ON SOME ASYMPTOTIC PROPERTIES CON-
CERNING BROWNIAN MOTION

TUNEKITI SIRAO and TOSIO NISIDA

1. About the behavior of brownian motion at time point oo, there are
many results by P. Lévy, A. Khintchine etc. P. Lévy cited a theorem by A.
Kolmogoroff as the most precise result in his famous book “Processus stochas-
tiques et mouvement brownian” without proof. In this paper we shall prove
this theorem, using the similar result about the random sequence by W. Feller,”
and then, applying the theorem of projective invariance by P. Lévy, we shall
find also the behavior of brownian motion at time point 0 from the above
theorem.

2. Stating the results. We define the concept of upper class and lower
class with respect to Wiener’s brownian motion X(¢) = X(¢, )® at time point
o as follows:

i) If the set of ¢ such that

X(t, o) >Vt ¢(t)

is bounded (unbounded) for almost all w, then we say that ¢(t¢) belongs to
upper (lower) class with respect to {X(¢), 0=¢< o} at time point c and use
the notation ¢(#) € U,(Qx).

Analogously we define upper class and lower class with respect to {X(¢),
0<t=1) at time point 0 as follows:

ii) If the set of ¢! such that

X(t, 0) >V ¢(t)

is bounded (unbounded) for almost all w, then we say that ¢(¢) belongs to
upper (lower) class with respect to {X(¢), 0=t <1} at time point 0 and use the
notation ¢(t) € Ue(Ly).

TuEOREM 1 (A. Kolmogoroff). Let {X(t), 0<t< o} be a brownian motion
of Wiener and ¢(t) be a non-negative, monotone increasing function of 1 such that
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2 « is the probability parameter.
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i’;gil»os> (- o).

Ir Sm %¢(t)e'%”2“’ dt e C(D), then ¢(t)EN(L),

where “ € 6(D)” means the convergence (divergence) of the integrals.
Applying theorem 1 for
¢(1) ={2log:t+3logst+2logit+ . .. +2loge-1 ¢+ (2+8) log, £)3,
we have

Cor. 1. {2loget+3logst+2logit+ . .. +2logest+ (2+3) log,t}
Ell. if 6>0,
€l if 6=0.

THEOREM 2. Let {X(t), 0=t <1} be a brownian motion of Wiener and ¢(t)
be non-negative monotone decreasing function of t.
1
r [ e®eivOaes®), then ¢(t)eM(Q).

For

¢(1) = {21082-%~+310gs%+210g4~}-+ e

+2 log,_ri— +(2+0) 1og,,—}- W,

we have
Cor. 2. {2 log. %— + 3logs —1 +2 logr%r + ...
1
3
+2loge-1 —} +(2+0)log, %}
ey, if >0,
e if 0=0.
3. Proof.

Proof of Theorem 1.

a) The case of convergence.

Let us define the sequence {#;} as follows:
trer = t(1+ 1/¢°(8e)) ,

where #; is chosen sufficiently large, enough to satisfy the condition #—> ~ as

k—> oo,

Now we put

%) This condition is not any essential restriction, since A. Khintchine has already proved
that e >0 (<0) implies {(2+ ¢) logz£}/? € N% (L),
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e-%ﬁ(tk)

o 1
D= o(tr)

. ~1g2 . . .
Then, since ¢(#)e 2**® is monotone decreasing in ¢, we have

S H‘p(t)e-%ﬁz(t) dt=>) tle}r;—_nﬂtkn)e'%"z""ﬂ’

tk
Z(tk> ¢(tk+1)e bs

)E

> e =382ty
1+1/¢ (t
1
BETSIFITAR T

¢ (tk+1) 9 (k1)

Hence, the convergence of this integral implies the convergence of >, pr.
k

the monotony of ¢(¢), we have

X() . tkr_rllf.‘ith(t) max X(2)

tkr—nxgétk \/T¢(t) Viroy ¢(te-1) \/i’k-l o (tp-1)"

Using the theorem by P. Lévy with respect to the maximum function of brown-

ian motion
max X()
13
Pr { \/tk 1 ¢(Ee-1) } Pr(r_niiX(t)%‘/tk s (-0}

2 Vir - =t gt (tyemy)
= e 2'k dx = \/ e
‘/ ik, Sytk—x Blex—1) Niior ¢(te-1)

By the definition of #, (if % is sufficiently large) we have
Th-1 1

—_ > —_———
7 1+1/¢ *(tp-1) 1 ¢ (tr-1)
tr 1

=14, <
bt ¢ (tr-1)

Therefore we obtain

{ g{i}t{kX(t) J 2 4282 1 ¢2(fk.1)
Vie_s s (2o 1) o (te- 1)
2
=CPr-1, C=;/7e2',
and so
X(2)
X() Sipel EEn L\ C
gpr{tkznﬁ‘tk\/tqﬁ(t) >1} ‘—iPr{\/tk 1 ¢(te- te-1) } Epk Tt

Since the last series converges by the assumption, the events

ma X()
tk-x._t—tk \/t (p(t)

>
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arise only for finitely many %k with probability 1, by virtue of the lemma of
Borel-Cantelli. In other words, there exists a number k(w) which is finite with
probability 1 such that

X(1)

=’ <1 f k> k(w),
B, Trepy <1 for AR
which implies

X(@) <Vt ¢(t) for t>t(w) = trw).
Thus we have ¢(#) € ..
b) The case of divergence.
We shall make use of the following theorem of W. Feller:®

Let {X.) be a sequence of mutually independent random variables having
the same distribution function F(#) which have the properties:

SiwtdF(t)=0
(%) Si&tzdF(t)=1
" #2dF(t) =0 ((log logx)™!) (x- o).

Then the monotone increasing sequence {¢s, ¢s>0} belongs to lower (upper)
class” if and only if the series

DI L
a N

diverges (converges).
If we put

Xp=X(n)-X(n—-1) (n=1,2,...),

then X, are mutually independent and subject to the standard Gaussian dis-
tribution 9¢(0.1). Moreover

jlll >xt2d@0 = Jiij‘g:ﬁe—’{lidt = ‘/:?r:[xe——@;— + j:e-lzidt] _ O(x-l) (x> o).

Thus {X,} satisfies the above-cited conditions (*).
=1 . .
Since ¢(¢)e”2**® is monotone decreasing,

1 loc. cit. 1).

% A numerical monotonic sequence {¢} will be said to belong to the lower class & if with
probability one the inequality
(A) S>>V on, Si=Xi+...+ Xa,
be satisfied for infinitely many #n; on the contrary, if with probability one (A) be satis-
fied only for finitely many #, then {¢»)} will be said to belong to the upper class U (the
terminology due to P. Lévy).

https://doi.org/10.1017/50027763000023059 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000023059

ASYMPTOTIC PROPERTIES CONCERNING BROWNIAN MOTION 101

SJ %«/)(t)e';;‘z(“dt =3 Lo(n)eieo
1 n=17

Thus we see. by the assumption, that the right hand side diverges and by the
above Feller’s theorem, this ¢(#n) belongs to lower class, namely that

X(n) =1§Xk>\/—”—¢(”),

for infinitely many #z-values with P-measure 1, which implies
p(H)EL.
Proof of Theorem 2. According to the theorem of projective invariance
by P. Lévy for the transformation {—¢7, “X()/Vt, 0<t=<1,” and ‘VTX(—% )

0<t=1, vyield the same probability distribution on the space of continuous
functions defined on [0,1]. Therefore the following two sets are bounded with
the same probability ;

{%; L\f/%l> ot} {% \/?X(% )>e)}.

But the latter set coincides with the set
— ¢ 1
{t: Xy >VEg(- )},
which is bounded with P-measure 1 or 0 by Theorem 1 according as

=1 /1 2(L t1 .
Sl"ﬂ’(_{‘)e‘%*(t)dt ie. gost(t)e'%“”th@ or ED.

Thus our theorem is proved.
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