
ABSTRACTS OF THESES 

S. G. Mohanty, On some properties of composit ions of an integer 
and their application to probability theory and stat is t ics . University 
of Alberta, April 1961 (Supervisor, T. V. Narayana). 

The purpose of this thes i s i s to investigate combinatorial proper
t ies of partial orders defined on composit ions of an integer, and to 
apply these properties to y ie ld a unified approach to various problems 
in probability and s tat i s t ics . The type of problems we deal with in 
probability are described as ''ballot problems" by Fe l l er . We show 
that ballot problems can most conveniently be treated by the study of 
partial orders defined on composit ions of an integer. As an application 
of the same ideas to problems in s tat i s t ics , we consider several equi
valent characterizat ions of simple sampling plans of s ize n and show 
that structurally, the problem of characterizing simple sampling plans 
i s formally identical to the study of partial orders on composit ions of 
an integer. 

In Chapter I a résumé of the relevant work on the composit ions of 
an integer i s presented. We extend and continue this work, bringing out 
m o r e c learly its relation to ballot problems. Two simple and new r 
methods are d i scussed , enabling us to rederive and extend most of the 
known results in this field. 

In Chapter II, we prove that simple sampling plans of s ize n can 
be character ized by their boundary points. By the consistent use of the 
partial orders mentioned above, we obtain 1:1 correspondence between 
simple sampling plans of s ize n and simple symmetr ic sampling plans 
of s ize 2n. Certain topics and theorems which have been touched upon 
but not fully d i scussed in the l iterature are brought out as a natural 
consequence of our methods. 

In Chapter III, application of the same concept has been made to 
other problems in probability theory and s tat i s t ics . A brief mention of 
number-theoret ic resul ts which follow as a by-product of our approach 
concludes the chapter. 

George C. Bush, On embedding a semigroup in a group. Queen's 
University, April 1961 (Supervisor, I. Halperin). 

A given semigroup A i s said to be embeddable in a group if there 
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e x i s t s a group G which conta ins a sub s e m i g r o u p i s o m o r p h i c to A. If 
A i s commuta t i ve o r if each p a i r of e l e m e n t s of A h a s a c o m m o n left 
multiple.^ t h e r e a lways e x i s t s a group G such tha t such an embedding 
of A in G i s pos s ib l e , In the g e n e r a l c a s e a s e m i g r o u p m a y o r m a y 
not be embeddab le in a group. 

Different n e c e s s a r y and sufficient condi t ions for the embeddab i l i ty 
of a s e m i g r o u p in a group w e r e given f i r s t by Malcev (19 39) and by L a m -
b e k (1951). 

Malcev in t roduced f o r m a l left and r ight i n v e r s e s for e l e m e n t s of 
A and c o n s t r u c t e d a group G f rom the equiva lence c l a s s e s of w o r d s 
fo rmed f rom e l e m e n t s of A and f o r m a l i n v e r s e s . He then d e r i v e d a 
set of condi t ions n e c e s s a r y and sufficient that A be i s o m o r p h i c to a 
sub s e m i g r o u p of t h i s G. E a c h Malce.v condit ion i s a s s o c i a t e d with a 
chain of t r a n s f o r m a t i o n s on t h e s e w o r d s . The t h e s i s g ives an expos i t ion 
of th i s w o r k of Malcev , but u s e s s i m p l e r proofs due to T a m a r i , 

L a m b e k c o n s i d e r e d o r d e r e d p a i r s of e l e m e n t s of A that have a 
c o m m o n left mul t ip l e and ca l l ed eve ry such p a i r a r a t io . In the se t of 
r a t i o s he defined a p a r t i a l mul t ip l i ca t ion . Equ iva lence c l a s s e s of finite 
s equences of r a t i o s a r e u s e d to fo rm a group. A n e c e s s a r y and sufficient 
condit ion that the s e m i g r o u p be embeddab le i s that al l the a s s o c i a t i v e 
l aws hold for the p a r t i a l mul t ip l i ca t ion of the r a t i o s . L a m b e k fo rmula t ed 
conditions on the s e m i g r o u p for t h i s to be t r u e . He gave t h e s e condi t ions 
in t e r m s of E u l e r i a n po lyhedra and u s e d g e o m e t r i c p r o p e r t i e s in h i s 
proof. The t h e s i s r e p r e s e n t s each a s s o c i a t i v e law by a 2n- tup le and with 
each 2n- tup le a s s o c i a t e s a L a m b e k condit ion. In t h i s way a sufficient 
subse t of the L a m b e k condi t ions i s obta ined without us ing g e o m e t r i c 
c o n s i d e r a t i o n s . 

The L a m b e k condi t ions a s s o c i a t e d with po lyhedra with exac t ly two 
v e r t i c e s w e r e n a m e d the " l u n a r " condi t ions by H a l p e r i n . J a c k s o n s tudied 
t h e s e cond i t ions , but did not a n s w e r the ques t ion of the sufficiency. The 
t h e s i s c o n s i d e r s t h e s e l u n a r condi t ions and a r e l a t e d set ca l led the dual 
l u n a r cond i t ions , and e s t a b l i s h e s that the two s e t s t aken t o g e t h e r a r e not 
sufficient for the embeddab i l i ty of a s e m i g r o u p in a g roup . 

That the individual Malcev and the individual L a m b e k condi t ions 
a r e not iden t i ca l i s shown by two c o u n t e r - e x a m p l e s . It i s a l s o shown 
tha t the only condi t ions tha t have the fo rm of a Malcev condi t ion and a l s o 
tha t of a L a m b e k condi t ion a r e the l u n a r cond i t ions . 

One condi t ion i s sa id to be a consequence of a n o t h e r if the f i r s t i s 
sa t i s f ied by e v e r y s e m i g r o u p tha t s a t i s f i e s the second. P r o o f s a r e 
given tha t e a c h L a m b e k condi t ion i s a consequence of a s ingle Malcev 
condi t ion and tha t each Malcev condi t ion i s a consequence of a s ingle L a m b e k 
condi t ion. 
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Malcev p roved that no finite set of condit ions of a c e r t a i n fo rm 
(which inc ludes the Malcev and Lambek conditions) could be n e c e s s a r y 
and sufficient for the embeddabi l i ty of a semigroup in a group, but h i s 
proof r e q u i r e s some c la r i f ica t ion and co r r ec t i on . This is given in the 
t h e s i s . 

W. B r u c e Antliff, The l imi t of m ( E , ^x) a s n -* oo, and con-
(n) 

( n ) x — -
di t ions which a r e equivalent to compres s ib i l i t y . Queen1 s Univers i ty 
Apr i l 1961 (Superv i so r , I. Ha lper in ) . 

As the t i t le of the t hes i s sugges t s , it dea l s with-two sepa ra t e 
t op ic s . The f i r s t conce rns i tself with the C a r t e s i a n product (X, S,m) 
of a denumerab le n u m b e r of m e a s u r e spaces . Such a product can a l so 
be c o n s i d e r e d a s the C a r t e s i a n product of two spaces X = .X * ^ n 'X , 

M 
with the a s s o c i a t e d m e a s u r a b l e se t s S = , XS * S and m e a s u r e s 

(n) { n ) 

m = , %m x m , w h e r e (, . X , . -. S, , , m ) i s t h e C a r t e s i a n p r o d u c t of 
' (n) (n) (n) (n) 

t h e f i r s t n c o m p o n e n t s of (X , S , m ) a n d ( X, S, m ) i s t h e C a r 

t e s i a n p r o d u c t of t h e r e m a i n i n g c o m p o n e n t s of (X , S , m ) . It i s p r o v e d , 

i n t h e f i r s t s e c t i o n of t h i s t h e s i s , t h a t , f o r e v e r y m e a s u r a b l e s e t E i n 

X , t h e r e e x i s t s a n u l l s u b s e t N s u c h t h a t if E ' = E - N t h e n 

l i m ( n ) m ( E » / A X ) = l f o r e v e r y x = (, . x , ( n ) x ) € E ' . 
n -*- oo (n)-*- (n) 

T h e s e c o n d s e c t i o n of t h e t h e s i s d e a l s w i t h t r a n s f o r m a t i o n s of a 

s p a c e i n t o i t s e l f -

- 1 
A t r a n s f o r m a t i o n i s c a l l e d m e a s u r a b l e if T E i s m e a s u r a b l e 

f o r e v e r y m e a s u r a b l e s e t E a n d a t r a n s f o r m a t i o n w i l l IDe c a l l e d 

i n v e r s e l y m e a s u r a b l e if T E i s m e a s u r a b l e f o r e v e r y m e a s u r a b l e s e t E . 

A s e t E i s s a i d t o b e k - c o r r e s p o n d i n g t o a s e t F , if t h e r e e x i s t s 

a d e c o m p o s i t i o n E = U E . w i t h t h e E . s d i s j o i n t a n d m e a s u r a b l e a n d 
i = l i l • 

k 
a decompos i t ion F =U F . with the F . s dis joint and m e a s u r a b l e such 

i = l l l 

that for each i , T 1 E , = F . w h e r e n. r e p r e s e n t s an in teger (poss ib ly 

nega t ive . 

It had been proved by P . R. Ha lmos in 1946 tha t , if T i s a one -
to -one t r a n s f o r m a t i o n which i s i n v e r s e l y m e a s u r a b l e , then the follow
ing t h r e e condi t ions a r e equivalent to each o the r . 

(1) T i s c o m p r e s s i b l e . 

(2) F o r some posi t ive in t ege r k and some measurable set E, E i s 
k - c o r r e s p o n d i n g to a p r o p e r subset of itself. 
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(3) For some positive integer k, X is k-corresponding to a proper 
subset. 

In conditions" (2) and (3) the term proper subset means a subset which 
differs from the original set by more than a null set. 

The principal part of this section of the thesis consists of a theorem 
in which the three conditions mentioned in the preceding paragraph are 
proved to be equivalent, but the proof does not require the transformation 
to be one-to-one and it is valid for either a measurable transformation 
(provided that TX is measurable) or an inversely measurable t r ans 
formation. 

An application of this theorem is then made to strong recurrence. 
An element x of a set E is said to be recurrent if T n x € E for at 
least one value of n, and x is said to be strongly recurrent if T n x € E 
for an infinite number of values of n. A transformation is said to be 
conservative if every set of positive measure contains at least one point 
which is recurrent under T. The theorem mentioned above is applied 
to prove that, if T is a conservative and measurable transformation 
and if TX is measurable, then almost all points of any measurable set 
are strongly recurrent . 
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