ON RELATIVE HOMOLOGICAL ALGEBRA
OF FROBENIUS EXTENSIONS

KAZUHIKO HIRATA

In this paper we study two features of relative homological algebra of
Frobenius extensions, the one is the relative dimension and the other is the
relative complete resolution. The theory of Frobenius extensions was developed
by F. Kasch [4] as a generalization of Frobenius algebras. We deal with only
Frobenius extensions of finite rank (see §2 for the definition).

Let P be a Frobenius extension ring of its subring . In §3, we prove
that the relative global dimension of (P, Q) is 0 or ¢, and if further P is an
algebra over a commutative ring, the relative dimension of (P, ) is 0 or =x.

For a Frobenius algebra A over a field K, T. Nakayama [5] has constructed
a complete resolution for A as a generalization of that for finite groups. On
the other hand, a relative complete resolution for (G, H), where G is a group
and H is a subgroup of finite index, has been constructed by G, Hochschild [31],
and in this case the group ring Z(G) is a Frobenius extension algebra of Z(H).
In general the ordinary homology and cohomology of a supplemented K-algebra
(K is a commutative ring) is obtained from the Hochschild homology and
cohomology groups, if the algebra is K-projective. We show that this holds
without any assumption in the relative case (§4). In particular, the relative
homology of group extensions can be treated in the form of the relative
homology of algebras. Now, we construct a relative complete resolution for
Frobenius extension algebras (§5), as the unification of that for Frobenius
algebras and that for group extensions.

Throughout this paper we assume that all rings have a unit element which
operates as the identity on all modules, and subrings contain the unit element.

The author wishes to express his hearty thanks to A. Hattori for his kind
leading.

Received February 5, 1959.

17

https://doi.org/10.1017/50027763000006656 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000006656

18 KAZUHIKO HIRATA

§ 1. Duality
This section is a generalization of § 1 of [2] to the case where the ground
ring is not commutative. Let S be a ring. For a right S-module A, we define

the dual module
A°=Hom;s (A4, S).

This is a left S-module by defining
(x+ a)(a) =xa(a)
for x€ S, a€ A° and g€ A.

For a left S-module B, we define similarly the dual module, which is a
right S-module, and we denote it by °B.
In the situation (As, sC), we define

T A(?C—» Hom;s (A°, C)
by setting
[v(a®c)la=ala)e, acA, ¢cEC, acA°
7 is an isomorphism whenever A is S-projective and finitely generated. Taking
C =S, we have
r: A- °(A°) =Homs(A°, S)

and r is an S-isomorphism if A is S-projective and finitely generated.

For a right S-homomorphism ¢ : A - °C, the transposed left S-homo-
morphism ¢’ : C -» A° is defined by setting

(¢'(c))a=(¢(a))c

and ¢’ is an isomorphism if C is S-projective and finitely generated and if ¢ is
an isomorphism.

If the right S-module A is at the same time a left Rmodule for other ring
R, then A° is a right R-module, Homs (A°, C) is a left R-module and the homo-
morphism 7 is a left R-homomorphism. Similarly if the left S-module C is at

the same time a right R-module and ¢ is a left R-homomorphism, then ¢’ is a

right R-homomorphism.

§2. Frobenius extension rings

Let R be a ring and S be its subring. Then R is considered as a left or
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a right S-module. Suppose R is a left and a right S-free module with the same
number of finite basis elements. We say that R is a Frobenius extension ring
of S when the left and the right regular representations of R in S are equiva-
lent. Equivalently, R is a Frobenius extension of S if there exist a right basis
(as, .. ., an) and a left basis (&, . . ., bn), for which the relation

xa;j = Elaixij
=
(+) o
bix = 2)%i;b;
La=1

holds for every x in R where x;; € S.

Remark. Our condition to define a Frobenius extension is weaker than the
one originally given by Kasch. Our definition which is somewhat formal in
character, seems to be natural for our present purpose.

The dual module °R is a right S-free module with the dual basis {B;} of
{bi} i.e. Bj(b;) = dij. It is clear that R is isomorphic to °R as a right S-module
by the map

¢ :ai~ B

We can prove easily that ¢ is a left R-isomorphism if and only if (*) holds.

Similarly the dual module R° is a left S- and right R-module. Let {a;} be
the dual basis of {@;}. Then the transposed homomorphism ¢' : R - R° of ¢
is explicitly expressed by

©'(bi) = ai,

and ¢’ is a left S- and right R-isomorphism. Thus, we have

ProrosiTiON 1. R is a Frobenius extension of S if and only if R is right
S- and left R-isomorphic to °R or left S- and right R-isomorphic to R°.

Let ¢(1) =, ¢'(1) =4'. Then u= 4/, and u is a two-sided S-homomorphism
of R in S. This is the “Frobenius homomorphism” of R/S (Kasch [4]).
Clearly, for every x, y in R, the relation

(o)) y=pulyx) = (¢"(y))x
holds, and {a;} and {b;} form orthogonal bases with respect to u, u(b:a;) = d;.

Remark. A Frobenius extension R of S is called symmetric if x(yx) = u(xy)

for every x, y in R. But in this case S is necessarily commutative. If S is
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contained in the center of R, then it needs not to distinguish between °R and
R°, and if further R/S is symmetric, ¢ = ¢,

§3. Dimension in Frobenius extension rings

Prorosition 2. If R is a Frobenius extension ring of its subring S, we have

isomorphisms

Exti (A, R® C) = Exts (A4, C), (nx0),
S
Extz (Homs (R, C), A) = Ext} (C, A), (n=0),

Sor every left R-module A and every left S-module C.

CoroLLARY 3. If R is a Frobenius extension ring of S and C is a left S-
module, then
L. inj. dimz (R (}? C) < l.inj. dims C,
1. dimg (Homs %R, C)) 2l.dims C.

CoroLLARY 4. If R is a Frobenius extension ring of S and S is left self-

injective, then R is left self-injective.

THEOREM 5. If R is a Frobenius extension ring of S and A is a left R-

module satisfying 1.dimg A <. oo, then
1.dimzr A =1. dim;s A.

These are proved by the same way as in [2] and we shall omit the proofs.
A ring is quasi-Frobenius if and only if it is left and right Noetherian and
left self-injective (Theorem 18, [2]). In the present case, since R is left and

right finitely S-generated, we have by Corollary 4

THEOREM 6. If R is a Frobenius extension of S and S is a quasi-Frobenius

ring, then R is a quasi-Frobenius ring (Satz 10, [41).

G. Hochschild [3] has introduced the notion of relative dimension for
modules, algebras etc.,, which we shall now consider in the case of Frobenius
extensions. We shall write ‘gl.dim’ and ‘dim’ instead of d(,) and ¢(,) of
Hochschild.

Prorosition 7. If R is a Frobenius extension of S, then

EXt:‘R, $) (A, R @ C)=0 (n> 0),
= Homs (4, C) (n=0),
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Extlz, s, (Homs (R, C), A) =0 (n>0),
' ~Hom; (C, 4)  (n=0),
for every left R-module A and every left S-module C.
Proof. Using the isomorphism
Home (A, R 4? C) = Homg (A, Homs (R°, C)) < Homg (A, Homs (R, C))
=~ Homs (R(? A, C)=Homs (4, C)

we have the conclusion of first part for #=0. Now replace A by an (R, S)-

projective resolution X of A and passing to homology we have

Extlk, s (A, R (? C) =~ H"(Homs (X, C)).

Since X is S-split, H"(Homs (X, C)) =0 for » > 0, we have proved the first part.

Using the isomorphism

Hompz (Homs (R, C), A) = Homz (Homs (R°, C), A) =~ Homz (R (%) C, A)
= Homs (C, Homz (R, A)) = Homs (C, A)

we can prove the second part of Proposition 7.

CoroLLarY 8. If R is a Frobenius extension ring of S and C is a left 5
module, then
L. inj. dimg, s, (R @ C) =0,
1. dim g, sy (Homg iR, C)) =0.

Remark. These are immediate consequences of Proposition 19 below.

LemMAa 9. Let R be a Frobenius extension ring of S and A be a left R-
module. If 1.dimig, s A < o, then l.dimig s A=0. Similarly #f 1.inj. dimg, s A
< oo, then 1l inj.dimg,s A = 0.

Proof. Let l.dimpg,syA=n<o and C be any left R-module. From the

standard (R, S)-exact sequence
0-+B—>R<?C—>C—>O,
we have an exact sequence
. — Extlr s (A, B) » Extln 5, (A, R Q}) C) - Extly s (A, C) - 0.

By Corollary 8, Ext{r s (4, R® C)=0 whence Extl s (4, C)=0 for n> 0.
S
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The second part can be proved in a similar way.
Above considerations are also valid for right R-modules and right S-modules
by suitable revisions.
By Lemma 9, we have
TueoreM 10. If R is a Frobenius extension ring of S, then
l.gl.dim (R, S) =0 or oo,
r.gl.dim (R, S) =0 or .

Next we consider Frobenius extension algebras. Let P be a K-algebra
and @ be its subalgebra, where K is a commutative ring. We say that P is
a Frobenius extension algebra of @ if P is a Frobenius extension of @ as a
ring. Let R= P(? P!, the enveloping algebra of P, and S= Q@ P!, where P’

is anti-isomorphic to P by the map x - x', x€ P.

Prorosition 11. If P is a Frobenius extension algebra of Q, then R is so
over S.

Proof. Let
P=314,Q = 330n
and suppose that {a;} and {4;} form orthogonal bases. Then
R=3(501)Q@8P) =@ P)IHS L),

{aj® 1'} and {b; ® 1'} form a right and a left S-basis of R respectively. Further
the left and the right regular representations of R in S with respect to these

are the same. So R is a Frobenius extension ring of S.
TueOREM 12. If P is a Frobenius extension algebra of Q, then
dim (P, @) =0 or .

Proof. dim (P, @) =1.dim;,5P=0 or © by Lemma 9.

§4. Relative homology and cohomology of supplemented algebras’
Let P be a supplemented K-algebra and @ be its subalgebra. Let R=PQ P’
K
and S be the natural image of @ QE)P’ in R, then a two-sided P-module is con-

sidered as a left or a right R-module.
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LeEmMmaA 13. If A is an (R, S)-projective left R-module, then A®K is a
left (P, Q)-projective module.

Proof. R @ A is left R-isomorphic to P% A by the map f:
0@ p®a)=p®@ap, HOpRaER A

If A is (R, S)-projective, then A is isomorphic to an R-direct summand of R®A

and so of P® A. Thus A ® K is left P-isomorphic to a direct summand of

PR A @ K. Smce P® A ® K is (P, Q)-projective, A ® K is (P, @)-projective.
@

CoroLLarY 14. If X is a left (R, S)-projective resolution of P, then X @K
is a left (P, Q)-projective resolution of K.

Proof. Since X is right P-split, X Qg K is (P, Q)-exact. The (P, Q)-projec-
tivity follows from Lemma 13, and X @ K is a (P, Q)-projective resolution of K.

TueorEM 15. For a left P-module M and a right P-module N, we have

Hn((P Q) M)=Ext(”1? 9)(P Ms)zEXt(np ') (K, M),
H.((P, Q), N)=Tory® (N, P)=Tory" ¥ (N, K),

where ¢ is the augmentalion belonging to the supplemented K-algebra P, and M.

is a two-sided P-module converted into a right P-module by setting mp = m(ep),
me M, p € P, similarly for N.

Proosf. We have isomorphisms

Homgz (A4, M.) = Homz (A, Homx (K, M)) = Homs, (A @ K, M),
P
NQATKQINQAXXNRQARK,
R K R P P

for any two-sided P-module A (cf. [1], IX, 2.1 and 2.2). Replacing A by a
left (R, S)-projective resolution X of P, and passing to homology we have

desired conclusions, by Corollary 14.

§5. Relative complete resolution

ProrosiTioN 16. Let P be any K-algebra and Q be its subalgebra. If A is
a (P, @)-projective left P-module, then Homx (A, C) is a (P, Q)-injective right
P-module and A ? C is a (P, @)-projective left P-module for every K-module C.

Proof. Let
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0-U->V

be a (P, @)-exact sequence of right P-modules I/ and V. Since this sequence is
Q-split, it is also K-split and we have a (P, @)-exact sequence

Homg (V, C) » Homg (U, C) - 0,
of left P-modules. Since A is (P, @)-projective
Homp (A, Homg (V, C)) » Home (A, Homg (U, C)) > 0

is exact. But Homr (A, Homg (V, C)) and Homs (A, Homg (U, C)) are iso-
morphic to Home (V, Homk (A4, C)) and Home (U, Homk (A, C)) respectively
by the natural correspondence. So we have an exact sequence

Home (V, Homg (A4, C)) » Hompe (U, Homg (A, C)) >0

and Homg (A, C) is (P, @)-injective.

The second part can be proved in a similar way.

LemMMma 17. Let P be a K-algebra, @ be its subalgebra and C be a left Q-
and right P-module. Then Homg (P, C) (left Q-homomorphisms) is P®P’-
isomorphic to HOm@@P’ (P® P, C), and P® C is P® P’-zsomorphzc to
(P? P’L%P'C, ie. HomQ(P C) is (P® P!, Q®P)mjectwe and P®C is

K

(P (? P, Q (% P'j-projective.
Proof. Defining @ : Homy (P, C) ~ Homogm (P(% P, C) and ¥ :
Homg g ¢/ (P(? P', C) » Homg (P, C) by setting
® 0
(0 )(a@b')=f(a)b, f<Homy(P, C), a®b‘EP§)P’,
(Tg)a)=gla® 1), g€Homggr (PRP,C), acPh
K K

we have the first part of Lemma 17. The second part is similar.

LemMa 18. With the same P and @ as in Lemma 17, Homp (A %\ P, P)
is P ® P'-isomorphic to Homg (P, Homr (A, P)), where A is a left P- and right
K
Q-module.

Proof. The correspondence is the same as in [1], II, 5.2.

ProrosiTioN 19. If R is a Frobenius extension ring of S and A is a left
R-module, then the following conditions are equivalent :

(i) There is a homomorphism h in Homs (A, A) such that Zla;hb.:lm
b
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the identity map of A, where {ai} and {bi} are orthogonal S-bases of R.
(ii) A is (R, S)-projective.
(iii) A 7s (R, S)-injective.
This is Satz 12, in [4], and we shall omit the proof.
For a right R-module A, the condition (i) is interchanged to ﬁb;hai =1a
The Frobenius homomorphism 2 of R in S, so in R, satisfies t‘hé condition

(i), so that we have
THEOREM 20. If R is a Frobenius extension ring of S, then
1. dim(n,s) R=r. dimue, S) R= 0,
l. inj. dim(g, s; R = r. inj. dim, s) R = 0.

Under these preparations we now construct the relative complete resolution
for Frobenius extension K-algebra P of its subalgebra . We set R= P;(@ P’
and S=@ ? P

Let X, be the (n+ 2)-fold tensor product of P over @ for > 0. X, has

a two-sided P-module structure by setting

Pn® - - '®xn+1)'—=Pxo®‘ © QD Xnta,
(x0®' . '®xn+1)p=x0®' . ‘®xn+1p,

for pEP, %Q - Q@%xnr1 € Xn. The differentiations u, : Xp > X1 (2> 0),
and #, : X, » P are defined by setting

Un(% ® « + + @ Xnsy) = %( —1)iXO® e RXX Q- D X,

uo( %0 @ %1) = %o X1.
If we define v, : X»n > Xu+: (2 20), and ¥-, : P~ X, by setting

Va2 ® - @Xnt1) =1 %R - - - @ Xn+1,
I1(x)=1Q x,

then we have
Un+1Vn+ Un-10n =1, (m>0); Vo + V1% = 1.

Further X, is R-isomorphic to R@ Xuv1 (n>0), and X, is R-isomorphic to
R @ P. So that X" = >} X, is a left (R, S)-projective resolution of P (see [3]).
S nZ0

On the other hand, if we define vy : Xn— Xns1 (2 20) and ¢, : P> X,
by setting
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(%0® R@xn)=(-1)""%Q - - Q21 D1,
Lix)=x2Q®1,

then we have
Une1Vn+ VUnsun=1 (#>0); wmv+v %=1,

and X' is a right (R, S)-exact sequence.
Now we define the negative complex X-, (# = 1) by setting

X—n=HomP (Xn—'ll P)1

where homomorphisms are left P-homomorphisms, and X_, is a two-sided P-
module by the usual way. Since the sequence X' is right (R, S)-exact, it is
left P-split and we can prove that X~ = HEE}lX_,, is a left (R, S)-exact sequence.
By Lemma 18, Homp (P% < % P, P) is R-isomorphic to Hom, (P, Homp (P(%
-+ -® P, P)), and the latter is left (R, S)-injective by Lemma 17. Further it
is (Ig, S)-projective by Proposition 19, since R is a Frobenius extension ring of
S by Proposition 11. By the map ¢ : P- Homg (P, P)

(p)x) = xp, x, pE P,

P is two-sided isomorphic to Home (P, P). We define % : Xo » X-1 as the

composition of
- 2K
X, 2, P —*, Homs (P, P) 22, Homs (X, P) = X,

where #%; is the homomorphism induced from #,. S-homomorphism v-; : X-1~ X,
can also be defined as the composition 7-,¢"'»";. Thus we have a relative
complete resolution for P.

Now we compare with the case of ordinary Frobenius algebra over a field
K. In this case the negative part are given by Homkx (P® - - - @ P, K) modi-
fying the right P-module structure by the Nakayama’s autI:)morpjl(lism * belong-
ing to P (see [5]).

We have an isomorphism
HomK(P%)(PQg. . -(%P), K)zHomK(PQ}?- . %)P Homg (P, K))

and the right P-module structure of right hand side is defined from that of
Homg (P, K).

On the other hand, in our case we have an isomorphism
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Hom, (P%(P(?- . ~(§P), P) zHom,;(P?- . Q'? P, Homg (P, P))
T Homg (P®-- - @ P, P)
K K

and the right P-module structure of last term is defined from that of P. But
P is right P-isomorphic to Homx (P, K) when Homg (P, K) is modified by *
So the modified HomK(P(§ c. % P, K) is isomorphic to Homp(P(% . Q? P, P).

Next we consider the case that P is a supplemented K-algebra with an
antipodism. Let X' be the same as above. Then X7 @ K is a left (P, Q)-
projective resolution of K by Corollary 14. By proposition 16, Homy (X* 6’9 K, K)
is a (P, @)-injective right P-module. Since X" ® K is @-split, it is K-split and
we can prove that Homg (X* (159 K, K) is (P, @)-exact. By Proposition 19 and
by the antipodism, Homg (X* @K, K) is a (P, @)-projective left P-module.
Thus we can construct a relative complete resolution for (P, @) of K, using
Homg (X @ K, K) as the negative dimension part.

We shall show that Homp (P?- . ? P, P) @ K is left P-isomorphic to
Homg (P(?- . -?P@K, K) in the case P=K(G) and Q = K(H) where G is

a group, H is a subgroup of finite index. Let G= L:}g,-H = }:JHg,-' ! be decompo-
sitions to right and left cosets. We fix the gi's 0;1—c1e for al:l?l Then the (n+2)-
fold tensor product P ? cee ? P is a left free P-module with the basis {I1Rg/;'®
< @& s k=1, ..., 7} and Homp(P%- QP P)<§>K is a free K-module
with the basis {(1® 27’ ® - - - ® &iy) " ® 1}, where {(1® g7'® - - - @ gik) )
is the dual basis of {1Rg/,'® - - @ gins,). Similarly P® - - -® P is a right
free Pmodule with the basis {g,® - -®£,.91; ;k =1, J .., 7t and
Homg (P(%) . ? P@ K, K) is a free K-module with the basis {(g;, ® - - -
® g ® M) We assign (104:,'Q- - Q&) @1 to (£, @ - -
® g, ®1)". Let g be any element of G, then

(g-(1Rg'® - - @& )MH1RE'Q - Qgik)
=(1®gi'® - - Qg )N1®&' Q- -Qgit o
=(1Q8,'® - Qi) N hur1 QD -+ - @ && )

— 1 int1
= Rn+10ky. bty

where k.1 is obtained from gj,,, 2= higkn,» &5l =he@h), « - ) &5 hn = huni@S
(nise H). So we have
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g ((1®gi'® - Qgu) @D =g-(1Qg:,'® - -®gi)"®1
= 3 1080 gl KL 0 1
LA A . . . .
= S (1987 @- - - ® gk O ® e(hir.

MISERNL¥S]

On the other hand

(& (8inn® -8, 3DM(£n® - - ®&, Q1)
=(giu® - & ADNg'gn® - Qg,1)
= (g @ - R&, Q@ DM Gy @+ - @ 8y @ e(hnia)).

Thus we have

g (gin+x®' . .®gi,® 1)/\
= 3 (@ ®- - @&, ® DN e(ma™,

Jnt1eee gt
Since we may assume that ¢ is the unit augmentation, we have a desired iso-

morphism.

TueoreM 21. For a Frobenius extension algebra of its subalgebra, we can
construct a relative complete resolution and this is a generalization of that of

Frobenius algebras as well as the relative case of groups.
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