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TRANSLATION-INVARIANT OPERATORS ON L?(G),
0<p<1(II

DANIEL M. OBERLIN

For a locally compact group G, let L?(G) be the usual Lebesgue space with
respect to left Haar measure m on G. For x € G define the left and right
translation operators L, and R, by L.f(y) = f(xy), R.f(y) = f(yx)(f € L?(G),
¥y € G). The purpose of this paper is to prove the following theorem.

THEOREM. Let G be a locally compact group and fix p with 0 < p < 1. The
bounded linear operators on LP(G) which commute with each R,(x € G) are
precisely those operators of the form

e

(1) Z athiy Xq E Gr E lai]p < 0.
i=1

i=1
For compact abelian G this was proved in [4]. Here we give the details for the
(somewhat more complicated) proof of the general case.

One half of the proof is trivial: for 0 < $ < 1 and complex numbers z and
w we have |z + w[? < |z[? + |w/[?. Thus it is obvious that (1) defines a bounded
translation-invariant linear operator on L?(G). So assume that 7" is such an
operator and we shall show, in two steps, that 7 has the form (1). First,
though, we record some notation: the symbol fdx always stands for
[¢- - dm(x), while for 0 < ¢ < 1 and f € LY(G), the symbol ||f||, stands for
the number ([[f(x)|dx)1/2.

Step 1. We shall prove:

(2)  There exists a complex-valued regular Borel measure A on G such that
Tf = Nxffor f € L?(G) N L'(G).

LeEmMMA 1. Let S be a bounded real-linear operator on LP(G) which sends real-
valued functions into real-valued functions. Let ||S|| denote the number

sup {{[Sfll/[Ifll»: f € L7(G), f # 0}.

For any q with 0 < p < ¢ = 2 and any real-valued continuous compactly-

supported f on G X G, we have
rle
uste [ (S ray) e

f (f ‘Sf<~,;v><x>vdy)””dx

=<
Proof of Lemma 1: For each n = 1, 2, ... there exist m (= m(n)), pairwise
disjoint Borel sets E;, ..., E, € G, and continuous compactly-supported
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real-valued functions gy, ..., g, on G such that if x; is the characteristic
function of E; and if f,(x, y) = > i1g.(x)x:(y), then

(8) support (f,) € K for some compact K CG X G and
sup {|fu(x, ) — f(x, ¥)|: (x,5) € G X G} —0.

It follows that [ [ |f,(x, ¥) — f(x, y)|?dx dy — 0, and so [ [ [Sf. (-, ¥) (x) —
Sf(-, ¥) (x)|’dx dy — 0. By passing to a subsequence we may assume that for
almost every x € G we have Sf,(, v) (x) — Sf(:, ¥) (x) for almost every y € G.
Then Fatou’s lemma yields

fle(-,y)(x)I“dy < lim inf flen(-,:v)(x)I“dx
for almost every x, and so

f(f]Sf(.’y)(x)lqdy)p/qu < lim inf f(f|an(.’y)(x)lqdy)p/qu‘

We will be done with the proof of Lemma 1 when we establish

@ timint [ [1snconera) e s usie [ ([ o)

Fix n and recall that f,(x, v) = > i1g:(x)x:(y). For< = 1,...,m,let hy(x) =
g:(x)m(E)Y% A theorem of Marcinkiewicz and Zygmund [3, Théoréme 2],
implies that

S ise) e < usie [ 5 maeor) e,

and so

f (f |5fn<"y><x>|“dy)p/qu = [ISIP f ( f i, y)l“dy)mdx.
f(f‘f"(x’ y)lqdy)mdx—’ f(flf(x,y)l”dy)mdx

by (3), so (4) is established.

But

The preceding lemma is essentially Lemma 2 in [1], where it is stated with-
out proof. We have included the details for the sake of completeness. We note
that part of the argument which follows was inspired by the proof of the
theorem in [1].

We return to the proof of (2). Let S be either of the real-linear operators
f— Re (Tf),f — Im (Tf). If we show:

(5)  There exists a real-valued regular Borel measure u on G such that
Sf = p* f for real-valued f € L?(G) N L'(G),
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then (2) will follow. We note that S is a real-linear operator on L?(G) which
commutes with each R, (x € G) and satisfies the hypothesis of Lemma 1.

Let U and V be neighborhoods of the identity e in G with U relatively
compact, V symmetric, and V2 C U. Let # and & be continuous real-valued
compactly-supported functions on G with #(x) = 1 for x € U and & supported
in V. Taking ¢ = 1 and f(x, y) = u(x)k(xy) in Lemma 1, we get

ittt i 2 ( J ( f1swemem o) as)

2 ([ ([ 1seencomeis)a)”

and so, since S commutes with each R,,

© it 1l 2 ( (S 1s6eome i) a)

Since V? C U, V is symmetric, and support () C V, it follows that «(-y~1) is
equal to 1 on the support of & as long as y € V. Thus, if x, denotes the
characteristic function of V,

fV [S@(-y™R()) @y)|dy = fV |Sh(xy)|dy = flSh(y)xV(x_ly) |dy

= flSh Oxv (%) |dy

since V is symmetric. Now (6) yields

sttt et =  f (190000070 105) )™

1/p
gf( le<y-‘x>|”dm<x>) |SEG)Idy = (m(V))!"[|Shilx,

where the last inequality follows from an application of Minkowski's integral
inequality. Thus we have established

@ USIE el o (V)2 Ry 2 (1S

for any real-valued continuous % supported in V. It is easy to check that (7)
continues to hold for an arbitrary real-valued & € L1(G) so long as % is sup-
ported in V. But any compactly-supported % € L'(G) can be written as a
finite sum of right translates of L' functions supported in V—say h = > 5_1Rh;
where R; is right translation by some x; € G—and we can arrange to have
the sets {x € G: R;k; % 0} pairwise disjoint. With A denoting the modular
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function of G we then have

n

ISl 35 ISRl = 3 RSkl = 3 a1kl

i=1

< IS llully en (Y77 3 a6 el
Since -

n

1Z=:1 A(xi_l)[I}qu = ?L: [[Rihillr = [|R]]1,

it follows that (7) holds for any compactly-supported real-valued function %
in L'(G). Now (5) follows from Wendel's theorem [2, Theorem 35.5]. This
completes Step 1.

Step 2. We will show that the measure X of (2) is of the form > 7_1a6; where
8, is the unit mass at some x; € G and Y. %-1]a,* < 00. This will complete the
proof of the theorem. We begin by showing that \ is a discrete measure. We
will need the following lemma.

LeEmMA 2 (Lemma 1 of [4]). Let K be a compact Hausdorff space and let \ be
a complex-valued regular Borel measure on K. If for some p(0 < p < 1) and for
some finite positive number M we have

m

® 2 NE)N =M

j=1

for each m and each finite Borel partition {E;}"_y of K, then \ is of the form
S iady, where §; is the unit mass at some point x; € K and Y Fa|a, )’ £ M.

To show that A is discrete it is enough to show that the restriction of A to K
satisfies the hypothesis of Lemma 2 for each compact K C G. So fix such a K
and a relatively compact neighborhood E of e in G. We will show that (8)
holds for any Borel partition {E;}"_; of K with M = [[T|]Pm(K~'E)/m(E).

Fix ¢ > 0, compact sets K; C E;, and pairwise disjoint open subsets U, of
G such that

m

9 X INE;) — N(F,)|? < e ifeach F;satisfiesK; C F; C U,

j=1

Let U be a symmetric neighborhood of e in G with K;U? C U, for each j, and
let {Si}%=1 be a partition of K—'E such that each S, is contained in some right
translate of U. Then if x; is the characteristic function of S,(k =1, ..., n),
we have

ITIPm GE) = 1710 35 el 2 [ 35 17

= f}g NS Pdx = fE Zn:l A xS [Pdx.

k=
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Thus there exists some x € E (which we now fix) with

10) 3 NS S (171 E ) (E).

Forj=1,...,m,let F; = U xS5;~!, where the union is over all k such that
xS, UM K ; # 0. Since {5~} 5=1 partitionsxE~'K D K, it follows that K, C F,.
Since each S; is contained in a right translate of U and since K,;U? C U, for
each j, it follows that F; & U;. Now (9), (10), and the definition of the sets
F; yield

2 NE set 2 NEIF S e+ 3 MESTHF
< e + ||T|Pm (K E) /m (E).
But for an arbitrary ¢ > 0, this is (8) with M = [|T|]P m(K—E)/m(E). It

follows that M is discrete, say N = > %.,a:8; with 8, the unit mass at some
x; € Gand with > %.]a;] < ©. To complete the proof we need only show that
2 lag? < 0.

With no loss of generality we may suppose that no a; = 0 and that the
x; are distinct. Let IV; be an arbitrary positive integer and let Ny > N, be so
large that X %n,t1]a: = |a,//2 if 1 £ 7 < N,. Let U be a neighborhood of e
such thatx; U N x;U =0ifl £ 17 < j = N, Now

TP (@) = 1Pl 2 [ Gt pas

N1 Ni
=3 NU™) fPdx = 3
J=1 U =1 z;jU | zi€zU~1

Fixjwithl £j £ Nyand fix x € x;U. Thenx; € xUlandif 1 £7 £ N,,
1 % 7, then x; ¢ xU~1. Thus

f > ooz [ (o= T wi)ez [ , (lasl/2yas.

zi€zU—1 i 1=Ngo+
This and (11) yield
N1

ZITIP 2 3 lof.

(11)

zj

j=

Since N; was arbitrary, > 71]a;/? < o as desired.
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