Some new operational representations
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(Received 29th October, 1935. Read 1lst November, 1935.)

In this paper I give some operational representations, according
to the Carson-Heaviside Calculus, which, as far as I know, are new;
and I deduce some properties of the functions thus introduced.

§1. The representation of tan—1 z.
It is known that the symbolic image of the sine-integral, si (z),
is tan—1p, so that
tan—!p ==si ().
Now the question is, what is the symbolic image of tan-12? We
obtain it as follows.

We have, if x is small,

t -1 _2( ln_xﬁ]_
an—lg = _)2n+1°

But, if « is small, p is large; and we can write symbolically

(=" @e+ DI 1 (=1)(2n)!
@En+1)p+l T p T p

tan~lz ==X

according to the well-known rules of the operational calculus: this
formula will hold for p large.

Now if we consider the sine- and cosine-integrals under Nielsen’s
form, we have, if p is large,

., cosp _ (— )*(2n)! sinp
= — pX — S,
si (p) = — o .
. sinp o (— 1)*(2n)! cosp
ci = by — S,
(p) P p2n
when S is another series. We have then, eliminating §,
ci(p) si(p) (— )= (2n)!
cosp_sinp*(tgp_i_co‘;p)zT

so that, when 2 is small, we obtain the following representation:

tan—!x ==ci(p) sinp — si (p) cos p.
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§2. The representation of ber (x) and bei (z).

Let us consider now XKelvin’s functions ber(z) and bei(z)
defined by
Jo (z24/2) = ber (z) + ¢ bei (z),
where J, is the Bessel function of order zero. It has been proved by
van der Pol that
ber (24/z) = cos 1/p
bei (24/2) = sin 1/p.

I propose to obtain the images of ber (z) and bei(z) by considering
the image of J, (z), viz.

. r
J = s,
V@ )
Writing «i4/7 instead of a2, and separating the real and imaginary
parts on the right-hand side, we find that

. D L p>_\"
ber (z) == \ﬁ{\/(p"-l-l) + pJ‘_*_ },

b Pl L
ei (x
(=) \/2 W@ +1) p+1J

Some (probably) new properties of Kelvin’s functions can be
deduced from these operational representations. For instance, using
the product theorem, we have

2rber (x — y) bei(y)dy =
0

B pt+ 17
ut
. . PpA
sin Az = 7T
A
ginh Az == })Z—Z)__}\_Z ;
hence
2pA3

sinh Az — sin Az == m.

If we now take A = /%, we obtain

sinh 24/% — sin z/7 = 26y/1 /T P + i

and so

- . sinh z+/7 — sin 9«‘\/’
Lber (x — y) bei(y)dy = 4iv/1
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Again, from the operational formula

f@ .
A RIOLY
we have

z 4 1/2
j bei () du = ! P }
0

1
V2 W+ T P
If we denote the right-hand side by f(p), we have
1 _ pZ }1/2
v+ T S

1
fvp) = 73 {
But we know that
fWp)=v28(z)
where S (x) is one of Fresnel’s integrals, namely

Z ginu
8 () = J.o m) du.

Now an operational rule states that, if
f(p)=h (=),

0

Jwp) = o= | oxp(— 1) i ds

then

and we obtain the following formula, connecting Fresnel’s integral
with Kelvin’s function

a0

S (z) = —\7(2175_) jo exp (— i:sz/x)j; bei (u) du ds.

§3. Bourget’s extended Bessel functions.

Bourget’s extended Bessel function is

1 T
o1 (%) = -—"j (2 cos ) cos (nf — z sin 8) d6,
0

v

reducing, for £ = 0, to the Bessel function J,. The following pro-
perties of this function are well known:

2
2) Tu1(2) = =0 (@)
(3) ot =Jn1,6-1 + Jnt1, k-1
(4) Jn,k(O) = N—n, k, 0s
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this being the Cauchy-number, which is equal to zero if £ <n. From
these we shall deduce the representation of Bourget’s function and
some new properties.

I shall prove that

I, 1 (@) == 2%p (p? + 1)* D2 {y/(p® + 1) — D}~
For

(i) Making £ = 0, we obtain
p(P*+ 1)7 2V (p? + 1) — P},
which is the image of J, (z).
(i) Making k = 1, we obtain
2p{vV(p*+ 1) — p}",
which is the image of (2n/z)J, (z).

(iii) If we write n — 1 or n - 1 instead of n, &k — 1 instead of %,
we see readily that the above recurrence formula is verified.

Now, from this operational representation, we shall obtain some
new formulae for Bourget’s functions.

(@) We have
28 p (p? + 1)E-D2{4/(p* + 1) — p}»
2k
=2 P(PP+1)A V2 L/ (24 1) —p}* p(p?+ 1) —W2{y/(p2+1) —p}—1

where Adr=k+1
u+ s =mn,
Hence, by the product theorem,

1 z
To@ = g | @ = 9) Tas s @) dy

A and p being arbitrary numbers.

As a particular case, we can take A = 0, and deduce that

1 z
Jn,k(x) = —2—j0J“ (17 — ) Jn—u,lc+1 (y) dy.
Similarly, with A = 1,

x J .
I, k() = j _,,_(_x_y)

0 r—y Jn—p.,k(y) dy'
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We also have the two following formulae, giving the duplication
of the indices,

1 z
J:?n, 2k (Z) = 7 _[0 Jn, k (x - ?/) Jn, E+1 (3/) dy

1 z
Son, 1 (%) = ?J-OJn,Ic+l (x —y)J. (y) dy.

(b) The image of Bourget’s function can also be written as

1
— 26p (p? 4+ 1)E-D2L/(p2 4+ 1) — pi»~ p{v/(p? + 1) — p}*;

r
hence
z J, (
']n,k(x) = VJ. Jn—v,k(x - ?/)—y) dy
0 Y
and, in a particular case,
i I
Jzn,k(x) = nJ- Jn,k(x - y)—(_y) d?/
0 Y
(c) Let us again write the image
| P iy N P
r 26p (p?+ 1) A~V {/(p? 4 1) — p} (P% F 1)@
with A — 2y — 1 =k. We know that
P . V7
(pz + 1)(2;1.-{-1)/2 - 2# F(/J, + %) x"'!]p. (Z).

So we obtain

Jos @ = g |

23u+1 T (,U. + %) OJ)L, k+2u+1 (x - ?/) y" J;L (y) d?/,
where p is an arbitrary number, 2 being an integer.
If we take u = 0, we have

i z
I, 1 () = ‘gjan,kH(x — ) Jo(y) dy,

and with p =},
1 {* .
Tns@ = | T @ =) siny dy.

(d) Let us now write, without giving the demonstration, which is
easy when one is accustomed to Heaviside’s methods and images,
the following two formulae of differentiation with respect to the
indices. They hold only for k< n, for, in this case, the value of
Jp, 1 (0) is zero, and the calculus is rather simple:

aJn,k(x) _ jzaJn,k(y)
on “Jo oy

Jig (x — y) dy
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where Ji, is the Bessel-integral function

°J
Jiy (x) = —j ——0(—u)du;
z
aJn,k(x) jz : a']n,k(y)
— =dJ, 1 (x)log2 — 0cl(ac — y) oy dy
where ci is the cosine-integral.
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