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ABSTRACT. Recent mathematical models treat a natural
snow-pack as a mixture body consisting of solid ice grains,
liquid water, and a gas made up of air and water vapour.
Such a model requires two independent constitutive
equations for the two independent volume fractions.
However, so far only one equation, a power law relating
the liquid-water content to capillary pressure, has been
suggested, by analogy with the so-called ‘"characteristic"
equation for liquid water in soils. Experimental data from
drainage tests on snow columns may be used to determine
the characteristic equation for snow for relatively high
water contents. However, the experimental method is not
valid when water exists in isolated inclusions in the snow,
i.e. in the pendular regime. In this paper a theoretical
method is used to derive two independent volume-fraction
laws for snow in the pendular regime.

INTRODUCTION

In recent years, the continuum theory of mixture has
been wused as the framework for models of natural
snow-packs (Morris, 1983; Akan, 1984; Kelly and others,
1986). The constitutive requirements for such a model are
outlined in Kelly and others (1986). These authors pointed
out that, if snow is treated as a three-constituent mixture
of ice, liquid water and moist air, two volume-fraction
equations are required to complete the model. Previous
workers have identified only one such equation, an
empirical power law relating water content to capillary
pressure. This "characteristic" equation for snow is based on
very limited data and only applies in conditions of moderate
saturation. Thus, to establish a general model for natural
snow-packs. it is necessary to extend the range of the
empirical characteristic equation and, furthermore, to derive
a second volume-fraction equation. This paper uses a
theoretical analysis of snow-pack properties on the micro-
scale to derive two volume-fraction equations for conditions
of low water saturation, i.e. in the pendular regime.

The mixture theory adopted in the recent snow-melt
models is that of Truesdell (1965). In this theory, the
equations of conservation of mass, momentum, and energy
for each constituent within the mixture are expressed in
terms of "partial" variables associated with mixture volumes
and mixture cross-section areas. Thus, for example, the
partial pressure in a particular constituent is defined to be
the force on that constituent per unit mixture cross-
sectional area. Models are completed by constitutive
equations which may also involve "intrinsic" variables which
are defined with respect to the volume and cross-section of
a particular constituent. For a fully general model for snow,
constitutive equations must be specified for the independent
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volume fractions, the independent phase changes, and for
the permeabilities. These equations may be written in terms
of partial or intrinsic variables, although it is a fundamental
postulate of mixture theory that they should be determined
from the gross response of the mixture body. Finally,
stress—strain relations for each of the constituents within the
mixture model are required. These may be written in terms
of intrinsic variables and may be taken as the equations
which represent the behaviour of the constituent as if it
were an isolated continuum. There is therefore less
difficulty in specifying these laws.

A simplification common to many snow models is to
treat the air and water vapour as a single constituent. When
this is done, a mixture model for snow will have three
constituents: ice, water, and moist air. The volume fraction
¢\“) is defined as the volume of constituent & per unit
volume of the mixture. We write w = 1, 2, 3 for ice,
water, and moist air, respectively. By definition

3

r ¢ -, (N

Thus, only two of the volume fractions are independent and
only two independent constitutive equations need to be
specified.

In the following discussion the intrinsic pressure p(w)
will be introduced. It is important to establish exactly what
is meant by this term in mixture theory. The intrinsic
pressure of component w on the mixture scale is the
pressure that would be measured by an instrument which
sampled the pressures of a large number of inclusions of w
and averaged them. For example, a tensiometer with a
porous cup much larger than the grain-size of the snow
would measure p'%), If the inclusions are interconnecting,
they all have the same pressure and the intrinsic pressures
on the microscopic and mixture-theory scales are the same.

EXPERIMENTAL DATA

Colbeck (1975) and Wankiewicz (1978) have used a
simple moisture retention-curve apparatus to determine the
characteristic equation for snow. It is worth describing the
experimental method in some detail in order to clarify
exactly what is being measured and assess the accuracy of
the data. In the retention-curve apparatus a column of snow
of volume ¥ rests on a porous plate through which water,
but not air, can pass. The lower surface of the plate is in
contact with water at a pressure Dy The applied capillary
pressure, ¢° = Py ™ Ba (where Py is the atmospheric
pressure), can be adjusted by altering the height of a
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reservoir. A change in height Ah produces a change in
applied capillary pressure MP° = —pghh where p is the
density of water and g is the acceleration due to gravity.

The amount of water ¥, which flows out of the snow
sample when ¢° is changed 1s equal to the overflow from
the reservoir, which can be measured. Thus, the change in
average water content a2 = Vw/V can be determined as a
function of A¢°. A major assumption is now made, namely,
that the intrinsic pressure on the mixture scale of all the
water inclusions in the sample is equal to the water
pressure applied to the porous plate. In this case, the
capillary pressure of the water inclusions with respect to the
outside atmosphere, ¢* = — Py, is the same as the
applied capillary pressure d:” and MJ(z) is determined as a
function of AyY*,

In order to derive ¢(2) as a function of it is
necessary to have a direct measurement of qb(z) at one
known value of ¢*. Wankiewicz (1979) measured the
residual water content at * large and negative by a
calorimetric me{hod. AI((ernatively, the relative water
saturation S = ¢2)/(1 = ¢{)) can be derived as a function
of ¢* (Colbeck, 1975). Assuming that the snow sample is
saturated at atmospheric pressure, the required known point
is §=1at ¢* = 0.

Figure la shows the data given by Wankiewicz (1979).
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Fig. 1. Characteristic —curves for snow derived from
water-retention experiments. (a) Wankiewicz (1979), (b)
Colbeck (1975).

His samples were taken from a natural snow-pack at or
near the melting temperature. Figure 1b shows the data
given by Colbeck (1975). The axes have been scaled so the
characteristic curves in (a) and (b) should be directly
comparable. The curves have a form similar to those
obtained by water-retention experiments on coarse-grained
sand. The gradient changes between —600 and -1000 Pa
when water becomes trapped in the pores. Harris and

https://doi.org/10.3189/50022143000009424 Published online by Cambridge University Press

180

Morrow (1964) have found that this transition occurs at
Yy = —10.50,4/R,, for random packings of spheres of radius
R,s. The interfacial tension between air and water
Oy = 0075Jm™® so that for 1mm radius grains ¥y =
—788 Pa. A cubic packing of similar spheres would have ¢,
= =362 Pa and a rhomboidal packing, —968 Pa. The concept
of the irreducible water content of snow arises specifically
from these water-retention experiments. The water content
can of course go to zero in other situations, for example
when heat is extracted from the snow sample.

Colbeck and Wankiewicz have drawn attention to the
difficulties in determining the characteristic equation by this
experimental method. Some of these problems also arise
when working with soils but others are particular to snow.
They may be summarized as follows:

(i) Each data point on the Wankiewicz curves has a
potential error of A${Z) = £0.02 arising from the error in
the calorimetric method of determination of the residual
water content,

(ii) At applied capillary pressures below about —1500 Pa
the porous plate loses pressure contact with the bulk of the
snow. Thus, ¥° is no longer equal to ¢* and the long flat
tail of the characteristic curves shown in Figure 1 is an
artefact of the experimental method.

(iii) Temperature control is obviously vital but it is
extremely difficult to maintain truly adiabatic conditions.

Colbeck (1974) described retention experiments for
snow in which the temperature-control problem was solved
by using kerosene rather than water. However, these cannot
be expected to give an accurate characteristic equation for
water in snow. The volume of water at a given capillary
pressure depends not only on the geometry of the ice grains
(which can be maintained in the kerosene experiments) but
also on the surface energies of the phase interfaces. These
will not be the same in the ice—kerosene system.

De Quervain (1973) gave two water contents at
different capillary pressures measured in a natural snow-
pack. The authors are not aware of any other published
data for snow.

The experimental data were wused by Morris and
Godfrey (1979) to determine a characteristic equation for
use in their snow-melt model. They postulated an equation
of the form

¢ = (1 — ¢y @)

where ¢ = p(® — p®) is the capillary pressure of the water
inclusions with respect to the moist air inclusions. Equation
(2) is one of the Brooks—Corey relationships (Brooks and
Corey, 1964) used in modelling the flow of water in
unsaturated soils. UJ is the "air-entry potential’ or "bubbling
pressure” and s is an index of the geometry of the porous
medium. Note that in the funicular regime, when the air
inclusions are isolated by water and ice from the outside
atmosphere, there is no reason why p3 should equal p,.
However, in the pendular regime of low water content, it is
reasonable to assume that the air inclusions form an
interconnecting network and p 3) = p,. Hence Y = ¢* in the
pendular regime. The index s and the air-entry potential ¢,
were estimated wusing all the data from Colbeck (1975),
Wankiewicz (1979), and de Quervain (1973) with the
assumption that ¢ = ¢* = ¢° throughout the range. The
values of s = —0.93 + 0.12, In(—¢,/Nm?) = 53 1.5 have
been used by Morris (1983) but clearly from the discussion
above not all the experimental data points should have been
used. If points with high and low water contents are
discarded, new values of s = —0.86 and In(~y,/N m?) =

are obtained (Fig. 2). These are not significantly dlfferent
because of the large scatter on all the data.

THEORETICAL DETERMINATION OF THE VOLUME-
FRACTION EQUATIONS

The primary aim of the theoretical work described in
this paper has been to extend the range of the characteris-
tic equation into the pendular regime. The analysis also
gives a second volume-fraction equation valid in the
pendular regime. This is a useful bonus. Previous models of
unsaturated snow-packs have used Equation (2) as one of


https://doi.org/10.3189/S0022143000009424

s .
: 5 \\\\\\\\
8 \
| RIS
il '\' LY \‘ \“\
1 N AN N
\\‘ Ny

; \\ L
' {‘ \* % \ it N
I | L T N
k 1 Nk A
= | NN \ : .
N 7 N
| e N
N N \
i . \ N\
;8 \\ \‘- N
| b
| N
J e
{' T T T | D (T L T T T
) 1000

CAPILLARY PRESSURE /(—Pa)

Fig. 2. The empirical power-law characteristic equation
determined (a) using all data and (b) discarding data at
high and low water contents. The solid lines show the
experimental data.

the required relations and have avoided the problem of
identifying a second relation by assuming that the ice-grain
velocity is zero. However, this has the important
consequence that compaction of the snow cannot be
modelled. The identification of a second volume-fraction
constitutive equation allows this important physical process
to be included in a snow-pack model.

In order to make the theoretical calculations tractable,
it 1s assumed that the ice grains and water in the snow
exist in a simple, though still physically realistic geometry.
It is supposed that all contacts between ice grains are either
simple two-grain contacts with an annular water inclusion or
three-grain contacts with three annular inclusions meeting at
a vein as described by Colbeck (1979). The grains are
assumed to be spherical, except at the ice—ice and ice—water
interfaces. Following Gubler (1978), we define end grains
with one contact (coordination number ng, = 1), chain grains
with n, = 2, and link or mesh grains with n, > 2.

We begin with the simple case of a collection of end
or chain grains of equal radius and with two-grain contacts.
The specific volumes of ice, water, and moist air may be
calculated using the geometrical relations shown in Figure
3a, which shows the form of the phase interfaces. The
geometry is symmetric about the line FO. For clarity, the
figure is not drawn to scale. The radius of the ice—gas
interface is R, = FB = FN. The two radii of curvature of
the ice—water mterface are R(I} and Rm where R“] DC

= DB, and the average va[ue of R(lg) 1s given by lJ The
point J is situated such that the arc CJ = BIJ. Fmally, R(;)
and Rm are the radii of the water—gas interface; R F
AH = AB and Rm = OH. The compressed sphere radlus is
= OF and the length ED = @

The compression angle OAF = ¢ is a measure of the
size¢ of the water inclusion and the compression of the
grain. The angle « is the dihedral angle, which depends on
the surface free energy of the ice—ice mterface. a,;. The
value of « has been glven as 20 £ 10° by Ketcham and
Hobbs (1969) and this is the wvalue used by Colbeck (1979).
Walford and others (1987) have suggested a value of

= 336 + 0.7° but this is based on 14 measurements and
he has subsequently revised the value downwards (personal
communication). We expect the value of o« to be dependent
on the relative crystallographic orientations of the two ice
grains. Values of o from 10° to 60° have been measured
by Ketcham and Hobbs (1969).

With the above notation and definitions, it is a
straightforward matter to evaluate the volume fractions in
terms of the radii of curvature. These calculations are
presented in Appendix 1.
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Fig. 3. Water inclusions at: (a) two-grain, and (b)

three-grain intersections.

To express the volume fractions in terms of the
intrinsic pressures, it is necessary to make a physical
postulate, namely that the snow mixture is in mechanical
equilibrium. In this case, the pressure difference across an
interface between constituents is given in terms of the radii
of curvature of the interface by the Laplace equations

2
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where o0,,, 0,,, and o0, are the interfacial tensions and are
taken to be constants with respective values 0.034, 0.109,
and 0.075J m™? Note that Oy + Oyg = Oyq. This is required i
by the geometry which assumes that the contact angle of 3 L -
water on ice is zero. The negative sign in Equation (4)

arises because of the saddle shape of the water—air =
interface. A relation between the various radii is implied by G
the three Laplace equations, namely prd
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The compression required to achieve mechanical
equilibrium limits the number of simple two-grain contacts
per grain. For example, three two-grain contacts will
interfere unless sin¢ > 0.5, four contacts will interfere o
unless sin ¢ > 0.707, and so on. These high values of sin ¢ ]
are only found with very low water contents. So, for link
grains with n, > 2, three-grain intersections must be taken P
into account. In Appendix 2, expressions for the volume =
fractions are derived in terms of the radii of curvature for =
a system of grains of equal radius and contacts between =
two or between three grains. In this case, the water is held £ i S g
in pendular rings and in veins at three-grain intersections s '
(Fig. 3Db).

Equations (3)—(6) may also be applied to this system. X
Although more complex clusters of grains undoubtedly g s i
occur, they will not be included in the model at this stage. - ‘\._\
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In order to facilitate comparison with the experimental
data, the two volume-fraction curves are presented in terms
of the water saturation S = ¢®)/(1 — ¢(1)) and the (dry)
density pg = p;¢(!) rather than ¢(1) and ¢(). Figure 4a
shows S as a function of ¢ for a density of 300 kg m3,
n, = 2, and ice-grain radii varying from 0.0l to | mm. The
solid lines show the water saturation in the pendular regime
calculated using the theoretical analysis of the previous
section and the Appendices; the best straight line through
the experimental data in the pendular—funicular transition
region (E) is shown for comparison. The compression angle
¢ varies from 11.5° at the high saturation end of each
theoretical curve to 17.5° at the low saturation end. Figure
4b shows the curves for 0.1 mm grain radius, ny; = 2, and
densities varying from 100 to 500 kg m™3. Figure 4c shows
the curves for density 500 kgm™, 1 mm grain radius, and
coordination numbers from 1 to 4. There are two curves
for n, = 2, the lower one for a structure with two-grain
intersections per grain and the upper one for a structure
with one three-grain intersection per grain. For clarity,
Figure 4 shows the effect of wvarying dry density,
grain-size, or coordination number while holding the other
two parameters constant. This establishes the form of the
characteristic curve over a field of wvalues. However, it
should be noted that not all combinations of parameter

0.0000 1
e
Q

Fig. 4. Water saturation S as a function of -capillary = e
pressure § in the pendular regime (a) pg = 300 kg m™, =T T T
ng = 2, (b) Ryg = O0.Imm, ng = 2, (c) pg = 500kgm™> 100

Ry = I mm.
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values within the field will be found in real snow. For
example, in real snow ng will not be independent of Pg-
Although the numerical scheme to calculate the charac-
teristic curve is fairly simple and can easily be incorporated
in a snow model, there will be occasions when it is useful
to have an approximate analytical expression. The dashed
lines in Figure 4 have been calculated using Equation (2),
with best values of the parameters s and ¥, determined

from the theoretical curves. For the ranges pg = 300500 kg
m3, R, = 0.01-1.0 mm, and ng = 1-4
o = a1 - ¢{1))(¢/¢a)5
(8)
with s = —1.64 + 0.02,

and ¢, = (-107* Pam/R 4)(3.34 exp(1.43n,)pg/(p; — pg))®EL.
The dry density varies approximately as

an
s = 3Ry Npj(l = 0.240ny). 9)

There is a weak dependence on ($R,5) but this can be
neglected. Equation (9) implies that each sphere of ice loses
approximately 24% of its volume when it is compressed at a
contact. It follows that the equation cannot be extrapolated
to ny > 4. This is consistent with the initial assumption of
non-interfering two- or three-grain contacts which restricts
the number of contacts possible per grain. Equations (8)
and (9) can be used as the two volume-fraction equations
for snow with uniform grain-size and coordination number.
The three fundamental variables describing the nature of the
snow are the grain-size, coordination number, and number
of grains per unit volume. It is assumed that all these can
be measured by stereological methods.

The next stage is to define the range of grain-sizes
and coordination numbers in a natural snow sample and
calculate the appropriate volume-fraction equations. Let the
grain-size distribution be given by a log-normal distribution
(Colbeck, 1986)

1 'n(Rls/RTm) i

fUn R, = exp{——|———— (10)

Colbeck (1986) has tabulated o, and Rig for some satura-
ted snow samples. Mean radius varies from 0.1 to 1 mm and
o, is 1.4—1.6. The mean grain-size of new dry snow can be
much smaller. The probability of finding a grain with

diameter less than R, is
In Ris
F(In R13) = I S(In R)d(In R). (11)

It will be assumed that, when a grain of diameter R,
is in contact with another grain of smaller diameter, it
produces a "size R,," inclusion, that is, an inclusion with
the size, shape, and capillary pressure that would be
produced between two grains of radius Ry This simple
postulate implies that the smaller grain is not in mechanical
equilibrium. Colbeck (1979) has pointed out that ice grains
of different sizes in a cluster develop grain boundaries
which are curved so that mechanical equilibrium is restored.
The smaller grains intrude into the space of the larger
grains. At this stage, it is not appropriate to introduce such
geometric complexity into the model.

Let the probability of a grain having n, contacts be
given by Gubler's (1978) equation

ia/? / -
plng) = %rr3)(3”‘)exp(-on(rr3)“). (12)
m

o« and ¢ are constants. Gubler (1978, fig. 5) has shown p(ng)
for i =15 and « = 0.07636. The mean coordination
number is then #, = 2.5, a typical value, although n,
varied in his samples from 2 to 8. Note that it is assumed
that p(n,) is independent of R4

The number of inclusions of size R,5 in contact with

grains of radius R, is
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Jp(ns)nsF(ln Ryg)dny = ,F(in Ryg)
0

where n, is the average number of contacts per grain. The
total number of size R, inclusions is Nf(ln R ,)n,F(R,,) and
the total number of inclusions is

JNf(In Ry)iig F(In Ryp)d(In Ry,) = NﬁadeF = Nitg/2. (13)
0

—

Normalizing Equation (13) gives the distribution function
for inclusions of size R,

q(in Ryg) = 2/(In R g)F(In Ryy). (14)

Figure 5 shows normq’llzed probability densities p(X) and
g(X) (in units of 2(2)* Ing,) for grain-size_and inclusion
size. The normalized parameter X = In(R 3/R 3)/((.‘2)*1:1::)
As would be expected from the assumption that the larger
of a pair of grains controls the inclusion size, the peak of
g(X) is shifted to positive values of X.
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Fig. 5. Normalized probabilities f(X) for grain-size and
g(X) for inclusion size.

The volume fractions are weighted as follows:

3 = [ 60 aan Rygpan, as)
u —C0

30 = [ [ 609 aan R,g)pang (16)
0

In terms of the saturation and density for a uniform sample
of N grains, size R:a and coordination number ns, the two
volume-fraction laws may be written

= [0/9,(N.R 1)1 K (0g)Ky(a), (17

Ps = Ps(N.R 4, 15)Ky(0g) (18)

where the factors K,, K,, and K, show the effect of varia-
bility in the sample and may be calculated from Equations
(15) and (16). Table I shows some typical values,

It is apparent that the effect of having a mixture of
grain-sizes and coordination numbers is to increase the
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TABLE I

A K, K, = exp(4.5 In® o,
L5 1.565 2.096

2.0 1.424 8.689

25 1.726 43.73

3.0 2.1 228.4

liquid-water content by a factor of 3—4 above that expected
for a uniform sample with the same average properties.
Figure 6 shows some example characteristic curves for snow
mixtures with o, = 1.5, i = 1.5, ng = 2.5, Ry = 0.1 mm,
and dry density” varying from 100 to 500 kg m™3,
wetting curves are now closer to the empirical (drying)
curve although still lie below it, as they should, since there
is hysteresis in the drying curve.

-1 .\\

'
/

T T e Sl e | T T
100 g 1000
CAPILLARY PRESSURE /(—Pa)

Fig. 6. Water saluration S as a function of capillary
pressure in _the pendular regime for snow with average
grain-size Rys = 0.1 mm, average coordination number
Hy = 2.5, oy = 1.5, o = 0.07636, and i = 1.

CONCLUSION
By assuming that the water and ice exist in a
particular geometry, we have established, by theoretical
means, the two volume-fraction constitutive laws required
by three-component mixture models of snow. Thus, for the
first time, it is possible to specify a complete three-
component mixture model of snow in which the ice-grain
velocity is not set to zero and compaction is allowed.
However, by specifying a micro-geometry, we are, in a
sense, contradicting the philosophical approach of general
mixture theory. Mixture theory requires that experiments to
determine the constitutive equations should be applied to the
mixture as a whole. Clearly, calculations based on simplified
geometric assumptions cannot necessarily be expected to give
correct results concerning the gross response. There is an
urgent need for more experimental data. The advantage of
the micro-physical approach is that it is a means, at least
in the short term, of completing a general three-phase
model which includes all the important physical processes.
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APPENDIX 1
In this Appendix, expressions for the volume fractions ¢(2) and ¢®3) in the pendular regime are
derived for the simple system in which all ice grains are of equal radius and all contacts are between
two grains only, with the geometry shown in Figure 3a. In this case, the coordination number, T
equal to the number of two-grain contacts per grain, ny. Let the volume obtained by rotating curve
HB around the x-axis be denoted by VHB, and so on. Then the volume of ice in unit volume of
snow is
¢() = N2 VZN - n(VZB - VCB)) (A1)
where N is the number of grains per unit volume, (VZB — VCB) is the volume of ice lost by a
particular grain because of the formation of a two-grain contact, and 2 VZN is the volume of a
spherical grain with no contacts, i.e.
2n 3
VIN = =(R;p)".
The specific volume of water is
$(3) = Nn(VHB - VCB) (A2)
and the specific volume of moist air is
¢ = 1 — N2 VZN — n (VZB - VHB)). (A3)
The volumes VCB, VHB, and VZB are calculated as follows: with x- and y-axes set up as in Figure
3a, the equation of the curve ZB is
¥oEn = m) = (Rl
where xp, yp are the coordinates of point F.
Xp = B Xy = g o= ‘RIS'
Hence Xg
VZB =1 J-II(RIS)2 - fx =zl ldx
sy
= WixgllR)* — ) — g P13 202,08 — (6 — R MR = 8% »

+ 5 = F T = (B = K)%8).

The equation of the curve CB is

@ = yp) + (x — xp)? = (R{V)?

where
Xp = a yp= (R — R{D)cos¢.
|
Hence s ,
VCB = nI [yD + [RI? — (x - xD)’]’f] dx
(1}

= Txg((Ryy — RiPH%cos?d + (R(P)? — @) — (xp)*/3 + (xp)a] +
+ W(Ryy = R{)cos o [(xp — al(R{D)? = (xp — @D +
+ R{D%sin (x5 — a)/RIY) + a ((RD? = ) = (R{Y)%in(~a/R{D)].

The equation of the curve HB is

a = 0 + 2% = (REPY?

where
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Hence
Xp

VHB nj [yA - [(RY? - xﬂ]’f]zdx
0

7 [xg(REY + R{NZ + (R = (xp)%/3] -

— 7R + R [xp(RIV? = (xp))F + (RID? sinxg/RE)].

The following geometric relations hold:
a = sin ¢ (R{Y + R(D)

3

]

sin ¢ (R, + R{Y)

B
]

cos gRﬁ)
8% + (R{D + R{IY? = (R{D) + R )?

.l @
R{®) = (Ry5 — R{}) cos ¢ + RS;)S“‘[Z =gt 4—]

xg = sin R}

Yo = (Ryg — R{D)cos ¢ + R{Y sin a/2.

APPENDIX 2

In this Appendix, expressions for the volume fractions are derived for a system of grains of equal
size with contacts between two or between three grains. The geometry of a three-grain intersection is
shown in Figure 3b. It has features in common with the two-grain intersection shown in Figure 3a and
corresponding points are given the same letters. The volume of ice in the three-grain cluster is

Vi=3(V1 - V2) + V3 - V4 (A4)
where V1 is half the volume of ice in a pair of grains with one two-grain contact, V2 is a 60°
segment of a sphere of radius R,,, the components of F'3 fit together to make half a hexagonal prism

with spherical caps, and V4 is the volume of the vein running through the centre of the three-grain
cluster. Thus, using the notation of Appendix I,

V1 = 2V¥ZN — (VZB — YCB)
and
V2 = VZN/3.
The radius of the inscribed circle in the hexagonal prism is & and the height of the prism is 2y.. The
spherical caps have radius R, and height (R;3; — yg). Thus,

n
V3 = 68%y tan /6 + 3 Rig — )Ry + o).

The volume of the vein may be calculated following Nye (1989), who has shown that the area of the
asymptotic cross-section of a water vein at a three-grain intersection in polycrystalline ice is A(r\,)2
where

A = (3)'sin?B + 3/2sin 2B - 3B

with B = /6 — «/2 and r, is the radius of the ice—water interface. For the case of a three-grain
contact in snow, it is assumed that the cross-sectional area of the vein is constant throughout its length
which is 2y.siny where the angle 7y is given by
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cos Yy = (6 tan 1/6)/yc.
Thus, the volume of the vein is

V4 = 2y sin }'A(rv)z.
For the purposes of this paper, it is not necessary to make a separate precise calculation of the volume
of a node at each end of the vein. Since the pressure in the vein must be the same as that in the
two-grain inclusions which are connected to it and in contact with the same ice grains, the radius of
the cylindrical ice—water interfaces of the vein is given by the Laplace equation

2
(030/ry) = pM = p® = o, (1/R(D + 1/R(D),

The volume of water in the three-grain inclusion is

Vw = V4 + 3V5 (A3)

where F'5 is a section of the annular two-grain water inclusion.
V5 = (2 — 2y)(YHB — VCB).

Let the number of two- and three-grain contacts per grain be n; and n,, respectively, arranged in

such a way that the inclusions do not interfere. The coordination number ng = n; + 2n,
Then the specific volume of ice is
¢} = N2 VZN - n(VZB - VCB) - ny (2 VZN = V;/3)) (A6)
and the specific volume of water is
$) = N(n,(VHB — VCB) + n,V,,/3). (A7)
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