , (2p < x < 1». 

(3 . 7) and (3 . 8) follow e a s i l y f rom the definition of F. 

4 . Moments of F(x). It i s e a s i l y ver i f ied that the 
1 

/
n 

x F(x)dx, and the as soc ia ted moments 
n o 
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00 

/
n 

x dF(x) are connected by 
- o o 

(4. 1) u = 1; JJL A =1 - (n+l)M , (n > 0). 
o n+1 n — 

Following the ideas of Evans in [3], we shall prove: 

(4.2) M +£(-)P ( nJM = l/(n+l), (n>0) . 

(4.3) [l-pn+1
3M ^ - ' l ^ t L ^ +2<N +^-B

 + 2<*>1 
n n+1 (n+l)(n+2) L n+2 n+2 J 

x. n fB^^N+l)-B (1) 
+ r p n + 1 2 ( - )2 P M - £ t i H E t L -

Formula (4. 2) does not give a value for M . and is 
1 

therefore not sufficient for calculating all M . However 
n 

the value 

M, = (8N+7)/24(N+l) 
1 

can be deduced from (4. 3); and this value together with (4. 2) 
affords a means of calculating all M . 

n 

Proof of (4. 2): Follows from (3. 6). 

Proof of (4. 3): Here we shall use (3. 7) and (3. 8), and 
the Bernoulli polynomials B (x) and Bernoulli numbers B 

m m 
defined by 

xt 
te 

e '- l 

B J 0 ) . 

ooB 

0 

B 
m 

rJX)t 

m m l 

t 
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with the difference relat ion 

B (x+1) - B (x) = m x 
m m 

Now 

N (2pfl )p N 2pp 
M = S f x n F(x)dx + S J x n F(x)dx . 

p=0 2pp p = l (2p- l )p 

But since 

(2p+l)p n (2p+l)p 
j x n F(x)dx = J x n [pr + F(x-2pp)]dx 
2pp 2pp 

n + 1 
PrP r.^ ,*n+l ,„ xn+l_ 

= n ^ d [ (2pH) - (2p) ] 

n+1 1 

+ r p n + J (t+2p)nF(t)dt , 
0 

2pp n+1 
r n „ . . , pro .._ .n+1 ._ , . n + l , 

/ „ x F ( x ) d x = inTir [ ( 2 p ) -^-'] i 
(2p- l )p 

it fol lows that 

n+1 N 

and 

M = ^— S P [ ( 2 p + D n + 1 - ( 2 p - D n + 1 ] 
n n+1 

p = l 

N 1 
+ S rp J (t+2p)nF(t)dt 

p = 0 0 

Nr r (2p) n
 r •i /i \ \ , „n + 1x /r 

r^I " (n+l)(n+2) { B n + 2 ( N + T ) - B n + 2 ( T ) } + P M n 
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. n B W + l ) - B II) 

+ r p n + 1 2 ( | ZPM -Etl! —EtlLi 

f r o m which (4. 3) fo l lows . 

5. C h a r a c t e r i s t i c funct ion of F(x) . T h i s s ec t i on i s 
devoted to the proof of the 

1 N 

T H E O R E M : Let f ( t ) = ( N + l f S exp (2 ik tp P ) : t hen 
P k = 0 

oo 
the infinite p r o d u c t II f (t) c o n v e r g e s for a l l r e a l t to a 

P = I P — 

function f(t), wh ich i s the c h a r a c t e r i s t i c function c o r r e s p o n d 
ing to the d i s t r i b u t i o n function F(x) . 

oo 1 

We need to p r o v e tha t f(t) = j e dF(x) = f e dF (x ) , 
-oo o 

an i n t e g r a l known to e x i s t s ince F(x) i s bounded and i n c r e a s i n g . 

Let the i n t e r v a l [0, 1] be p a r t i t i o n e d into q = (2N+1) equa l 
s u b i n t e r v a l s . T h e s e s u b i n t e r v a l s wi l l c o n s i s t e i t h e r of p a r t i 
t i ons of the r e m o v e d i n t e r v a l s 6 , 6 ^ , . . . , ô , o r of 

lat Za^ na 
1 2 n 

r e s i d u a l i n t e r v a l s rj . Then the i n t e g r a l i s equa l to 
n 

q 
l i m S exp(it£ .)[F(x.) - F f x . ^ ) ] . 
n-HXD j = l J J J" 

The i n c r e m e n t s of F a r e z e r o when x J and x be long to 
j - l J 

the s a m e r e m o v e d i n t e r v a l , n o n - v a n i s h i n g t e r m s in the s u m 

o c c u r r i n g only when the i n t e r v a l (x. . >x.) i s one of the 

r e s i d u a l i n t e r v a l s TJ . In t h i s c a s e 
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F(x.) - F(x. ) = (N+l f * 
J J - 1 

for j = 1, 2 , . . . , s, where s = (N+l) . Let us take £; . to be 

the left end point of the corresponding residual interval t\ : 

it is evident that the set of numbers £., (j = 1, 2, . . . , s), 

consists of all finite fractions of the form 

o . P l . . . p n . 

Designating summation over all possible ar rangements of 
p . . . P , (repetitions being allowed) by the symbol S , 

it follows that we have to calculate the limit as n -> oo of 

<r = (N+l f n 2 exp(itg.) . 
n (P) J 

Now 
n 

crn = (N+ l f n S } exp { i t S P p P
P } 

n 
= (N+l f n n [1 + exp(2itpP) + exp(4itpP) + 

p = l 

+ exp(2NitpP)] , 

as can be verified by induction, when (1. 1) and the meaning of 

(P) a re taken into account. Thus 

n 
<r = n f (t) 

p = l 

But 

1 N 

f (t) = (N+l)" [(N+l)+ S {exp(2kitpP) - 1 } ] 
P k=l 
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N 2kpP . 
= 1 + it (N+lf S f eltXdx , 

k = l 0 

Itl N 2k 
<<i + mi s p ' { t r e a l ) : 

k = l (2N+1T 

. N | t | 
= 1 + L - ' — . 

(2N+1)P 

oo 

Thus n f (t) is absolutely convergent for all real t; and 

P = l P 

is the value of our integral. 

We add some remarks about f(t), most of which are self-
evident, or easily derived from known properties of singular 
distributions and their characteristic functions. 

(5. 1) If f (t) is the characteristic function of F (x), then 
— p p 

1 N 

F (x) = (N+lf s H(x-2kpP) , 
P k = 0 

H(x) being the Heaviside unit function. 

(5. 2) F (x) are discrete distributions, while f (t) are periodic 
p p 

of period IT(2N+1) . 

n 
(5.3) S f (t) has period ir(2N+l)n. 

P = l P 

n 
(5. 4) f(t) = lim II f (t) is not periodic, but for any positive 

p 

integer P, 

f|>(2N+l)P] =f(ir) 
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( 5 . 5 ) F(x) = l im F *F* *F . 
1 2 n 
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