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A NOTE ON SUBNORMAL SUBGROUPS OF 
DIVISION ALGEBRAS 

GARY R. GREENFIELD 

Let D be a division algebra and let D* denote the multiplicative group of 
nonzero elements of D. In [3] Herstein and Scott asked whether any subnormal 
subgroup of D* must be normal in D*. Our purpose here is to show tha t 
division algebras over certain £>-local fields do not satisfy such a "subnormal 
p roper ty" . 

Definition. We say a division algebra D satisfies the subnormal property if 
whenever H < G and G < £>* then H < D*. 

Let K be a £>-local field, and for convenience assume p is an odd prime, p > 3. 
Let D be a indivis ion ring (a division algebra central over K) of index n > 1. 
Our goal is to prove D does not satisfy the subnormal property. 

If \K\ — q, then D contains a unique unramified extension L = K(e) where e 
is a primitive qn — 1st root of unity. D is a cyclic crossed product D ~ (L, <J, X) 
where X is a fixed prime element of K and (a) ~ Ga\ (L/K). The rings of 
integers of K, L, D will be denoted 0K, 0L, 0D, their unique maximal ideals by 
PK, PL) PD and their groups of units by UK, UL, and UD. We note tha t 
0K/PK^GF(q) while 0L/PL 9É 0D/PD ^ GF(qn). This fact plays an im
por tan t role in the sequel. 

Let TV be the reduced norm of D* and let | | be any non trivial valuation of K. 
Then iV induces a valuation on D* via \a\D = \N(a)\1/n. The kernel G0 of the 
homomorphism N is the normal subgroup of D* consisting of those elements of 
reduced norm one. By [4, Lemma 5] G0 C UD. Set UD° = UD and for any 
integer j ^ 1 define UD

j = {a G UD\a = 1 m o d P / / } . For any integer r ^ Owe 
define, as in [4], the "congruence subgroups" of Go by setting 

Hr = {a Ç Go\a = 1 m o d P D
r ) , and 

Gr = {a C: Go\a = fi mod PD
T for some (3 G £/*}• 

Clearly, i7 r , C7r are subgroups of G0 and, as is evident from the definition, 
Hr, Gr < Go. We shall be interested in these subgroups principally when 
n | r. 

Assume n \ r. F o r a G UKUD
r w r i t e r = a + bir7 mod PD

r+1 where a G f/x, 
^ G Ox,, and T is a generator for PD. Define 

Pr'- UKUD
r->0D/PD 
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via pT(a) = a~lb + PD- One checks pT is a well-defined (additive) homo-
morphism. Since pr restricted to Hr (respectively Gr) h surjective [4, Lemma 6] 
and has kernel Hr+i (respectively Gr+i) we have: 

LEMMA l.Hr+l <d HriGr+i < Gr,andGr/Gr+1^Hr/Hr+1^0D/PD^GF(q"). 

Viewing GF(qn) as an addit ive abelian group, it is isomorphic to a direct sum 
of n copies of GF(q). Let G be the preimage under pT restricted to Hr of one such 
copy. Then by the Correspondence Theorem for group homomorphisms it 
follows tha t Hr+i (Z G C. Hr where the inclusions are proper and G <3 HT. 

LEMMA 2. Hr, Gr <\ D*. 

Proof. If r = 0, then GQ = H0 and we know G{] <\ D*. For r ^ 1 we prove tha t 
Gr <\ D* as the proof for Hr is identical. Let a G Gr so a = (3 mod PD

T for some 
13 G UK- Thus a - 13 e PD

T- I f f = 1, then since PD = {v f D\ \rj\D < 1} and N 
is invariant under conjugation it follows tha t y (a — I3)y~l Ç PD for any y Ç D*. 
Then by induction on r one obtains y (a — f3)y~l G PD

r for any y G £>*• So 
yay~l — /3 G ^ D r and the result follows. 

Definition. A subgroup ilf of Go is of /ez/e/ 5 if M C G5 but i f (£ Gs+\. 

PROPOSITION 3. The subnormal property does not hold for D. 

Proof. We first show our G (as constructed above) is of level r. Since Hr C Gr 

it suffices to show G Çj_ Gr+\. If not, G is contained in the kernel of pr restricted 
to Gr and in Hr. T h u s G is contained in the kernel of pr restricted to Hr. But the 
lat ter is Hr+1 so G C ff r+i contrary to assumption. Now suppose D satisfies the 
subnormal property. Then since G <\ Hr and Hr <\ D* we must have G <\ D*. 
In particular, G O G0. But by [4, Theorem 15] we must have Hr C G C Gr, a 
contradiction. Thus G 0 Z>*. 

We conclude Avith an example to show tha t the subnormal proper ty holds for 
the case p = GO . Here the only possible division algebra is the real quaternions. 

Example. The subnormal property holds for UR, the division ring of real 
quaternions. 

Proof. We first determine the normal subgroups of UR*. Let G0 be the kernel 
of the usual sum of squares norm of UR*, i.e., the quaternions of norm one. 
Suppose H is a, finite subgroup of [/«*, with H not contained in the center, 
Z(UR). Note t ha t this implies \H\ > 2 and H C G0. Ha G H, a $_ Z(UR) then 
[2, Theorem 1] a has an infinite number of distinct conjugates, say {yjayr1}, in 
UR. Then {ôjaôj~1} where ô3- = yj/(N(yf))112 is an infinite number of distinct 
conjugates in G0. This shows H <£3 UR* and H <H Go. Now, G0 modulo its center, 
( — 1), is isomorphic to the special orthogonal group 5 0 3 [5, p. 115] which is 
simple [1, Theorems 4.8 and 4.9, p. 163 and 165]. T h u s a composition series for 
Go is {SOz, C2}. Suppose H < Go is an infinite group. If — 1 G H, H contains the 
kernel of p : Go —> 5 0 3 so H = G0. If — 1 G iï", then the cosets of H in G0 must 
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be H and — H. But then either i G H or — i Ç H so in either case the square 
— 1 G H, a contradiction. This shows the only proper normal subgroups of G() 

are (1) and (—1). 

Claim. G <\ UR* if and only if G C Z(UR) or G D G0. 

Proof. Clearly if either condition is satisfied G <\ UR*. Suppose G <\ UR*. 
Then G C\ G0 <\ G{). If G H G0 = G0 then G D G0 as required. If G H Go = (1) 
then for fixed a Ç G and any /3 G G0, «(/fo - 1 /? - 1) G G C\ G0 so a/3 = /3a. Thus a 
commutes with G0 and hence with c7#, so a Ç Z(UR). Finally if G O G0 = ( — 1) 
and there exists a G G, a (? Z(UR) choose distinct conjugates fijafi"1, 1 ^ j ^ 3 
of a in UR. Then since (jS/Zj3;_1)a_1 G G Pi G0 we have, without loss of generality, 
fiiafii~la~l = fiza$2~la~l and so fiiafii"1 = /^a/^"1 , a contradiction. Thus in this 
case we must also have G C Z(UR). 

Assume H <3 G and G < £/#*• Then we know either G C Z(UR) or G D G0. 
If G C Z ( t / B ) then H C Z(£/«) so i / < UB*. If G D G0 and 77 D G0 then 
i?" <1 £/R* SO we need only consider the case where G f) G^ and H C\ G0 ^ G0. 
Then H C\ G0 < G0 so 77 Pi G0 = ( — 1) or (1) and the proof of the above claim 
shows H CZ(UR) so H < UR*. 
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