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ABSTRACT 

The s t a b i l i t y of t h e t r i a n g u l a r Lagrang ian s o l u t i o n s fo r 
t h e p h o t o - g r a v i t a t i o n a l r e s t r i c t e d t h r e e - b o d y problem in t h e 
t h r e e - d i m e n s i o n a l c a s e i s i n v e s t i g a t e d f o r t h e c a s e when t h e 
r e s o n a n c e s a r e a b s e n t and a l s o when t h e r e s o n a n c e s a r e p r e 
s e n t . S t a b i l i t y i s proved f o r most ( i n t h e s ense of Lebesgue) 
i n i t i a l c o n d i t i o n s fo r a l l u < u excep t fo r t h e r e s o n a n c e 
c a s e s . 

1- INTRODUCTION 

T h i s work i s a g e n e r a l i s a t i o n ove r t h e work by Kumar and 
Choudhry (1987 ,1988) i n t h e s e n s e t h a t h e r e we have t aken up 
t h r e e - d i m e n s i o n a l c a s e and a g e n e r a l i s a t i o n ove r Markeev ' s 
work (1972) i n t h e s e n s e t h a t he re we have t a k e n p h o t o - g r a v i 
t a t i o n a l e f f e c t s of t h e two f i n i t e s b o d i e s which have been 
assumed t o be r a d i a t i n g o n e s a s w e l l . 

Here we have s t u d i e d t h e s t a b i l i t y of t h e t r i a n g u l a r 
Lagrang ian s o l u t i o n s . Since we have two such s o l u t i o n s s i t u a 
ted s y m m e t r i c a l l y , so we have t a k e n up t h e s tudy of t h e s t a 
b i l i t y of L4 a l o n e and i t i s c l a imed t h a t t h e n a t u r e of L 5 
w i l l be t h e same. 

For t h e i n v e s t i g a t i o n of t h e s t a b i l i t y we have t r i e d to 
r educe our Hami l ton ian t o a form s u i t a b l e f o r t h e a p p l i c a t i o n 
of A r n o l d - t h e o r y ( 1 9 6 3 ) . The e q u a t i o n s of mot ion have been 
normal i sed by E i r k h o f f ' s t r a n s f o r m a t i o n s . The non- r e sonace 
c a s e has been d e a l t i n s e c t i o n 4 and t h e r e s o n a n c e c a s e s in 
s e c t i o n 5 . The r e s o n a n c e c a s e when u = <*)„ has not been t a 
ken u p . 
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2 . THE HAMILTONIAN OF THE PERTURBED MOTION 

We i n t r o d u c e t h e r o t a t i n g c o o r d i n a t e system ( O . x y z ) . I t s 
o r i g i n c o i n c i d e s w i t h 0, t h e c e n t r e of mass of t h e b o d i e s P^ 
and Po, i t s O x - a x i s i s d i r e c t e d towards t h e body P 2 , t h e Oy-
a x i s l i e s i n t h e r o t a t i o n p l a n e of t h e b o d i e s P^ and P2 p e r 
p e n d i c u l a r t o P1P2 and t h e O z - a x i s c o m p l e t e s a r i g h t - h a n d e d 
c o o r d i n a t e system w i t h Ox and Oy. We adop t t h e u n i t s of mea
surement f o r t ime and l e n g t h such t h a t t h e a n g u l a r r o t a t i o n a l 
v e l o c i t y of t h e b o d i e s V-, and P 2 and t h e d i s t a n c e between 
them a r e equal t o u n i t y . The sum of m a s s e s of P^ and P 2 
w i l l be t a k e n fo r u n i t m a s s . Both of t h e b o d i e s P^ and P 2 
a r e t a k e n t o be r a d i a t i n g and t h e r e d u c t i o n f a c t o r s a and 3 
a r e assumed to be such t h a t 0 < a , 8 < 1 a s d e t a i l e d in t h e 
work (1987) . 

If x , y , z be t h e c o o r d i n a t e s of t h e body P and P x , P y , P z 
t h e c o r r e s p o n d i n g momenta, t h e n t h e tfemilton f u n c t i o n fo r 
t h e p h o t o - g r a v i t a t i o n a l r e s t r i c t e d t h r e e body problem w i l l 
t a k e t h e form: 

H = \ ( P x + P y + P z } + V ' V " a ( l - l i ) /P ;LP- 3u /P z P (1 ) 

PXP2 = ( x + y ) 2 + y2 + z 2 , 

P 2 P 2 = ( x - l + u ) 2 + y 2 + z 2 . 

In t h e (O.xyz) c o o r d i n a t e system t h e t r i a n g u l a r s o l u t i o n 
c o r r e s p o n d i n g t o t h e e q u i l i b r i u m p o s i t i o n L4 i s g i v e n a s 

x o 

<5| + 1 
y . y0 = 6 1 6 2 / b , z o 

62+l _ 62 

PxQ = - fi^/E , Pyo = J - 2 ^ £ - u , Px0 = 0 

< S ^ , 6 = 6 | 

1 < « ? + 4 -^2 

" " 4 6 1 6 2 

If we make t h e change of v a r i a b l e s 
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x - x o + q l t y = yQ + q 2 , z = zQ + q3 

p = p + p p = p + p p = p + p 

x x i y y 2 ' z z„ 3 ' 
o * Jo o 

the motion in quest ion will correspond to the equilibrium 
pos i t ion q^ = p^ = 0 ( i = 1 , 2 , 3 ) . 

The Hamiltonian function ( i ) may be expanded in the n e i 
ghbourhood of the equil ibrium pos i t i on a s 

H = Hg + Hg + H4 + . . . + 1^ + . . . (2) 

where 1^ i s a homogeneous function of degree m with respect 
to q^ and p^. In p a r t i c u l a r , 

Hg = ( l / 2 ) ( p j + p 2 + p 2 ) + P l q 2 - p 2 q i + q J [ l - ( 3 / 4 ) { ( l - u ) * 

526^2 + u n 2 6 2 2 } ] /2- (3 /2)q 1 q 2 / , B/6 1 6 2 {6 2 ( l -n)C + 62yn} 

- ( l / 2 ) q 2 [ 3 b { ( l - y ) 6 2 +y62} - l ] + ( l / 2 ) q 2 (3) 

hg = (1/16 )qj[ ( l-y)C6^4(5C2-1262) + unfi^4 (5n2-1262 ) ] 

+ (3/8)q2q2/b[ ( l - p ) 6 2 6 ^ 3 ( 5 C 2 ^ 6 2 ) + u 6j_ 6~3 (5n2-4 62 )] 

+ (3/4)q1q^[C6^2(l-Vj)(5b62-l) +. r)6~2 p ( 5 b 6 2 - l ) ] + 

+ q2/b[ (1-u )6 2 6^ (562^-3 ) + u &1 6"1 (562b-3 ) ] /2 

- (3 /4 ) q i q
2 C ( l -p )?6~ 2 + HTI62

2 - (3 /2 )q 2 q - 2 /b : (1-y )626^1 

+ y 61 6"1 ] (4 ) 

3j = - ( l / 8 ) q 4 [ ( l -y)6~6{364 - (15/2)C 2 6 2 + (35/16H4} 

+ p 6 2
6 { 3 6 2 - ( 1 5 / 2 ) n 2 6 | + (35/16)r,4}] 

+ ( 5 / 4 ) q ^ q 2 / a (1-y )626~35{3-(7/4 )£26~2} 
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+ 61623n(3-(7/4)n2622>3 

+ (5/4 ) q i q | / E [ <l-u)C626^3 ( 3 - 7 6 ^ ) ^ r ^ " 3 (3-762b)] + 

+ (3 /4)q 2 q 2 [< l - M )6~ 2 ( - l+56 2 b + (5/4)£26~2 

- (35/4)bf2626~2) + p6~2{-l+562b + (5/4 ^6~2 

- (35/4) n
2 6 2 b62 2 }] - (1 /8 ^ C (1-u )6~2(3-30b62 +356gb2) 

+ p6~2(3-30b62 + 35<54b2)] 

+ (3 /16 )q 2 q3 [ -4 ( l -y )6~ 2 ^u62 2 + 5 ( l -u )C 2 « i 5 + 

+ 5Wn26~5] - ( 3 / 4 ) q 2 q 2 [ ( l - y ) S ~ 2 ( l - 5 S 2 b ) + 

+ u6~ 2 ( l -56 2 b) 

+ (15 /4ybq 1 l 2 q 2 C( l -y )C6 2 6^ 3 + VJn616~3] 

- ( 3 / 8 ) q ^ [ ( l - u ) 6 " 2 + u6~2 ] ( 5 } 

where £ = 6^ + l-<$2 » 1 = &i ~l~&o' 

3 . CHARACTERISTIC ROOTS AND THE FIRST ORDER STABILITY OF THE 
TRIANGULAR LIBERATION POINTS 

Res t r i c t i ng to E> alone, we may wri te down the c h a r a c t e r 
i s t i c equation in the form 

[ X4 + X2 + 9u( l -u )b] (X2+l) = 0 (6) 

As in the planar case (1987) the value u = 0.285954 = u 
(say) for b = 1 corresponds to a c r i t i c a l case which needs 
special cons idera t ion and we shal l not take i t up here. We 
shal l i nves t i ga t e the s t a b i l i t y for a l l admissible va lues of 
b for u < u , where u i s given by Table-I (1987). 

If u^.Wg and u>3 be the f requencies , then 
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2 
u l 

2 
u2 

2 
u3 

n 
II 

II 

- < > -

- » l . -

-1+ • (1-3 

-1 - / l -3 6u 

a 

1 

fy a 
2 

&-n 

~H 

) b 

)b) 

l-M 
2 

1-tM 
2 

(7) 

where M = / l -3 6p & -v ) b . 

The expressions (7 ) show that 

1 > m, > 1//2 > u)2 > 0 

and also i t i s clear that 

<ôu>2 = 9u CL-v)b = 1/4 

when u = u . o 

4. ARNOLD'S THEOREM ON THE STABILITY AND THE EXISTENCE OF 
RESONANCES 

Since the characteristic equation of the linearised sys
tem has imaginary roots and the Hamiltonian function (2) will 
not have a definite sign, so i t i s not possible to assert 
that the motion will be stable or unstable when a l l the terms 
of the femiltonian function are taken into consideration. If 
the frequencies satisfy the condition 

0 < | n 1 | + ' | n 2 | + | n 3 | < _ 4 (8) 

then there exists (1927) a real canonical transformation 
(q, ,p , ) -»• (q/ , P-M, specified by power series convergent in 

the neighbourhood of the origin such that the Eamiltonian 
function (2) may be written as 

H = if + H" (q\ p ' ) (9) 

in the new variables, where IT has the normal form 

if = ^1r1 - w2r2 + u,3r3 + c ^ ^ + Cl lo r ir2 

+ C101rlr3 + C020r2 + C011r2r3 + C002r
3

2 tt0) 
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- „ . 2 
(2r, = g!" + p! ' ) .2 

and H' i s a convergent series in powers of g/, p-/ beginning 

with terms not lower than the f i f th one. We shall now aim to 
apply Arnold's theorem (1963) on the s tab i l i ty of the equi
librium position which i s stated as follows: 

Let the Ifamiltonian function be such that 

la) the characterist ic equation of the linearised system has 
purely imaginary roots, 

(b) the condition (8 ) i s satisfied, 

(c) the coefficient of the normal form (10) satisfy the in
equality 

D = 

92lf 
3r19r3 

a if 

Sr7 

3jf 
3r, 

* 0 (11) 

Then for most (in the sense of Lebesgue measure) i n i t i a l 
conditions the eguilibrium position 

q l = p l = ° ' 
will be stable. 

During the present investigation, we aim to apply the 
above stated Arnold's theorem concerning the condition (8), 
we shall come across six resonance cases given as 

( i) to, - io~ = Of ( i i ) 0)-̂  - 2<i>2 = 0, ( i i i ) to. 3ii»2 = 0 , 

(iv) 2u)2-u3 = 0, (v ) 3io 2 - u . = 0, (v i ) 2a), - co- = 0. 

In the adjoining figure 1, we have plotted the values 
of vi corresponding to the different values of b varying 
from 0 to 1 for a l l the six types of resonances. I t ha s a l 
ready been seen by Ramar and Choudhry (1987) that within the 
range of s tab i l i ty given by the values of u for to, = u>2# which 

will be denoted as graph ( i) , we come across the resonances 
(iv), (v) and (vi) we find that the graph corresponding to 
the resonance (iv) l i e within the graph (i) and the graphs 
for the (v) & (vi) l i e beyond. It shows that within the ran
ge of linear s tab i l i ty given by the graph (i) , there i s the 
possibility of having the resonances of the types ( i i ) - ( iv ) . 
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Since H. and H. a r e even funct ions of q, and so a f t e r t he 
normalisat ion <(>, wi l l enter the arguments of s ines and c o 
s ines a s 2(f)- and 4<t>_ and so corresponding to the c a s e s 
( iv) , (v) and (vi) we shal l not have any c r i t i c a l c a s e . So 

these ca ses need no special i n v e s t i g a t i o n . I t i s thus seen 
t h a t except for ( i i ) and ( i i i ) the Hamiltonian function can 
be reduced to the form (10) su i t ab le for the app l i ca t i on of 
Arnold 's theorem. 

If the va lues of ^ucorresponding to a>, = u>2 be denoted 
by p , then from the graph ( i ) , i t i s c l ea r t h a t these va lues 
of p° will d i f f e r according to t h e d i f f e r e n t va lues of b. 

From the equation (6) i t follows t h a t 
2 2 , .. 

OKU)- = 1 / 4 

for a l l b where o>, = OJ-. 

As in (1987) we shal l r e s t r i c t our inves t iga t ion for the 
range of va lues of p r e s t r i c t e d to 0 < p < p given by Table 1 
where p corresponds to ID, - a>_ = 0 for t h e d i f f e r en t va lues 

° 1
2 2 2 

of b and for such p = p , w,u>2 = 1/4. Under such a r e s t r i c 
t ion al though the resonance (i) i s avoided but we may come 
across the other resonance c a s e s . As examined in (1972) the 
resonance r e l a t i o n s ( i v ) - (v i ) will not lead to the appearance 
of non-vanishing denominators and they will not prevent the 
normal form (10) from being obta ined. Sb except for the two 
cases ( i i ) and ( i i i ) the Hamiltonian can be reduced to the 
normal form (10) required for the app l i ca t i on of Arnold ' s 
theorem. We shal l need special cons idera t ion for t h e cases 
( i i ) and ( i i i ) . 

5 - NORMAL FORM OF THE HAMILTON IAN FUNCTION AND THE STABI
LITY EXCEPT FOR THE RESONANCE CASES ( i i ) & ( i i i ) WHERE 
P < P0 

Here ws shal l aim to reduce the Hamiltonian function 
given by (2) to the form (10) for which we shal l use Birk-
hoff ' s method of normalisat ion (1985). If in the form (10), 
R^ i s of p o s i t i v e d e f i n i t e form,then the equilibrium p o s i 
t ion i s s t ab le by v i r t u e of Liapunov's theorem (1956) for a l l 
o rde r s and a l l t ime. If H2 i s not a function of d e f i n i t e sign, 
then we shal l need the app l i ca t i on of Arnold ' s theorem r e f e r 
red above. In the present case H2 i s not of d e f i n i t e form. 
To put H2 in the form (10), we sha l l introduce the t r a n s f o r 
mation refer red in (1985), where we may wri te 
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H = ( 1 / 2 ) (P]-
2 + 0 ) J q ] ; 2 ) - ( 1 / 2 ) (p^ 2 +u>2,<32

,2) 

+ ( 1 / 2 ) ( p ' 2 + ( 0 2 q - I 2 ) + I h q ' a p ' B (12) 
J J a+B=3 P 

a = a , + a - + a , 

B = %+ B2 + 63 

where f o r s i m p l i c i t y we s h a l l mean 

h aB h a 1 a 2 a 3 B 1 B 2 B 3 

q 'a = q ' a l q£ ° 2 q3'a3 

B-i Bo B-5 
p ' B = p . p ^ p j 3 

and i n s u b s e q u e n t i n v e s t i g a t i o n s we s h a l l n o t w r i t e t h e s e 
r a n g e s w i t h t h e summation s i g n . Taking t h e n o t a t i o n s a s u s e d 
i n (198 5) i t may be m e n t i o n e d t h a t h„g u p t o t h e t h i r d o r d e r 
and t h e f o u r t h o r d e r t e r m s n o t i n c l u d i n g q~ and pJ a r e g i v e n 
i n (19B5)which we s h a l l n o t r e w r i t e h e r e . The t e r m s d e p e n d 
ing o n qJ and p ' a r e g i v e n h e r e a s f o l l o w s : 

^ 02 000 = a l (HL02 000 + C 1 H 0 1 2 0 0 0 ) ' 

h 0 1 2 0 0 0 = a 2 (HL 02000 + C 2 H 0 1 2 0 0 ( ) ) , 

h 0 0 2 1 0 0 = a l b L H 0 1 2 0 0 0 ' 

h 0 0 2 0 1 0 = " a 2 b 2 H 0 1 2 0 0 0 ' 

2 2 
^ 0 2 0 0 0 = a l ( H 2 0 2 0 0 0 + C 1 H 0 2 2 0 0 0 + C 1 H L 1 2 0 0 0 ) ' 

2 2 
h 0 2 2 0 0 0 = a 2 ( H 2 0 2 0 0 0 + C 2 H 0 2 2 0 0 0 + C 2 H L 1 2 0 0 0 ) ' 

h L 1 2 0 0 0 = a l a 2 ( 2 H 2 0 2 0 0 0 + 2 c l c 2 H 0 2 2 0 0 0 + { c l 4 c 2 ) H112000)' 

2 2 
^ 0 2 1 0 0 = 2 a l b l c l H 0 2 2 0 0 0 + a l b l ^ 1 2 0 0 0 ' 

^ 0 2 0 1 0 = " 2 a l a 2 b 2 c l H 0 2 2 0 0 0 " a l a 2 b 2 H L 1 2 0 0 0 ' 
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h012100 ~ 2 a l a 2 b l C 2 H 0 2 2 0 0 0 + a l a 2 b l ^ 1 2 0 0 0 ' 

2 2 

h012010 = ~ 2 a 2 b 2 C 2 H 022000 " a 2 b 2^L12000 ' 

h002110 " " 2 a l a 2 b L b 2 H 0 2 2 0 0 0 ' 

h004 000 = H004 000 (13) 

Next we perform t h e f o l l o w i n g c a n o n i c t r a n s f o r m a t i o n s 

g^ - (1/2 Jqf + Wu^Pi. p{ = d / 2 )i»1q£ + p£ , 

q^ = - U / 2 ) i q 2 " + a/a)2)p2" , p2' = - ( l / 2 )a ) 2 q 2 ' + ip2" , 

q3' = a / 2 ) q | + ip3" , p3' = a / 2 ) i q 3 " + p« (14) 
In t h e new v a r i a b l e s t h e ffemiltonian (12) may be w r i t t e n 

i n t h e form 

H = l a ^ p i ' + i"2
q2"p2 + to^&i + l hde g ^ p " 6 (15> 

If h ' „ = x 0 + i y 0 , t h e n t h e c o e f f i c i e n t s of t e r m s 
CX p 01 p Ot p 

not i n v o l v i n g q* and p ' a r e a l r e a d y g i v e n i n (1987) which we 
s h a l l no t r e p e a t h e r e , e x c e p t i t may be noted t h a t t h e r e we 
have to r e p l a c e hai<X2BlB2 bY n a 1 a 2 °BiB2° a n d s i m i l a r l y 

a l a 2 B i e 2 ^ h ° ' l a 2 ° e i e 2 ° ' 

The c o e f f i c i e n t s w i th t h e t e r m s i n v o l v i n g q ' and p ' may 
be g i v e n a s f o l l o w s : 

x 0021 00 a / 4 ' h002100 ' y002100 = a / 4 a ) l )hL 02 000' 

x 0001 02 = " h 002100 ' Y000102 = ~ a / a ) l ) hL 02000' 

X 001101 = " ( 1 / u ) l ) b 1 0 2 000' y001101 = h 002100 ' 

x 002010 ( 1 / 4 a ) 2 ) h 0 1 2 0 0 0 ' y 0 0 2 0 1 0 = CL//4 5 h00201 0' 

x 000012 = ~ ( 1 / a ) 2 ) h 0 1 2 000' y000012 = " h 002 010' 

x 001011 = ~h002010' y001011 = ( 1 / u , 2 ) h 0 1 2 000' 

(16) 
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the r ema in ing c o e f f i c i e n t s of t h e t h i r d o r d e r t e r m s i n v o l v 
ing qJ* and pJ' may be g i v e n by 

ha& = ( y a 6 + ^ a B * ( _ a ) l / 2 ) ( 61 " ^ 1 ) ( w 2 / 2 ) ( B 2 - 0 t 2 ) ^3^2) ^ 3 ^ 3 } 

(17) 

we s h a l l f i r s t l y assume t h a t t h e r e s o n a n c e s of t h e t y p e s of 
( i ) - ( i i i ) a r e not p r e s e n t . As i n (1987) we s h a l l u s e B i r k -
hoff ' s t r a n s f o r m a t i o n 

(q3», p3") • (q™, p3"' ) a 8 ) 

and n u l l i f y t h e t h i r d o r d e r t e r m s . 

The new Ifamil tonian e x c l u s i v e of t h e t h i r d o r d e r and t h e 
f o u r t h o r d e r t e r m s g i v i n g r i s e to t h e r e s o n a n c e of t y p e ( i i i ) 
and a l s o t h o s e t e r m s not n e c e s s a r y fo r t h e form (10) may be 
g iven a s 

H' = iWj^qj" pJ" + it*2
q2 p2 + ^ S ^ p i " 

- Soo^r PT )2 + c u o ( g r p™ > i*z pj > 
- C002 ^3 P 3 ) + C101 {*1 P™ > <*3" PS™ > 

+ C 011 <<32" P2" > % " P " •> " C020(<32M P2
m ) 2 

+ 0 (q 2 + p 2 ) 5 / 2 a 9) 

where 

2 2 2 
C 200 = _ h 200200 ~ l 3 / 8 ) a , i &0003 00 + y0003 00} 

- ( 3 / 2 ) b c 2
0 Q 2 0 0 + y 2

0 0 2 0 0 ) + U / 2 ) k 2
0 0 1 1 0 

2 
2 u l 2 2 

+ ^ 0 0 1 1 0 ' 2u2 (2u1-ti)2) ** 01 02 00 + y 01020o ' 

M1M2 2 2 
+ 8 (2u)1+ to2) ^ 0 0 0 2 1 0 + y 0 0 0 2 1 0 ) ' 
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2 2 2 
C 0 2 0 = ~ h 0 2 0 0 2 0 + ( 3 / 8 ) u 2 ^ 0 0 0 0 3 0 + ^ 0 0 0 3 0* 

+ ( 6 / ^ 2 ^ 0 2 0 0 1 0 + y ^ O O l O 5 

2 
"2 2 2 

2a)1 fc^- 2o)2) ^ 1 0 0 0 2 0 + y 1 0 0 0 2 0 ) 

~ ( 1 / 2 ) ( x 0 1 0 1 1 0 + y 010110> 

M1M2 , 2 2 
8 fci^ + 2 u 2 ) ^ 0 0 0 1 2 0 + y 0 0 0 1 2 0 ) ' 

2 u l 2 2 
C 0 0 2 " ~ h 0 0 2 0 0 2 " t ^ 2 ^ 0 0 2 1 0 0 + y 0 0 2 1 0 0 } 

_ _ J , 2 2 , 
8~to^+2T * 0001 02 y 0 0 0 1 0 2 ) 

- d/2 ) fee n m . m + y j L . „ ) . 2<»2 001 loi + yooiioi) -t z " ' (V +y2 \ 
CO - 2 ^ 002010J 

+ 2 2 2 , 
8 t o 2 + 2 ) ^ 0 0 0 0 1 2 y 0 0 0 0 1 2 ' 

+ tt/2)(K2 . + 2 
001011 T *001011 

2 
2 

1 0 1 1 0 ~ u^ J u 1 - 2 u 2 ) ^ 1 0 0 0 2 0 + y 1 0 0 0 2 0 ) 

2 ( 0 2 2 2 
"110 " ^ l O H O ~ a), (M. - 2 a i . i <* ' " 

(0,0)-
+ 2 «to1+ 2w2)" ^ 0 0 0 1 2 0 + y 0 0 0 1 2 o ' 

2 
h ) l a ) 2 2 2 . 

2 Ga^-fti^) "* 000210 y 0 0 0 2 1 0 ; 
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2u).. 

(2u), - to - ) u 2 

- 2 2 
K 01 0200 Y 0 1 0 2 0 0 J 

+ 2 ^ 01 Oil (^l 002 00 + y 0 1 0 1 1 0 Y 1 0 0 2 0 0 J 

(4/u)2) & 0 2 0 o i o y 1 0 0 1 1 0 + x 1 0 0 1 1 0 ^ O O I O * ' 

C 1 0 1 = ^ 01101 + 2 ( x l 00200 x 0 0 1 1 0 1 + y 1 0 0 2 0 0 y 0 0 1 1 0 1 ) 

h l 0011 0 x 001 Oil + y l 00110 Y 0 0 1 0 1 1 ) 

8 u l , 2 + 2 ' 
c o p T K 0 0 2 1 00 y 0 0 2 1 0 0 

2 1 ^ + 2 ) * 0001 02 Y 0 0 0 1 0 2 ' ' 

: 011 h 0 1 1 0 1 1 " 2 * Oil 001 X 0 2 0 0 1 0 + y 0 1 1 0 0 1 y 0 2 0 0 1 0 } 

+ (x 010110 X 0 0 1 1 01 + Y 0 1 0 1 1 0 y 0 0 1 1 0 1 ) 

2 . 2 2 
" 2 (o)2+2) K 0 0 0 0 1 2 Y 0 0 0 0 1 2 ' 

8u> 
• 2 2 2 

+ to--2) ^ 0 0 2 0 1 0 + y 0 0 2 0 1 0 } ' 

h 2 0 0 2 0 0 = - ( 3 / 2 ) w l h 0 0 0 4 00 " ° ^ l > h 4 0 0 0 0 0 " ( 1 / 2 > ̂ 0 0 2 0 0 ' 

h 0 2 0 0 2 0 = - ( 3 / 2 ) u 2 h 0 0 0 0 4 0 " ( 3 / 2 u 2 » h04 OOOO- a / 2 ) h 0 2 0 0 2 0 ' 

h 0 0 2 0 0 2 " ( 3 / 2 ) h 0 0 4 0 0 

^ 1 0 1 1 0 " ( 0 l a ) 2 h 0 0 0 2 2 0 + a/ulw2)h220000 

+ V°2)h020200 + t ) 2 / a ) l ) h 2 0002 0' 
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H Oil 01 ^ " l ) h202000' 

Oil Oil 
= a/<w, )h. '2 ' " 202000" 

(2 0) 

Passing now to the r e a l v a r i a b l e s introducing the t r a n s 
formation 

(q3- ,p3" ) - (qj", p j ) 

given by 

qf = ( l / /<^) (qf - i p 1 ) , Pj™ = ( / up2 ) ( - Iq^ +!»,_), 

q2" = Cl/VwjHlqJ " P 2
) ' P™ = ^ 2 / 2 ) ( q 2 - i p 2 ) , 

q3" = a//(^") (q j - i p j ) , p " - (/(5J/2) (-iq^H- pj) 

and then to polar co -o rd ina t e s 

ql = / 2 r s in $ , , p , = / 5 r T o o s <J>, 

we shal l find t h a t the Ifemiltonian (19) reduces to 

H = r l W l - r2<,2 + r ^ + (1/4 K c , , ^ 2 + c ^ r 2 + C ^ r 2 

(21) 

(22) 

+ C 1 1 0 r l r 2 + C 101 r l r 3 + C011r2r3 ] + 0 ( r 3 ' 
5/2 

(23) 

low to t e s t regarding the s t a b i l i t y of the equilibrium 
po in t s under reference we shal l examine the value of de t D 
given by 

d e t 

3 2 H 
3r .3r . 

3H 
3r . 

J 

3H 
3r 

0 

(24) 

r l = r 2= r 3 = ° 
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On i t s expans ion , we s h a l l f i n d t h a t 

16D = a* ( C ^ - 4 C 0 2 0 C 0 0 2 ) + u ,2 ( C 2 0 1 - 4C20QCQ02) 

+ *>3(C110 - 4 C 2 0 0 C 0 2 0 ) " 2 w l u 2 ( C 1 0 1 C 0 1 1 + 2 C 002 C 110 ) 

- 2 a , l U , 3 ( C O L l C 1 1 0 + 2 C 0 2 0 C 1 0 1 ) 

- 2 w 2 u 3 ( C 1 1 0 C 1 0 1 + ^ O O W ( 2 5 ) 

Af t e r making some c o m p u t a t i o n s we may f i nd t h e c o e f f i 
c i e n t s g i v e n a s 

U)2(124«)J - 696uj2 + 81) 

°200 = , . . , . . , 2 ,2 ... _ 2 , ' 
144 (1-2W, ) (1-5U. ) 

- 0 ) ^ 2 (64w2u)2 + 4 3 ) 

C l l 0 = 5 5 2" 2"— ' 
i i 0 6a-2up ( l -^ ) a-5top a-Saî ) 

- e ^ u 2 

°101 = , „ „ 2 . ,„ 2 ~ 
3 a -2ui£ ) (4 -a»£ ) 

<»2 (124">4 " 696U2 + 81) 

0 2 0 144 ( l -2u ) 2 ) 2 ( l -50 ) 2 ) 

8a)_(D. 
C011 = , „ , . 2 W , J 

3 a - 2(0:;) w - ^ p 

2 2 
-oa u) 

_ 1 2 
C002 ~ 5 2" ^26* 

00^ 3 (4-w£) (4-co£) 

Which c o i n c i d e w i t h t h o s e of Markeev (1972) . P u t t i n g 
-2 -2 

u = a). ui2 , we f i n d t h a t (25) , on s u b s t i t u t i o n s of t h e 
v a l u e s fo r t h e c o - e f f i c i e n t s C . . g i v e n by (26), may be 
w r i t t e n a s " 
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16D = IJpl 5 T (27) 

5184 (4-u) (25-4u) (l+12u) 

where f ii) = 73 908288u5 - 35652657 6u4 + 2645643 564u3 

- 5787 98 548 5u2 - 7 594 08 68 Ou - 3173 95600 
and for u = 4, 

flv, fv 

a r e a l l p o s i t i v e where dashes denote the d i f f e r e n t i a t i o n s . 
Hence by Newton's theorem (Eurnside and Panton, 197 9) on the 
superior l i m i t s of the r o o t s i t fol lows t h a t the re wi l l be no 
root for u > 4, whence i t fol lows t h a t D ^ 0 for such a r e s t 
r i c t i o n . 

In Markeev's case v?hen y = y , u = 4, but in our case 
u = 4 for a l l y = y corresponding to the case u-, - u , = 0 
plot ted in our graph - ( i ) . Thus we find t h a t for each b, we 
shall have d i f f e r e n t y . For example, when b = 0.20 the mot
ion will be s tab le for a l l y < 0.1666666 and so we find 
t h a t corresponding to the d i f f e r e n t va lues of t h e pair 
^ 1 ' ^2 ^ o u r r a n 9 e o f s t a b i l i t y wil l go on d i f f e r i n g . 

Since y = 0.0285454 i s l e s s than a l l the v a l u e s of y o o 
in the Table-1 , so the motion will be s table for a l l y < y , 
but i t l eaves many va lues of y for which a l so Arnold ' s 
theorem wil l hold and consequently the s t a b i l i t y will hold 
except for the two resonance cases whose corresponding va lues 
of y a r e a l l l e s s than y for each b. So the inves t iga t ion of 
the s t a b i l i t y for the resonance ca ses cannot be escaped. 

6 - STABILITY FOR THE RESONANCE CASES ( i i ) AND ( i i i ) : 

(a) The resonance case ( i i ) u>, - 2u)_ = 0: 
As in (Rimar & Choudhry, 1988), we shal l introduce the 

transformation (18) to the Hamiltonian (15) but now we r e t a i n 
the terms giving r i s e to the resonance case and we shal l f i n 
a l l y have 

H' = i » i q - p - + io 2 q« p - + ™ 3 q » ' p3" + h ( 0 0 0 2 0 q » 

P ' " 2 + h020100 *2 2 P i " + ( 2 8 ) 
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Passing now to r e a l v a r i a b l e s by means of the transfor
mation (21), our Hamiltonian (28) reduces to 

(29) 

H1 = 2o)2r1 - o,2r2 + r 3 - / « 2 ( x ^ 0 0 0 2 0 + y * 0 0 0 2 0 ) r 2 / r l 

x s in (4-L + 2j>2) + H(r.,<(>.) 

2 where H has the period 2TT in <J> • and H = Otr^-f r 2 ) . 
2 2 

M x100020 + y l 00020 * ° t h e e t 3 u i l i b r i u m Point will be 
unstable by Markeev's theorem (1978). 

I t has been examined in the paper (Rimar & Choudhry, 
2 2 

1988) t h a t x , 0 0 0 2 Q + y^g0020 V T h i c h i s t h e ssme a s ^) in 
Table I I of the said paper i s not zero for t h e region under 
considera t ion and i t s shows t h a t t he motion wil l be u n s t a b l e . 

(b) The resonance case w, = 3m~ 

In t h i s case proceeding similar a s in the paper (1988) 
which we shal l not r ewr i t e here, the Ibmiltonian may be r e d 
uced to 

H = 3 ^ - <o2r2 + r 3 + C . , ^ + C l l f l r 1 r 2 + ^ ^ r ^ 

2 2 
+ C 0 1 l r 2 r 3 + C020r2 + C002r3 

+ tt/3)a)2/3(x2ooo3o + y 1 0 0 0 3 0 ) x r 2 / r i r 2 cos <fr1 + 3*2) 

+ 0 ^ + r 2 ) 5 / 2 

Denoting by 

a = C200 + 3C110 + 9C020 

, _ ri ~i. 
a - JU>2 • , x 1 0 0 0 3 0 + yx 0 003 0 

i t i s known by Markeev' s theorem (1978) t h a t if |a | < d , t h e 
equilibrium pos i t i on i s uns tab le and if |a | > d, the e q u i l i 
brium pos i t i on i s s t a b l e . 
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If a = 0, the cons idera t ion of higher order terms beco
mes necessary. 

The va lues of a,d and the corresponding nature of the 
motion have a l ready been computed in Table I I I of the r e f e r 
red work (1988). So here even in the three-dimensional case 
the nature wil l cont inue to be the same and i t wi l l not be 
r e w r i t t e n . 

CONCLUSIONS 

Thus we have shown t h a t the t r i angu la r so lu t ion of the 
three-dimensional pho to-grav i ta t iona l c i r c u l a r r e s t r i c t e d 
three-body problem i s s t ab le , for most s u f f i c i e n t l y anall i n 
i t i a l depar tu res from the given solut ion except for the two 
resonance ca ses to, = 2u>_ and u. = 3u>2 and the range y < u . 
Under the resonance case uu = 2ui_, t he motion i s seen to be 
uns tab le and for o>, = 3to_ for some se t s of va lues of the pai r 
(6^,6,) the motion i s s t ab le and for o t h e r s i t i s u n s t a b l e . 
These va lues a r e given in the re fer red paper 0-988). 
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