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Abstract

Let k ≥ 2 be an integer and let A be a set of nonnegative integers. The representation function RA,k(n) for
the set A is the number of representations of a nonnegative integer n as the sum of k terms from A. Let A(n)
denote the counting function of A. Bell and Shallit [‘Counterexamples to a conjecture of Dombi in additive
number theory’, Acta Math. Hung., to appear] recently gave a counterexample for a conjecture of Dombi
and proved that if A(n) = o(n(k−2)/k−ε ) for some ε > 0, then RN\A,k(n) is eventually strictly increasing. We
improve this result to A(n) = O(n(k−2)/(k−1)). We also give an example to show that this bound is best
possible.

2020 Mathematics subject classification: primary 11B34.
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1. Introduction

Let N be the set of nonnegative integers and let A be a subset of nonnegative integers.
We use An to denote the Cartesian product of n sets A, that is,

An = {(a1, a2, . . . , an) : a1, a2, . . . , an ∈ A}.
Let

RA,k(n) = |{(a1, a2, . . . , ak) ∈ Ak : a1 + a2 + · · · + ak = n}|,

R<A,k(n) = |{(a1, a2, . . . , ak) ∈ Ak : a1 + a2 + · · · + ak = n, a1 < a2 < · · · < ak}|,

R≤A,k(n) = |{(a1, a2, . . . ak) ∈ Ak : a1 + a2 + · · · + ak = n, a1 ≤ a2 ≤ · · · ≤ ak}|,
where | · | denotes the cardinality of a finite set. We say that RA,k(n) is monotonically
increasing in n from a certain point on (or eventually monotone increasing) if there
exists an integer n0 such that RA,k(n + 1) ≥ RA,k(n) for all integers n ≥ n0. We define
the monotonicity of the other two representation functions R<A,k(n) and R≤A,k(n) in
the same way.
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We denote the counting function of the set A by

A(n) =
∑
a∈A
a≤n

1.

We define the lower asymptotic density of a set A of natural numbers by

lim inf
n→∞

A(n)
n

and the asymptotic density by

lim
n→∞

A(n)
n

whenever the limit exists. The generating function of a set A of natural numbers is
denoted by

GA(x) =
∑
a∈A

xa.

Obviously, if N \ A is finite, then each of the functions RA,2(n), R<A,2(n) and R≤A,2(n)
is eventually monotone increasing. In [4, 5], Erdős et al. investigated whether there
exists a set A for which N \ A is infinite and the representation functions are monotone
increasing from a certain point on. They proved the following theorems.

THEOREM A. The function RA,2(n) is monotonically increasing from a certain point
on if and only if the sequence A contains all the integers from a certain point on, that
is, there exists an integer n1 with

A ∩ {n1, n1 + 1, n1 + 2, . . . } = {n1, n1 + 1, n1 + 2, . . . }.

THEOREM B. There exists an infinite set A ⊆ N such that A(n) < n − cn1/3 for n > n0
and R<A,2(n) is monotone increasing from a certain point on.

THEOREM C. If

A(n) = o
( n
log n

)
,

then the functions R<A,2(n) and R≤A,2(n) cannot be monotonically increasing in n from a
certain point on.

THEOREM D. If A ⊆ N is an infinite set with

lim
n→∞

n − A(n)
log n

= ∞,

then R≤A,2(n) cannot be monotone increasing from a certain point on.

The last theorem was proved independently by Balasubramanian [1]. Very little
is known when k > 2. The following result was proved many years ago in [8] and
independently in [6].
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THEOREM E. If k is an integer with k > 2, A ⊆ N and RA,k(n) is monotonically
increasing in n from a certain point on, then

A(n) = o
( n2/k

(log n)2/k

)

cannot hold.

Dombi [3] constructed sets A of asymptotic density 1
2 such that for k > 4, the

function RA,k(n) is monotone increasing from a certain point on. His constructions
are based on the Rudin–Shapiro sets and Thue–Morse sequences. However, Dombi
gave the following conjecture.

DOMBI’S CONJECTURE. If N \ A is infinite, then RA,k(n) cannot be strictly increasing.

For k ≥ 3, Bell and Shallit [2] recently gave a counterexample of Dombi’s conjec-
ture by applying tools from automata theory and logic. They also proved the following
result.

THEOREM F. Let k be an integer with k ≥ 3 and let F ⊆ N with 0 � F. If F(n) = o(nα)
for α < (k − 2)/k and A = N \ F, then RA,k(n) is eventually strictly increasing.

In this paper, we improve this result in the following theorem.

THEOREM 1.1. Let k be an integer with k ≥ 3. If A ⊆ N satisfies

A(n) �
n(k−2)/(k−1)

k−1√(k − 2)!
− 2

for all sufficiently large integers n, then RN\A,k(n) is eventually strictly increasing.

In particular, for k = 3, this gives the following corollary.

COROLLARY 1.2. If A ⊆ N satisfies A(n) �
√

n − 2 for all sufficiently large integers n,
then RN\A,3(n) is eventually strictly increasing.

After we uploaded our paper to arXiv, we were informed that Mihalis Kolountzakis
proved in an unpublished note that if A ⊆ N satisfies A(n) � c

√
n for a sufficiently

small positive constant c, then RN\A,3(n) is eventually strictly increasing. We improve
the constant factor in the following result.

THEOREM 1.3. If A ⊆ N satisfies A(n) � (2/
√

3)
√

n − 2 for all sufficiently large inte-
gers n, then RN\A,3(n) is eventually strictly increasing.

It turns out from the next theorem that the upper bound for the counting function of
A in Theorem 1.1 is tight up to a constant factor.

THEOREM 1.4. Suppose that f (n) is a function satisfying f (n)→ ∞ as n→ ∞. Then
there is a set A ⊆ N such that A(n) < k−1√k − 1 · n(k−2)/(k−1) + f (n) for all sufficiently
large integers n and RN\A,k(n) < RN\A,k(n − 1) for infinitely many positive integers n.

Shallit [7] recently constructed a set A with positive lower asymptotic density such
that the function RN\A,3(n) is strictly increasing.
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2. Proofs

The proofs of the theorems are based on the next lemma, coming from Bell and
Shallit’s paper [2] although not explicitly stated there.

LEMMA 2.1. For any positive integers n and k with k ≥ 3,

RN\A,k(n) − RN\A,k(n − 1) =
(
n + k − 2

k − 2

)
+

k−2∑
i=1

(
k
i

)
(−1)i

( n∑
m=0

(
m + k − i − 2

k − i − 2

)
RA,i(n − m)

)

+ (−1)k−1kRA,k−1(n) + (−1)k(RA,k(n) − RA,k(n − 1)).

PROOF. Observe that

(1 − x)(GN\A(x))k =

∞∑
n=0

RN\A,k(n)xn −
∞∑

n=0

RN\A,k(n)xn+1

= RN\A,k(0) +
∞∑

n=1

(RN\A,k(n) − RN\A,k(n − 1))xn.

However,

(1 − x)((GN\A)(x))k = (1 − x)
( 1
1 − x

− GA(x)
)k
= (1 − x)

k∑
i=0

(
k
i

)
(−1)i

(1 − x)k−i GA(x)i

=
1

(1 − x)k−1 +

k−2∑
i=1

(
k
i

)
(−1)i

(1 − x)k−i−1 GA(x)i + (−1)k−1kGA(x)k−1 + (−1)k(1 − x)GA(x)k.

It is well known that
1

(1 − x)m =

∞∑
n=0

(
n + m − 1

m − 1

)
xn.

It follows that

RN\A,k(0) +
∞∑

n=1

(RN\A,k(n) − RN\A,k(n − 1))xn

=

∞∑
n=0

(
n + k − 2

k − 2

)
xn +

k−2∑
i=1

(−1)i
(
k
i

) ∞∑
n=0

( n∑
m=0

(
m + k − i − 2

k − i − 2

)
RA,i(n − m)

)
xn

+ (−1)k−1k
∞∑

n=0

RA,k−1(n)xn + (−1)kRA,k(0) + (−1)k
∞∑

n=0

(RA,k(n) − RA,k(n − 1))xn.

By comparing the coefficient of xn on both sides of this equation, Lemma 2.1 follows
immediately. �

PROOF OF THEOREM 1.1. Clearly,

RA,i(n) = |{(a1, a2, . . . , ai) ∈ Ai : a1 + a2 + · · · + ai = n}|
≤ |{(a1, a2, . . . , ai−1) ∈ Ai−1 : a1, a2, . . . , ai−1 ≤ n}| = A(n)i−1.
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By Lemma 2.1, there exist constants c1, c2, c3, c4 only depending on k such that

RN\A,k(n) − RN\A,k(n − 1)

=

(
n + k − 2

k − 2

)
+

k−2∑
i=1

(
k
i

)
(−1)i

( n∑
m=0

(
m + k − i − 2

k − i − 2

)
RA,i(n − m)

)

+ (−1)k−1kRA,k−1(n) + (−1)k(RA,k(n) − RA,k(n − 1))

≥ nk−2

(k − 2)!
−

k−2∑
i=1

2k
n∑

m=0

(
m + k − i − 2

k − i − 2

)
A(n)i−1 − kRA,k−1(n) − A(n)k−1

≥ nk−2

(k − 2)!
−

k−2∑
i=1

2kA(n)i−1
(
n + k − i − 1

k − i − 2

)

− k
( n(k−2)/(k−1)

k−1√(k − 2)!

)k−2
−

( n(k−2)/(k−1)

k−1√(k − 2)!
− 2

)k−1

≥ nk−2

(k − 2)!
− c1

k−2∑
i=1

A(n)i−1nk−i−2 − k · n(k−2)2/(k−1)

((k − 2)! )(k−2)/(k−1)

−
( nk−2

(k − 2)!
− 2(k − 1)

n(k−2)2/(k−1)

((k − 2)! )(k−2)/(k−1) + c2n(k−2)(k−3)/(k−1)
)

≥ nk−2

(k − 2)!
− c3nk−3 − k

n(k−2)2/(k−1)

((k − 2)! )(k−2)/(k−1)

−
( nk−2

(k − 2)!
− 2(k − 1)n(k−2)2/(k−1)

((k − 2)! )(k−2)/(k−1) + c2n(k−2)(k−3)/(k−1)
)

=
k − 2

((k − 2)! )(k−2)/(k−1) · n
(k−2)2/(k−1) − c4nk−3.

Hence, RN\A,k(n) − RN\A,k(n − 1) > 0 when n is large enough. �

LEMMA 2.2. For any set A of natural numbers and for any natural number n, one has
RA,3(n) � 3

4 A(n)2 + { 14 A(n)2}, where {x} denotes the fractional part of x.

Note that Lemma 2.2 is sharp: if A = {0, 1, . . . , m}, then

RA,3

(⌊3m
2

⌋)
=

3
4

A
(⌊3m

2

⌋)2
+

{A(
3m/2�)2

4

}
,

where 
y� denotes the maximal integer not greater than y.

PROOF OF LEMMA 2.2. Fix a natural number n. Let A ∩ [1, n] = {a1 < a2 < · · · < am}
and A = {n − am < n − am−1 < · · · < n − a1}. For i = 1, 2, . . . , m, we define

Ai = {ai + a1 < ai + a2 < · · · < ai + am+1−i < ai+1 + am+1−i < · · · < am + am+1−i}.
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Clearly,

RA,3(n) =
m∑

i=1

|Ai ∩ A| �
m∑

i=1

min{2m − 2i + 1, m}

=


m/2�∑
i=1

m +
m∑

i=
m/2�+1

(2m − 2i + 1)

= m
⌊m

2

⌋
+

(
m −

⌊m
2

⌋)2
=

3
4

m2 +

{m2

4

}
. �

PROOF OF THEOREM 1.3. Applying Lemma 2.1 for k = 3,

RN\A,3(n) − RN\A,3(n − 1)

= n + 1 − 3
n∑

m=0

RA,1(n − m) + 3RA,2(n) − (RA,3(n) − RA,3(n − 1))

= n + 1 − 3A(n) + 3RA,2(n) − (RA,3(n) − RA,3(n − 1)).

Hence, by Lemma 2.2,

RN\A,3(n) − RN\A,3(n − 1) ≥ n + 1 − 3A(n) − RA,3(n)

≥ n + 1 − 3
( 2
√

3

√
n − 2

)
− 3

4

( 2
√

3

√
n − 2

)2
− 1

4
=

15
4
> 0,

which completes the proof. �

PROOF OF THEOREM 1.4. We may suppose that f (n) < k−1√k − 1 · n(k−2)/(k−1). We
define an infinite sequence of natural numbers N1, N2, . . . by induction. Let N1 =

100k4. Assume that N1, . . . , Nj are already defined. Let Nj+1 be an even number with
Nj+1 > 100k4Nk−1

j and f (n) > (k − 1)(Nk−2
1 + · · · + Nk−2

j ) for every n ≥ Nj+1. We define
the set A by

A =
∞⋃

j=1

{Nj, 2Nj, 3Nj, . . . , (k − 1)Nk−1
j }.

First, we give an upper estimation for A(n). Let n ≥ 100k4. Then there exists an
index j such that Nj ≤ n < Nj+1. Define l as the largest integer with l ≤ (k − 1)Nk−2

j and
lNj ≤ n. Then,

A(n) − k−1√
k − 1n(k−2)/(k−1)

≤ (k − 1)(Nk−2
1 + · · · + Nk−2

j ) + l − k−1√
k − 1(lNj)(k−2)/(k−1)

= (k − 1)(Nk−2
1 + · · · + Nk−2

j ) + l(k−2)/(k−1)(l1/(k−1) − (k − 1)1/(k−1)N(k−2)/(k−1)
j )

≤ f (n),
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which implies that

A(n) <
k−1√

k − 1 · n(k−2)/(k−1) + f (n).

Next, we shall prove that there exist infinitely many positive integers n such that
RN\A,k(n) < RN\A,k(n − 1). To prove this, we divide into two cases according to the
parity of k.

Suppose that k is an odd integer. For j = 1, 2, . . . , we define

uj = (k − 1)Nk−1
j + 100(k − 2)(k − 1)3Nk−2

j .

Now, we show that RN\A,k(uj) < RN\A,k(uj − 1) when j is large enough.
Since all the elements of A are even and uj − 1 is odd, it follows that RA,k(uj − 1) = 0.

By Lemma 2.1,

RN\A,k(uj) − RN\A,k(uj − 1)

=

(
uj + k − 2

k − 2

)
+

k−2∑
i=1

(
k
i

)
(−1)i

( uj∑
m=0

(
m + k − i − 2

k − i − 2

)
RA,i(uj − m)

)

+ (−1)k−1kRA,k−1(uj) + (−1)k(RA,k(uj) − RA,k(uj − 1))

≤
(
uj + k − 2

k − 2

)
+ k2

( uj∑
m=0

(
m + k − 4

k − 4

)
RA,2(uj − m)

)

+

k−2∑
i=3

2k
uj∑

m=0

(
m + k − i − 2

k − i − 2

)
A(uj)i−1 + kRA,k−1(uj) − RA,k(uj). (2.1)

Next we shall give a bound for each term of the right-hand side of (2.1). There exists
a constant c5 only depending on k such that

(
uj + k − 2

k − 2

)
≤

(k − 1)k−2Nk2−3k+2
j + 100(k − 2)2(k − 1)kNk2−3k+1

j + c5Nk2−3k
j

(k − 2)!
(2.2)

and

k2
uj∑

m=0

(
m + k − 4

k − 4

)
RA,2(uj − m) ≤ k2

uj∑
m=0

(
m + k − 4

k − 4

)
A(uj − m)

≤ k2
uj∑

m=0

(
m + k − 4

k − 4

)
A(kNk−1

j ) ≤ k2
uj∑

m=0

(
m + k − 4

k − 4

)
2

k−1√
k − 1(kNk−1

j )(k−2)/(k−1)

≤ k2
uj∑

m=0

(
m + k − 4

k − 4

)
2kNk−2

j = 2k3Nk−2
j

(
uj + k − 3

k − 3

)

≤ 2k3Nk−2
j

(
kNk−1

j

k − 3

)
≤ 2kk

(k − 3)!
Nk2−3k+1

j . (2.3)

https://doi.org/10.1017/S0004972723000679 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972723000679


[8] Monotone representation functions 203

Furthermore,

k−2∑
i=3

2k
uj∑

m=0

(
m + k − i − 2

k − i − 2

)
A(uj)i−1

≤ c6

k−2∑
i=3

2k
uj∑

m=0

(
m + k − i − 2

k − i − 2

)
((Nk−1

j )(k−2)/(k−1))i−1

≤ c6

k−2∑
i=3

2kN(k−2)(i−1)
j

uj∑
m=0

(
m + k − i − 2

k − i − 2

)

= c6

k−2∑
i=3

2kN(k−2)(i−1)
j

(
uj + k − i − 1

k − i − 1

)

≤ c7

k−2∑
i=3

N(k−2)(i−1)
j · N(k−1)(k−i−1)

j = c7

k−2∑
i=3

Nk2−3k−i+3
j ≤ c8Nk2−3k

i , (2.4)

where c6, c7 and c8 are constants only depending on k. Moreover,

RA,k−1(uj)) ≤ A(uj)k−2 ≤ A(kNk−1
j )k−2

≤ (2
k−1√

k − 1(kNk−1
j )(k−2)/(k−1))k−2 ≤ (2k)k−2N(k−2)2

j . (2.5)

Obviously,

RA,k(uj)

≥
∣∣∣∣∣
{
(x1, . . . , xk) ∈ (Z+)k :

k∑
t=1

xt = uj, Nj | xt, xt ≤ (k − 1)Nk−1
j for t = 1, . . . , k

}∣∣∣∣∣

=

∣∣∣∣∣
{
(y1, . . . , yk) ∈ (Z+)k :

k∑
t=1

yt =
uj

Nj
, yt ≤ (k − 1)Nk−2

j for t = 1, . . . , k
}∣∣∣∣∣

=

∣∣∣∣∣
{
(y1, . . . , yk) ∈ (Z+)k :

k∑
t=1

yt =
uj

Nj

}∣∣∣∣∣

−
∣∣∣∣∣
{
(y1, . . . , yk) ∈ (Z+)k :

k∑
t=1

yt =
uj

Nj
, yt > (k − 1)Nk−2

j for some t ∈ {1, . . . , k}
}∣∣∣∣∣.

We see that∣∣∣∣∣
{
(y1, . . . , yk) ∈ (Z+)k : y1 + · · · + yk =

uj

Nj

}∣∣∣∣∣
=

(
uj/Nj − 1

k − 1

)
≥

Nk2−3k+2
j + 100(k − 2)(k − 1)k+2Nk2−3k+1

j + c9Nk2−3k
j

(k − 1)!
,
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where c9 is a constant only depending on k, and
∣∣∣∣∣
{
(y1, . . . , yk) ∈ (Z+)k :

k∑
t=1

yt =
uj

Nj
, yt > (k − 1)Nk−2

j for some t ∈ {1, . . . , k}
}∣∣∣∣∣

= k|{(z1, . . . , zk) ∈ (Z+)k : z1 + · · · + zk = 100(k − 2)(k − 1)3Nk−3
j }|

≤ k(100(k − 2)(k − 1)3)kNk2−3k
j .

The last equality holds because if y1 + · · · + yk = uj/Nj with yt > (k − 1)Nk−1
j , then

y1 + · · · + yt−1 + (yt − (k − 1)Nk−2
j ) + yt+1 + · · · + yk = 100(k − 2)(k − 1)3Nk−3

j ,

where every term is positive. Furthermore, if z1 + · · · + zk = 100(k − 2)(k − 1)3Nk−3
j ,

zi ∈ Z+, then one can create k different sums of the form y1 + · · · + yk = uj/Nj with
yi = zi if i � t and yt = zt + (k − 1)Nk−2

j . Therefore,

RA,k(uj) ≥
(k − 1)k−1Nk2−3k+2

j + 100(k − 2)(k − 1)k+2Nk2−3k+1
j + c10Nk2−3k

j

(k − 1)!
, (2.6)

where c10 is a constant. In view of (2.1)–(2.6),

RN\A,k(uj) − RN\A,k(uj − 1)

≤
(k − 1)k−2Nk2−3k+2

j + 100(k − 2)2(k − 1)kNk2−3k+1
j + c5Nk2−3k

j

(k − 2)!

+
2kk

(k − 3)!
Nk2−3k+1

j + c8Nk2−3k
i + (2k)k−2N(k−2)2

j

−
(k − 1)k−1Nk2−3k+2

j + 100(k − 2)(k − 1)k+2Nk2−3k+1
j + c10Nk2−3k

j

(k − 1)!

=

( 2kk

(k − 3)!
− 100

(k − 1)k

(k − 3)!

)
Nk2−3k+1

j + (2k)k−2N(k−2)2

j + c11Nk2−3k
j ,

where c11 is a constant. Thus, we have RN\A,k(uj) < RN\A,k(uj − 1) when j is large
enough.

If k is even, then the same argument shows that RN\A,k(uj + 1) < RN\A,k(uj) when j is
large enough. �
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[1] B. Balasubramanian, ‘A note on a result of Erdős, Sárközy and Sós’, Acta Arith. 49 (1987), 45–53.
[2] J. P. Bell and J. Shallit, ‘Counterexamples to a conjecture of Dombi in additive number theory’, Acta

Math. Hungar. 169 (2023), 562–565.
[3] G. Dombi, ‘Additive properties of certain sets’, Acta Arith. 49 (1987), 45–53.
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