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Abstract. We analyse isospectral sets of potentials associated to a given ‘generalized
periodic’ boundary condition (¢ J) in SL(2, R) for the Sturm-Liouville equation on
-the unit interval. This is done by first studying the larger manifold M of all pairs
of boundary conditions and potentials with a given spectrum and characterizing
the critical points of the map from M to the trace a +d. Isospectral sets appear as
slices of M whose geometry is determined by the critical point structure of the trace
function. This paper completes the classification of isospectral sets for all real
self-adjoint boundary conditions.

0. Introduction
We consider the differential operators

L(g)y=—-y"+q(x)y, xe€[0,1],
for q real-valued and square-integrable, i.e. g€ Lz[0, 1], with real self-adjoint
boundary conditions. Considering boundary data ( y(0), y'(0), (1), y'(1)) as vectors
in R*, the set of real self-adjoint boundary conditions can be identified with the set
of Lagrangian planes in R®, i.e. the set of two-dimensional subspaces on which the
bilinear form (v, w) = v, w, — VW, — V3w, + v,w; vanishes. The real self-adjoint boun-
dary conditions split naturally into the ‘separated’ boundary conditions, i.e. those
of the form

¥(0) cos a+y'(0) sin a =0, y(1)cos B+y'(1)sin =0,

where (a, B)€[0, w) x[0, w), and the ‘generalized periodic’ boundary conditions,
1.e. those of the form

(a b')(y(l)) =<y(0))
¢ d/\y'(1)) \y(©))
where det(?5)=1. The separated boundary conditions include the Dirichlet
(a =B =0) and Neumann (« = 8 = w/2) boundary conditions, and the generalized

periodic boundary conditions include the periodic (( ®Y=1) and anti-periodic
((2 5) = —1I) boundary conditions.

+ With an appendix by Johan Tysk, Department of Mathematics, University of California, Los Angeles,
CA 90024, USA.
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Our objective here is an inverse spectral theory for L. Given a spectrum, i.e. the
eigenvalues of L with their multiplicities for given boundary conditions, we would
like as complete as possible a description of the set of g € LE[0, 1] for which L with
the given boundary conditions has the given spectrum. This paper is intended as
the last in a series that began with the study of the periodic boundary condition in
[5]. The case of the Dirichlet boundary condition was discussed in some detail in
[6]. The remaining separated cases were studied in [1], [3] and [4]. Finally Johan
Tysk considered the generalized periodic case with b=0. Since his work has not
appeared elsewhere, though it was completed before this paper was begun we have
included it here as Appendix A.

The case of b# 0 in the generalized periodic boundary condition is the subject
of this paper. In the following sense this is the most general case. There is a natural
sequence of degenerations of these boundary conditions. One can send b0, then
a -1 and finally ¢ - 0, thus moving from the boundary conditions here down to the
periodic case. In the other direction one can reach the separated- conditions

—doy(0)+y(0)=0,  ay(1)+y(1)=0 (0.1)

by letting btoo in the generalized periodic conditions

( aoh b)(y(l)>=(y(0))
apdyb—b'  dyb y'(1) y'(0))°

and then send g, o and finally d,- o, thus moving from the boundary conditions
here to the Dirichlet case. Each of the steps described above produces significant
changes in the asymptotic behaviour of the eigenvalues as they tend to c© and/or
in the structure of the isospectral sets. At one extreme the Dirichlet isospectral sets
with the topology induced from LZ[0, 1] are homeomorphic to I°(Z), while at the
other extreme the periodic isospectral sets are compact tori, generically of infinite
dimension. In this paper we will begin to see how the isospectral sets for generalized
periodic boundary conditions ‘interpolate’ between these extremes.

As in the study of the separated boundary conditions (0.1) in [4], we have found
it easier to begin by considering the set of potentials and boundary conditions which
give a fixed spectrum. Identifying boundary conditions with matrices

a b
B_(c d)’
we let M be the set of
(g, B) € LR[0, 11x (SL(2, R)\{b =0})

such that L(q) with boundary condition B has the spectrum of L(g,) with boundary
condition B,. For all choices of (go, B,) in L[0, 1]x (SL(2, R)\{b = 0}) the structure
of M is essentially the same. On M one has a countable family of periodic commuting
flows which fix the entry d in B, and d takes all real values on M. Using the flows,
one can map M into an infinite product of circles, and this map is injective on each
level set M n{d =8}, 8 R. However, M ~{d = 8} is only a subset of the infinite
product of circles. The full description of M n{d = 8} is given in § 3, but one can
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picture it simply as follows: if we let 6, € [—n, n) parametrize the nth circle, then
the image of M n{d =8} is

{(6, 8,,...): % (8,— 8(8))> <0},

where the constant 8(8) goes from 00 to —00 as 8 goes from oo to —c0. Note that
one cannot change d on M without changing an infinite number of the 6, as well.
Once we have the explicit description of M n{d = d,} outlined in the preceding
paragraph, it remains to fix the remaining entries in B and study M n{B.= B,}.
This brings us back to the problem of isospectral sets of g for fixed boundary
conditions. Fortunately, b is constant on M, and hence, since det B=1,

Mn{B=Bj}=Mn{a=ay,d=d,},

so that we only need to study the level sets of the entry a as a function on M ~ {d = §}.
To get information on the topology of these level sets, we need to study the critical
points of a on M n{d = 8}. At this point a fortunate accident occurs. It happens
that p is a critical point for a as a function on M n{d =&} if and only if p is a
critical point for a+d as a function on M. Moreover, p is critical for a+d on M
if and only if it is fixed by the involution

b d b
g(x)> g(1—x), (‘c’ d)_)<c a).

This involution leaves M invariant and is the extension of the involution for the
boundary conditions (0.1),
q(x)->q(1-x), ag~> do, dy~ ay,

which was important in [4]. To each fixed point p on M for this involution we
assign an index 1, a finite subset of the non-negative integers. The cardinality of I
is the Morse index of p as a critical point of @ on M n {d = d(p)}. The main result
of § 4 is that for each finite subset I there is a unique fixed point p; on M of
index L

When I is the empty set &, a+d has a strict global maximum on M at pg, so
that M n{B = B(py)} is a singleton. When a,+ d, is not a critical value of a+d on
M, it turns out that the topology of M n{B = By} is determined by a,+ d, alone. If
a,+d, is not a critical value, then all the homotopy groups of M n{B = B,} are
isomorphic to those of a rather explicit subset of M whose topology only depends
on{I: ay,+d,<a(p;)+d(p;)}; cf. theorem 6.4. The main point at which our analysis
is incomplete is that we have not shown that the only accumulation point for critical
values of a+d on M is —oo. If that were established, then, as a,+ d, went from
a(pz)+d(pgz) to —0, one would see the progression in discrete steps of the
homotopy of M n{B = B,} from triviality to the full homotopy of M.

As in the case of periodic boundary conditions, Floquet theory plays a fundamental
role in the spectral theory here. In this paragraph we will outline the Floquet theory
for generalized periodic boundary conditions (with b # 0). In doing this we will
also fix some notation. We let y;(x, A, q), i =1, 2, be the solutions of

—y'+qy=2Ay
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for A € C such that the matrix

F(x,A,q)=(y1 yf)
y

1 )2
satisfies F(0, A, g)=1I Letting B denote the boundary condition matrix (¢5) as
before, we define the ‘discriminant’
A(A, q)=tr(BF(1, A, q))

and check that A is an eigenvalue for the boundary condition B if and only if
A(A)=2. Moreover, A(A) is an entire function of A of order 3 (cf. theorem 1.1),
and for the boundary condition given by B with b # 0 one can recover b and hence
the top-order asymptotic of A(A) as A - oo from the spectrum (cf. theorems 1.1 and
1.4). Hence by Hadamard’s theorem, given the spectrum of one of the problems
considered here—without specifying which one—A(A) is determined. In particular
the roots of A(A)=—-2, i.e. the spectrum with B replaced by —B, are determined.
For this reason one can without loss of generality assume that both spectra are
given and restrict oneself to the case b>0, as we will from here on. As in the
periodic case, A(A) - 00 on the real axis as A > —oco (assuming b > 0), and, as A > oo,
A(A) has an infinite sequence of non-degenerate minima less than or equal to —2
followed by non-degenerate maxima greater than or equal to 2 and no other real
critical values (cf. Appendix B). Hence the roots of A(A)=2 and A(A) = -2 listed
by multiplicity interlace in pairs once one is above A, the first root of A(A) =2; i.e.

A< A=A, <A =A<,

where A(A4_1) = A(Ag) =2 and A(A4s1) = A(Auis2) = —2. We will often refer to the
sequence {A,}%—o as the ‘generalized periodic spectrum’, even though strictly speak-
ing it is the union of two spectra. These spectra are listed by multiplicity as
eigenvalues, since A, = Ay, if and only if A, is an eigenvalue of multiplicity two
(cf. Appendix B).

The spectrum of —y”+ qy with the boundary conditions y(0)=0 and ay(1)+
by'(1)=0 is given by the roots of [ay,+ by3](1, A) =0. Since this boundary value
problem is self-adjoint, all these roots are real, and they are also simple (cf. (1.2)).
Hence we list them as a strictly increasing sequence {u;};5,. We call {u;}}2, the
generalized Dirchlet spectrum, since it reduces to the Dirichlet spectrum when b =0.
The generalized periodic and generalized Dirichlet spectra are related by the identity
(cf. lemma 4.2(iv))

[y3+bA(A)y2+b71(1, A) = [(ay; + byD)(dy + by))(1, A).
Since y,(1, A) is real for A real, this implies that the yu; lie in the ‘gaps’, i.e. in the
set where |A(A)|=2. In the case of periodic boundary conditions there is exactly
one Dirichlet eigenvalue in each gap above A,. Since A(A, g, B) and the u;, being
simple roots, depend continuously on B, it follows that for b # 0 there is exactly
one generalized Dirichlet eigenvalue in each gap above Aq, i.e. Ay, = u; =< A, for
j=1.

The plan of this long paper is fairly straightforward. In § 1 we determine the
asymptotic behaviour of the sequences {A,} and {u,} as k> o and show that the
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generalized Dirichlet spectra together with b, d and the ‘norming constants’
ki = y2(1, pi, g) form an analytic coordinate system on

Li[0, 1]1% (SL(2, R)\{b = 0}).

The point here is not only that these data determine (g, B) uniquely, but also that,
with the proper Hilbert manifold structure on the space S of sequences

(b, d, 1, Ky, P2, K2, .. .),
the Jacobian of the coordinate mapping is boundedly invertible so that the inverse
mapping is also analytic. This section is closely related to the early chapters of [6].

In §2 we present flows generated by analytic vector fields V, on Lgi[0,1]x
(SL(2, R)\{b =0}) which preserve M and move (u,, ;) around the (topological)
circle ki + bA(pi )k, +b* =0 while fixing b, d and (y;, «;), j # k. As in [4] and [6],
these flows can be explicitly integrated to give formulae for g and B on the orbits.
The formula for ¢ does not play a role in the sections that follow, but we use the
formula for B frequently.

In § 3 we identify M with an explicit analytic submanifold N of S by using the
flows of § 2 to show that the range of the coordinate functions is dense in N, from
which it follows that the range is equal to N since M is closed and the inverse
coordinate map is analytic. M thus inherits the analytic structure of N.

After some preliminary lemmas, § 4 is devoted to the proof of the existence of a
unique critical point of a+d on M with index I. For the proof of uniqueness we
use the explicit integration of the flows and the involution. The flows, however, do
not seem to be useful in proving the existence of critical points. For our proof of
existence we use another fortunate accident: for k sufficiently large the minimum of

J |k +q(x)|* dx

0

on a properly chosen subset of M is assumed at p;. For example,

1
min J’ [k + q(x)|* dx
Mnia=d} Jo
is assumed at pg for k sufficiently large.

In § S we show that the range of B on M is

B(p@)u{(: 3) b=b0,detB=1,a+d<a(p®)+d(p®)} (0.2)

and prove generalizations of this which will be used in § 6. Formula (0.2) shows
that d takes all real values on M, which had not been proven earlier in the paper.

In the final section, § 6, we collect all the information which we have obtained
on the isospectral sets M N {B = B,}. We show that they are always connected, are
non-compact when they are not singletons, and are analytic submanifolds of Li[0,1]
unless they contain fixed points of the involution. We conclude with the result on
the homotopy groups of M ~{B = B,} described earlier.

For the boundary conditions considered by Tysk in Appendix A there is a full
set of isospectral flows fixing the boundary conditions, so that the description of
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the isospectral sets for fixed boundary conditions become analogous to the descrip-
tion of M ~ {d = 8}. This makes some of the analysis nearly identical to §§ 1, 2 and
3 and we have not presented it in detail.

Finally we should point that we have not solved the problem considered in [2],
[3] and [6] of determining what sequences {A,} arise. It would be interesting to
learn if anything like the result of [2] for the periodic spectrum is valid here.

1. A coordinate system

This section is devoted to the construction of a global real analytic coordinate system
on Li[0, 1]1x(SL(2, R)\{b =0}). We will also determine the asymptotic behaviour
of the generalized periodic eigenvalues. The development follows chapters 2 and 3
of Péschel and Trubowitz [6] closely, and we state two basic theorems from [6]
here for future reference.

THEOREM 1.1 (theorem 1.3 of [6]). On [0,1]x C x LZ[0, 1]

) 1
() |yi(x, A, g)—cos A" x| T R (IIm A'?|x + | q]lx"%),
. sinAY2x| 1
(“) y2(xaA’ q) = A 1/2 Sm exp (lIm A 1/2|X+ ”q||x1/2),
(i) |¥i(x, A, q)+2A"?sin AV 2x| =< q|l exp (]Im A'?|x+ || q[|x"/?),
. , lql
(iv) |y3(x, A, g)—cos A‘”X!S—ILI/Ll exp (|Im A'?|x + | g[|x'/?).

By the Riesz representation theorem the Frechet derivative d F(v) of a function
on L? can be written d,F(v)= Ll) (0F/aq(1))v(2) dt. The following theorem gives the
‘gradient’ 3F/dq(t) for the y.

THEOREM 1.2 (theorem 1.6 of [6]). Forj=1,2

3y,
aq(1)
9y
aq(1)
where xg(t) is the characteristic function of E. These gradients are continuous in
(x, A, q). In addition
1 ! 1 ’
a_y,-=_J Vg ana fm-:_J g
9A o 9q(1) 9A 0 89(1)
We refer the reader to [6] for proofs of theorems 1.1 and 1.2. Theorem 1.2 is an
easy computation. Theorem 1.1 is also quite standard in various forms. We need
the particular form given here to control y, and y, for complex A and for g in

bounded sets of L°.
We begin by studying the generalized Dirichlet spectrum.

(%) = (D (1 (D)yAx) = y2(x)y2(£)) X10,:3(1),

(x) =y ()(y1 () y2(x) = ¥1(x)y2(t)) X10.2(1),
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THEOREM 1.3. The generalized Dirichlet eigenvalues 1,,(q, a,b),n=1,2, ..., arereal
analytic functions on L{[0, 1]x (R*\0). When b # 0 they satisfy the asymptonc estimate

1

Kn(q, a,b)=(n —%)2W2+2a/b+I gdx+r,,

0

where {r,} € I’(Z). For convenience here and elsewhere we will denote this by
alq, a,b)=(n—%)zwz+2a/b+J01qu+lz(n). (1.1)
Remark. When a #6 and b =0, the set of w, becomes the Dirichlet spectrum and
w.(g, a0)=n’m’+ J” g dx+ IP(n).
0

Thus the asymptotics change drastically when b=0. However, (1.1) does hold
uniformly in the sense that ||{r,}|, is uniformly bounded on sets where | g||, and
|a|/|b| are bounded.

Proof. This is precisely the analogue of parts of theorems 2.3 and 2.4 of [6]. We
will only sketch the proof, indicating the modifications needed in the arguments of
chapter 2 of [6].

Multiplying the identity

d? ) ay»
—_ta-— A,
( dx2 q— K o y2

by y, and integrating from 0 to 1 in x, one has

! ) ,9

J yi(x, p) dx=( yz£+ yz)(l m)-

0 op

Evaluating at u = u,, gives
_ (1, 1) (a%+ 3}’2)(1 w), b#O

1 b ou ou
j ya(x, p) dx= (1.2)
0 y2(17“'n) (a_(?& 3}’2)(1 #") a#o0.
a op d

Thus, since ady,/du(1, pa, g)+bays/au(l, p,, q) #0, the analyticity of u,(q, a, b)
follows from the implicit function theorem applied to the equation ay,(1, p,., )+

byi(1, un, q)=0.
The estimates of theorem 1.1 show that for A € C

|al (Ial Iblllqu) I 2
(el elall | gltmat2
bl [I/\I”2 AL JAf*2

Thus, as in lemma 2.2 of [6], Rouché’s theorem can be used to show that, for
N> N(al/|bl, l|ql), ay2(1, A, )+ by’(1, A, q) has exactly N roots in Re A < N>x?
and exactly one root in [A'/*—(N —3)@| < 7/2. This gives

()= (n=Hm+0(1). (1.3)

Y2(1 A q)+y5(1, A, g)—cos AV =<
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To improve (1.3) to (1.1), one can use the identity
1
d
Mn_(n_%)272=J _“’n(tqa ta, b) dt (14)

together with

O fdn y3(x, ) . 2 1/2 1
= =2sin" (w,) “x+ 0| —
ag(x) Iy, m)l? n

=1-cos 2(p,)’x+0(1/n) (1.5)
and
ot y3(1, pa)
aa  blly,(-, ma)?’
This gives w, = (n—1)2#%+ O(1) and (u,)">=(n—3)7+0(1/n), so that
cos 2(p,)"*x =cos (2n—1)mx+ O(1/n).

Using this improvement when one again substitutes (1.5) into (1.4), one derives (1.1).
O

The same methods will be used to find the asymptotics of the generalized periodic
spectrum.

THEOREM 1.4. The generalized periodic eigenvalues A,(q, B) satisfy the asymptotic

estimates when b # 0:
1

2
A2n(g, B)= n277'2+z(a+d —2)+J gdx+1(n),

0

(1.6)

1

) _
Aznii(g, B) = n2772+z (a+d+2)+J qdx+I(n).

0
Hence b and 2(a+d)+b L‘, q dx are spectral invariants.
Proof. The eigenvalues A, (g, B) are the roots of A*(A, g, B)—4=0. Using

A(A) = ay,(1,A) + byi(1, A) +eya(1, A) +dy5(1, A)
and the estimates of theorem 1.1, we have for |A|>1

|4%(A) —4=b°A sin” A%| = C(llgll, B)IA|2e™ ™. (1.7)
Thus, using Rouché’s theorem on the boundary of

{{Re z|=(n+3)*7}n{|Im z| = K},

one sees that, for n= N(|lq|}, | B)|, 1/]b|), A*(A) —4 has exactly 2n+2 roots in the
half-plane Re A < (n+3)?#°. On the other hand, Rouché’s theorem applied on the
contour |A"?~ nzx| = 7/4 shows A*(A) -4 has exactly two roots in the region [A"/*—
nwr| < w/4. These conclusions do not require det B=1 and hold uniformly on sets
of (g, B) where |lq||, | B|| and 1/|b| are bounded. In the case that det B # 1 all the
roots of A%(A) —4 =0 need not be real, but again, since A*(A) —4 is always real-valued
for A real, (1.7) implies that, for n> N(||qll, 1/|8], | B}}), A*(A)—4 always has at
least two real roots in the open interval (7°(n —1)?, #*(n+3)?). Hence, combining
this with the argument from Rouché’s theorem, we conclude that, for n=
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N(|lqll, 1/18], || Bli), A*(A) —4 has exactly two roots in |A"/>~n#w|< /4 and they

are real, and exactly 2n+2 roots in the half-plane Re {A}<(n+3)*#~
Combining theorems 1.1 and 1.2, one computes for real A
A(A)  bcosAl? ( 1 )

=- +0[—5 1.8

9A 2 AV (1.8)

where again this holds uniformly on sets where | q||, 1/|b| and ||B]| are bounded.

Thus for n= N(|\q|l, 1/|b], || B||) the two roots of A% (A)—4 in |A'?—nw|< /4 are

smooth functions of (g, B) by the implicit function theorem, and we label them

AZn(q’ B) <A2n+l(q9 B)‘
Now we are in a position to finish the proof of theorem 1.4 in the same way
as theorem 1.3. Since we require only b#0, we have for k=2n, 2n+1,

1
d
A(q, B)—A°=J E)tk(tq, ta, b, tc, td) dt. (1.9)
1]
The A$ are the roots of
b’A%sin*A'?=4  in(#*(n-3)* 7 (n+dH)?)

and hence
4 1 4 1
A, =nm——+ 0(—), A =n’r+—+ 0(—).
b n b n

Again combining theorems 1.1 and 1.2, one computes for real A
A 1+cos 21 "/? in 21 "/? 1
3A() _ b(cos A2 lECOS A X, i g2 SR T x) + O(—-l/2 :
aq(x) 2 2 A

Hence, using (1.8), implicit differentiation and |(A,)"/?
for k=2n,2n+1

— nr| < /4, one computes

/ .
E) =l_{_cos 2(a)" 2x+tan (A2 sin 2(Ak)‘/2x+ O(l>,
aq(x) 2 2 2 n (1.10)
A, 2 (1) A (1) oA, 2 (1) )
—=-+0|-), —=01|-), —==t0l—]),
da b n ac n ad b o n
uniformly for n= N(||q|, 1/]bl, || B||). Using (1.10) in (1.9), one sees
Ae=n’m2+0(1)
and hence (Ay)"?= nz+ O(1/n). Thus (1.10) shows
A 1 cos2mnx (1
=—+ -_—
ag(x) 2 2 O(")
Substituting this together with the rest of (1.10) into (1.9) gives (1.6). (M|

We now give the analogue for the generalized Dirichlet spectrum of the well
known result (theorem 3.5 in [6]) that the spectrum plus the ‘norming constants’
determine the potential. In the generalized Dirichlet case these data determine the
ratio a/b as well, but the method of proof is the same.
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THEOREM 1.5. If (¢, @, b) = (4, G, 6) = p, n = 1, and yo(1, pn, ) =y, pn, §) =
y2(1, ), n=1, then g=q and a/b=d/b.
Proof. Following the method of theorems 3.3 and 3.5in [6], we introduce z(x, A, g, ¢),
the solution of
—z"'+qz=Az

satisfying z(1, A, q, ¢) =—1, z’(1, A, q, ¢) = ¢. Then for n=1

Yo%, tn, 9) = =yx(1, pa)z(X, pn, g, a/b),

Y2(%, s §) = =y2(1, pn) 2(X, o, G, @/ B).
Consider the function

Fay =225 A @) = sl A, §))(2(x, A, g a/b) ~2(x, A, §, 8/ B))

ayx(1, A, ) +by3(1, A, q)
Note that the numerator is entire and the denominator is entire with simple zeros

at the u, (see theorem 1.3) and no other zeros. Thus f(A) is meromorphic with
simple poles at A = u,, n=1, with residues

R — —y2(1’ Mons ‘1)
" a(dya/om)(, pwa, @)+ b(3ys/ap)(1, p1.q)
Since (1.2) implies
__ ¥l pny q)
b [3 y3(x, . q) dx

(2(X, fns 4, @/ b) — 2(X, pn, §, /b))

(2(X, ptn, g, @/ b) — 2(x, pn, G, d/ b))%

n

we see R, =0.
The estimates of theorem 1.1 show that

ellm AV2x e]lmA‘/2|(l—x) [ - ellmz\l/zl
A|=C bcosA/“+0 (—-——)]
== e/ I

Here we used

z(x, A, g, €)= —y,(1—-x, g%) +cy:(1—x, g%),
where q*(x)=q(1—x), in estimating z(x, g, a/b)—z(x, g, @/b). Thus, taking
r,=(n—3)’7*, we see lim, ., Max, |-, [Af(A)|=0. Thus R, =0 for all n, f is entire,
and we see f(A)=0 for x€[0, 1]. In particular
y2(x, MHi, q) =.)’2(X, M1, 6)9
so that a.e. in [0, 1]
- 0=(q(x) = G(x))yAx, p1, 9)-
Since y, has only a finite number of zeros, we conclude
q=4.

Hence 3 g dx = [} 4 dx and (1.1) implies a/b=d/b. |

If (g, B) is an element of L*[0, 1]x (SL(2, R)\{b =0}), theorem 1.5 implies (g, B)
is uniquely determined by

{#‘n(q, a’ b)}flo=l, {yZ(l, /‘Ln(qa a’ b)9 ‘I)}C::l, b and d-
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As earlier, we use the notation B = (? 3). Thus these data could be used as coordinates
on L¥0,1]x(SL(2, R)\{b =0}). However, to construct analytic coordinates from
them, we will need several preliminary results. We begin with the analogue of
theorem 1.3 for the norming constants.

THEOREM 1.6. The norming constants y,(1, u,(q, a,b), q),n=1,2, ..., are analytic
functions on L’[0, 1]1x (R\0). When b # 0 they satisfy the asymptotic estimate

"t 1 R
y(1, ma(q, a,b),q)=((n—_)%)—w+;l—21 (n). (1.11)

Proof. Since y.(1, A, q) is analytic in (A, ¢) and w,(q, a, b) is analytic by theorem
1.3, the analyticity is immediate.
For the asymptotics we use the analogue of (1.4):

(_1)n+1 1 d
}’2(1, /Ln(q’ albl)s q)— :1_1 (J’2(1, f“‘n(tqa ta’ b)’ tq)) dt'

("“%)77_ 0
Using theorems 1.1 and 1.2, we have

WAL G) a1, Myalx A) = 91(1, Myl A))

aq(x)
—cos A% cos AV} (2x—1)
= + +0(A7¥?), 1.12
21 2A ( ) ( )
3 b
s _ _ I LN
oy 0o 9g(x)
Combining (1.12) with the estimates on u,,, and du,,/3q(x) and du,./da from theorem
1.3 and its proof, gives (1.11). O

Theorems 1.3 and 1.6 show that the mapping
®:(q, B)
-> (b, d’ y’l(qa a, B), )’2(1, I“'l(qa a, b), ‘I), /"'Z(qa a, b), Y2(1, /"'2(q9 a, b)’ ‘I), .. ')
takes L%(0, 1) x SL(2, R)\{b =0} into S, the space of real sequences

§= (ba da My, K1y M2y K2, . . '),

where
pn = (=3’ + 1+ P(n)
and
(_1)n+l 1 5
=——+4—[*(n).
“Tm-DHm n? (n)

To make S into a (trivial) real analytic manifold modelled on I, we introduce the
global coordinates on S, assigning

§=(b,d, r’l-zla'zhlZZ:’zZ"") (113)
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to s, where

lzn =/-"n("_%)277'2—'r

~ 2.2 ( l)n
K,,—27'rn( (n )77)

We claim that @ is a real analytic mapping of L[0, 1]x (SL(2, R)\{b=0}) into
S. For this we need to show that given (go, Bo) € L&[0, 1]1x (SL(2, R)\{b = 0}), the
functions u,(q, a, b) and y,(1, n.(g, a, b), q) are analytic on a (complex) neighbour-
hood U of (go, B,) in L*[0, 1]x M,,, independent of n, and that &>( U) is a bounded
set in I° (see theorem A.3 of [6]). The proofs of these facts follow the proofs of the
corresponding results for the Dirichlet spectrum in theorems 3.1 and 3.6 in [6] so
closely that we will omit them here.

As we observed earlier, theorem 1.5 implies that ® is globally one-to-one. The
final step in showing that ® is a global coordinate function is showing its derivative
@’ is boundedly invertible at all points of LE[0, 11x (SL(2, R)\{b = 0}).

and

THEOREM 1.7. In terms of the coordinates on S, ®'(q, B) is the linear mapping

aab
b b?

where e L’[0,1], B=("%) with ¢=(dd+da)/b+b(1—ad)/b> ie B is in the
tangent space to SL(2,R) at B. The pairings {ji.(q, a, b), (4, B)) and (kK'(q, a, b),
(g, B)) are given by

(4, B)> (b 4, 2( >+j gdx, (ii(q, a, b), (4, B)),(Ki(q, a, b), (4, B)), .. )
0

(in(q a, b), (q,B»——z(Z Z")—j gdx

! ab
+I|yz(u..)l|z‘2U yz(un)qu+(b e )}’2(1 un)]

and

(27°n*)"R\(q, a, b), (4, B))

1

=y(1, ) L i) ya(pen)g dx —y, (1, w,) I yi(p,)g dx

_(yZ(ls /J'n) J' yl(/“'n)yZ(/‘l’n) dx—}ﬁ(l, IJ'n) y%(/"'n) dx)

[(I-L (g, a, b), (4, B))+2(~—a—b)+‘|.1 qu]-
b b’ 0

The mapping @' is boundedly invertible.

Proof. The formulae for (s’ (4, B)) and (K, (¢, B)) are computed using (1.5) and
(1.12).
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Once again using the asymptotics for the u, in n, and y, and y, in A, one has
W = | y2( ) 22y3(n) = 1=—cos (2n —1)mx + O(1/n),
gn=(1/b)(|l y2(palll2?¥2(1, pa) —2) = O(1/n),
z, =270 ( o1, ) V1) Y2 n) = 31 (1, 1) Y3 (42n))

—27r2n2<J’ (321, )1 () y2(pen) = (1, ) y3(pen)) dX)
0

X || yo )12 2y 2 )
=sin (2n—1)mx+ O(1/n),
2u%n?

hn=— b (I (}’2(1, l“'n)yl(#‘n)y2(”'n)—yl(ls I"’n)yg(/"'n)) dx)

X ||y () 122¥2(1, )
= 0(1/n).

(1.14)

Hence

@'(q, B)4, B]=bf, +df;

1 1 1
j zjdx,J’ wlqu—dg,,J z,q'dx+a'h1,...),

0 0 0

+(002—‘i+
’ ’b

where f,eI’, i=1, 2, and
fi=(Q,0,..), £-=(0,1,0,...).
Thus to show that ®'(q, B) is boundedly invertible, it will suffice to show that
2a 1 1 1
¥:(4, d)—»(;+J‘ g dx, J w,§ dx+dg,, j zlqu+dh1,...)
0 V] 0

is boundedly invertible. Moreover, (1.14) implies
00> OZ_OI (I{Wn, 82} ~{=cos (2n = 1), O}[|*+ [[{z,, hn} — {sin (2n = 1)m, O}[|"),
where for {w, g}e L7[0,1]1xC
Jom g1 = [ IwP 418

Hence, applying theorem D.3 of [6] to the complete orthonormal sequence {0, 1},
{22 cos 2n—1)mx, 0}, {2"%sin 2n—1)wx, 0}, n=1,...,1in L’[0, 1] x C, we see that
to show ¢ is boundedly invertible it will suffice to show that {{1,2/b}, {w,, g.},
{2, 8}, {24, Ba}, n=1,2,...} is linearly independent in the sense that no element
is in the closed linear span of the others.

The key to establishing linear independence is the following observation which
we will use again in § 2. If we let w, and w_ denote two solutions of —u"+qu = Au
with A = u, and z, and z_ denote a second pair with A =y, u # v, then, letting
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[fel=rf2'—-2gf,

1
2 J wow_(z,z_) dx= (w+w_z+z_)|$+J (waw_(z4z_) —(wow_ )z, z_) dx

0 o

1
=(w.w_z,z )|o+ J. (wizi[w_,z_ J+w_z [w,,z,])dx
0

=(w,w_z,z_ )|0+;1—j Iws, z J[w_, z_]) dx

1
=(wow_z, z )|o+——[wy, 2. )[w_, z_]|o. (1.15)
m—v
Using (1.15) with w,w_= y3(u,) and z,z_= y3(u,,), we have
1
b
0=J Wa( ¥2( 1))’ dx—g,.iy%(l,#m) (1.16)
0
forall m=1,2,.... Similarly for m#n
! b
0=J 2 (Y3 pm)) dx =y S y3(1, ), (1.17)
1]
and trivially
2b
(J’z(,um)) dx—— —yz(l M) (1.18)

However,

1
b
J zn(yg(y'n)), dx—hni}’%(l, #’n)

]

=m’n’ L (¥2(1a)y2(1, ) ¥1(pn) = 911, ) yapn)(32(a)?)) dx - (1.19)

1
=772n2 f y%(#’l)yZ(l’ l"'n) dx#o'
4]

Formulae (1.16)-(1.19) show that no {z,, h,} is in the closed linear span of the other
vectors.

By the same method
2

! b
O:J zn(zm), dx —— hnhm,
0 4

1 2 b2
[ (z..) dx—;:h for all m,

and for m#n
2

1
0=J w,{(z,)' dx—b—
0

P
4 &

However, by (1.19)

1 b2
J w,(z,) dx ey gnh, dx #0.

o
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Thus we may conclude that no {w,, g,} is in the span of the other vectors.

Finally we note that
1 1
J z,,dx=j w,dx=0,
0 0

so that {1, 0} is orthogonal to the span of

{{w"’ gn}’ {z’l, h"}’ n > 1}
but obviously not orthogonal to {1, 2/b}. O

2. Flows
In this section we begin by finding vector fields (4, B) which are tangent to M. In
the case of periodic boundary conditions, the vector field (¢, B) with

6A(A)>’
j= 2(——— (2.1)
7 \oq()
and B =0 is tangent (cf. [5]). We will use (2.1) for ¢ here, but to get a vector field
tangent to M we will need to make B non-zero. One natural way to arrive at the
correct expression for B is simply to compute

1

0A(u)

— 4, v)dt 2.2

.[ o 9q(t) 1 (2:2)

using (2.1) and then choose B so that A( p) = 0. This is the approach we will take here.
From theorem 1.2 we have

BR) () o D3a(x) = (D)ya(x)) + by )y Dya(x) = i Dya(x))
9q(x) (2.3)

+ey2(x)(p2(D)y1(x) = yi1(Dy2(x)) + dy(x)(y2(Dyi(x) = yi(1)yax)),

where all functions are evaluated at (-, A, q). The derivative (3A(A)/aq(x))’ is the
derivative of the right-hand side of (2.3) with respect to x. The key to evaluating
(2.2) is the result of the computation (1.15), i.e. if we let w, and w_ denote two
solutions of —w"+ gw = Aw, then

1
1
2 J' wow_(z,z_) dx = (w+w‘z+z_)|(‘,+——v [we, z.][w_, z_1lo- 2.4)
] ®

The integrand in (2.2) is clearly a linear combination of terms like the one evaluated
in (2.4). Hence one could apply (2.4) directly to (2.2). However, it is better to try
first to find solutions of —u"+ qu = Ay, f, and f_, such that

3A(MN)
PBA) Al M5 ).
aq(x)
Then one can evaluate (2.2) with a single application of (2.4).
The functions f, in the factorization turn out to be the solutions of —u"+qu = Au

associated with the eigenvectors of BF(A). Let f.(x, A) = y,(x)+ c.(A)y.(x), where

BF(A)(C1 ) - f:(A)(cl )
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One computes easily

£.(A)—ay,(1,A)—byi(1,A)
ayy(1, 1)+ bys(1, 1)

The eigenvalues &, are the roots of £2—A(A)£é+1=0, and hence £,£6_=1 and

&+ €_=A. The product

Se=yn(x, M)+ yax, A).

cyx(1, A) +dys(1, A) —ayi(1, A) — byi(1,A)
f*f‘zyf”‘yz( oL A7 b0 ) )
+y§(1 —(ay,(1,A) +byi(1, A))A+ (ay,(1, ?)+by’|(1, z\))z)
(ayy(1, A)+bys(1, 1))
To simplify this, note that the denominator of the coefficient of (y,(x))> equals
1—(ay:(1, M)+ byi(1, A))(eyx(1, A) +dy3(1, 1))
=1—acyi(1, A)yx(1, A) = bdyi(1, A)y5(1,A) —ad(1+ y,(1, A)yi(1, X))
—be(yi(1,A)y2(1,2) - 1)
= —(ay(1, A) +by3(1, 1)) (eni(1, A) +dyi(1, 1))
since ad — bc =1. Thus
(ayx(1, A)+ bys(1, A))fof- = (apx(1, A) + bys(1, A))yi
+(cy2(1, A)+dyx(1,A) —ay,(1, A) = by (1, A))y1y,
+(=cpi(1,2) = dy5(1, A))y3 = 9A(A)/3g(x) (2.5)

directly from (2.3).
Now combining (2.1)-(2.5), we have

J" 9A(w)
o 99(x)
_38(w) 2A() |
~ aq(x) 3q(x) lo
Llaya(t, p)+ byy(1, ©))(ay,(1, v) + byi(1, v))
n—v
However, since B is symplectic, by the definition of f.

[falw), fe(0)lx=r = E(p) (D) f(), £ (W) x=0-

4(x, v) dx

L), £ (), f(¥)] R

Thus
0=[frlp), LIS (), f-(")]lo

and one is left with
jl—aA(“) d(, v) d =220) AC) | 26)
o 9q(1) aq(t) aq(t) 1o
Note that (2.6) is also true, trivially, when u = ».
Now we are ready to choose B(A) so that the flow determined by (g(, A), B(1, 1))
with ¢ given by (2.1) will be isospectral. Since

JA(A) , 3A(A)

=dy,(1, A)+by,(1, 1),

https://doi.org/10.1017/50143385700009470 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700009470

Isospectral sets for boundary value problems 317

one can use the trivial relations

3A(A) dA(N)
oa _yl(laA), ab —.Y1(1,)\),
dA(A) 3aA(A)
_— A —_— =/
y2(1, )’ ad J’Z(I,A)
to conclude from (2.6) that the correct choice is
B=( —b(dy,(1,A)+ by,(1,1)) v )
=d(dy,(1,A)+by(1,A)) +a(ay(1,A) + bys(1,1))  b(ay,(1,A)+by5(1,1))/"

2.7)

Thus we have proven:

THEOREM 2.1. For all real A the vector fields (4, B) = V(q, B, A), given by (2.1) and
(2.7), are tangent to the isospectral manifold M at (q, B).

Replacing the constant A in V(g, B, A) by any smooth function A(q, B) gives a
new vector field tangent to M. If we let A = u,(q, B), the nth generalized Dirichlet
eigenvalue, we get an analytic vector field V,(q, B). The vector fields V,, give rise
to commuting isospectral flows. The proof of this will be based on the uniqueness
theorem (theorem 1.6) of § 1. We will show that u,,, m # n, and y,(1, ..., q), m # n,
do not change under the flow of V, and that the motion of u, and y,(1, u,, q) is
determined by A(A, g, B) alone. Since the flow is isospectral for the generalized
periodic spectrum, A(A, g, B) is constant on the orbits. Thus it will be clear that the
induced flows on {u,}5—, and {y,(1, u,, q)}-, commute, and, since all the flows
fix b, d and ad — bc, the uniqueness theorem implies the flows commute.

We begin by showing that w,,, m # n, is constant on integral curves of V,. Let °
denote the derivative along V,,. The derivative y,(x, u, q), with i constant, satisfies

—y7+ qy,— py, = —Gy,.
Thus
1
I 4y3(x, 1) dx = (95— y5 ¥ x =0,
0

and, evaluating at u = u,,, we have

1
. (O, ) | . .
I @3, ) dix =2 (a1, i) + b3S, ). (2.8)
V]
Hence, since a(t)y,(1, m (1), g(1))+by5(1, w,.(t), q(¢)) =0 by definition, using the
chain rule and substituting (1.2) and (2.8), we have
1

)|
}’2(1, ﬂ'm) ]

1

-b .
V21, ) I Gy3(X, pom) dx.
2\1s Mm 1]

0=d}’2(1,#m)+( Y3(X, fm) dx)y'.m+

Thus, using (2.7),

1 1
(J Y3(X, thm) dx);im = J:) Gy3(%, pm) dx —y3(1, pm ) dyy(1, o) + by (1, na)).
0
(2.9)
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To avoid complications in the factorization (2.5) when A = pu,, we first compute
§o 4v3(x, ) dx, assuming g is given by (2.1), and then pass to the limit A = u,,(g, B)
at the end of the computation. From (2.4) and (2.5) we have

dA(X) | ay,(1,A)+by5(1,1)
aq(1) A= pm

1

j 35 am) dx = ¥3(1, )
0

1

X [yZ(x’ f“m),f-#(x’ )‘)][)’Z(X, “’m)’f*(x’ )‘)] . (2-10)

0
Note by the formula for f,
[y2(% ), fe(x,2)]=-1  atx=0,

and at x=1

LyaCx ) £ 11 =202 (0, 0, 2) b1, 0))

_ Y1, ) (a(yz(l, A)€.(A)+b)+b(yi(1, A)§i~a)>

b ay,(1, A)+ bys(1,A)
y2(1 I“"m) f:t(A)
Moreover, by (2.3)
dA(A)
—aq(l) =dy,(1, A)+by,(1, 7).

Thus, combining (2.9) and (2.10), we conclude that along V,

(L] Y%, ) dx)plm = ( lim ay:(1, A) + by:(1, “)(yzul;z”'"')— 1)

Ao, A — Mm

0, n#m,

=[ 22, pm)+b( )(1 ,,,)](L(ll;f—'”)—l), n=m.

To further simplify the case n = m, one may use (2.8). The final result is: the derivative
of u,, along V, is given by
0 if m# n,

/‘im= b _J’2(1, f“n) ifm=n (211)
y2(1’ I'Ln) b ’

Since

t—1
Alpm) = [ay, + b(z'y—z-—-) +cy,+ dyé]

Y2 (1, )

(2.12)
— _b _y2(19 #’m)
}’2(1, /J'm) b ’
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one sees
fin =V A (p,) ~ 4, (2.13)

where v denotes either the positive or negative square root. The correct choice of

v at t=0is given in (2.11). Subsequently the sign of 4, changes from + to — when

W hits A,,, and from — to + when w,, hits A,,_,. Thus, since A(A) is constant on

integral curves of V,, u,(t) is determined by the initial values of u,, ¥,(1, i,,, q)

and A(A).

Finally, since for u,, = u,.(gq, B)
b _J’Z(l, Homs 11)
y2(1, o, 9) b ’

A(I-"m, q, B)=-—

we have

Y21, fom, q) = —b/ E(tm),
where £(u,,) is one of the roots of ¢~ A(u,,)+ 1. For m # n, since b, A(A) and u.,
are constant on the integral curves of V,, and y,(1, .., q(¢)) is continuous in ¢, we
conclude y,(1, pm, q) is constant on the integral curves too. For m = n we still have
A(A) determined by the initial data and

y2(1a F’n(t)s ‘I(t))=—b/§*(llm(t)), (214)
but now *= £ is determined by
fin = = Ex(pn (D) + £ (1a(D)). (2.15)

Thus we have proven:

THEOREM 2.2. The flows generated by the vector fields V,, n=1,..., commute. The
data p,, and y,(1, u,,, q) are constant on the integral curves of V, for m#n. On
“integral curves of V,, p, and y,(1, u,,, q) are determined by (2.13), (2.14) and (2.15).

As in the earlier papers in this series, the vector fields V, can be integrated
explicitly. As before, the integration is based on the following tricky but directly
verifiable observation which actually goes back to Darboux (see the discussion in
chapter 5 of [6]): if
' —d*f/dx*+ qf = af (2.16)
and

~d’g/dx*+qg = Bg,

and we set
d2
§=9-275logl,
S=1/f and g =(1/f)Lf, g], then
—d*f/dx*+df =af, —dg/dx’+§i =B

These equations only hold where f# 0, and since f in general will have zeros, the
usefulness of this observation is not immediately clear. However, one can repeat
the argument with § in place of gand (1/) [, g] in place of fin (2.16). Then setting

2

. d

P

i Coglifel,  Fe—le, @i

[f, gl =

dZ

f
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one again has —f”(x) + é(x)f(x) = Bf(x) when [ f, g](x) # 0. Moreover, if —h"+gh =
vh, then, setting

S {Lfg] [fih] [f h]
[f,g][ ;s J=tr-emsta Atra® 218)
one has -—i:"(x)+{i(x)}:(x) = yﬁ(x) when [ f, g](x) # 0. As we will see, it is possible
to choose f and g in the cases we require so that [f, g](x)# 0 on [0, 1].

Given (g, B), we let u,(t) be the solution of (2.13). To integrate V,, we must

choose f and g and B so that

m(d, é)={

h=

#m(q’ B)’ m¢n’

/.L,,(t), m=n
A A a YZ(I;N'm(Qa B), q), m;én,
2 1, n ,B ’ =
el ol B {—b/g*(un(r», m=n

The correct choices turn out to be

f=.V2(x, Hon, Q), g=f*(x, l"n(t)’ q, B),
where once again * = £+ is determined by (2.15). Taking (2.17) with these choices
of f and g as the definition of 4, we need to show that (2.17) does define a potential
in L[0, 1], choose B and then show that (2.19) holds.
LEMMA 2.1. [y2(pn, £u(A)])(x) <O for (x, A) [0, 11x[Azq_1, A2n]-
Proof. This proof follows the proof of lemma 6.1 in [6] closely. We have

D) LOONO =1, [yalia). 0D =222 g )
Since A(/‘Ln =“b/.}’2(1, I“'n)_y2(1, M’n)/ba we have f*(ﬂn)‘—_“b/h(l, /“n)=§l(“n)

or g*(/"'n) = _J’z(l, ”'n)/b = 52(/"")~ Thus [yZ(/"'n)af*(A)](x) <0 for /\ € [A2n~1; A2!!]
when x=0 or 1.

Since ayl(l’ f“n)+by’l(1’ /‘Ln) = ‘b/}’Z(l, F’n)’
&(pn) + by3'(1, ) J -

lim [ya(pn), f5(A))(x) =~1- 3%, pn) dx

> 5} 33
S a2 (1, u) + b2 (1, ) 70
ou o
(see (2.8)). Thus the limit is monotone in x and by the preceding paragraph we
conclude

lim [ y>(u,), f(A))(x) <0

A=y

for xe[0, 1].
Let g=sup{pu'=2ay,: [yapn), fi{p)1<0 for (x,u)el0,1]x[pn, p'}}. If
[y2(pn), £(2)]1<0 for xe[0,1], @ =A,, and we have part of the conclusion. If

[y2(pn, £()1(xe) =0, then
x,€(0,1), 0= [yZ(I-Ln),f*(IZ)],(XO) = (;I - p,")yz(xo’ f‘n)f*(xo, i),

and [ y2(ua), fi(2)]1(x) does not change sign at x = xo. From [ y,(u,), fo.(2)1(x5) =0
and either y,(x,, p,) =0 or fi(xo, 2) =0, it follows that y,(xo, p.) = fi(xo, &) =0.

https://doi.org/10.1017/50143385700009470 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700009470

Isospectral sets for boundary value problems 321

Since both these zeros must be simple, it follows that
[2(n), £(12)1(x) = k(x = x0)° + O((x — x0)*)

with k # 0. This contradicts [ y,(u,), f,()](x) being of one sign on [0, 1] and we

conclude
[y2(pn), f(X))(x) <O
i ical. 0

for (x, A)e[0, 11X [u,, A2,]. The argument for A €[A,,_,, u,] is identical
With lemma 2.1 we know that for &, €[As,_1, A2n]

log [ £.(i2,), y2(pn)]

A

d
q = q d 2
is a well defined potential on [0, 1]: §— q is absolutely continuous. Thus by (2.17)

— yz(x, ﬁn, q)
YO = )y yalan)]

satisfies —y”"+ gy = [1,y. Since y(0)=0 and y'(0) =1, we see
y(x) =y, fin, §)-

To choose B so that wald, B)= ., we need to pick 4 so that
ay(1, fin, §)+ by5(1, i, G)=0.

We have

y2(1, /2"’ é) = —b/g*(ﬁn),

I 2 A A
yé(l, ﬁ", q\);_ .V2(1, Hons ‘1) _)’2(1 Mo,y q)(#’n Mn)f&zna q) (219)

-yl pns ), »1, u,., q9)
b f*(ﬂn) §*( n)
- a _(/‘zn_ﬂ'n)bzf*(l, /2"’ q)
XA g

Thus

A A A ’ Py A 1 b3f (1, /‘2", q)
ay2(1’ Hons ‘I)+b)’2(1, Hon, Q)=§ (/.2 ) * -
W Mn

(—ﬁb+ab—(ﬁn—m) £ ()
x\Mn

Thus we require
bzf*(l’ /j'n’ q)

d=a—(fn.—pn) -
g*(f:n)A b ) (2.20)
+
=a—(#’n #")b2 yZ( af"na ‘I) {f*([f,,)
ay2(1’ ) q)+by2(la Hons q)

and define
(¢ 2)

where ¢ is determined by dd — b = 1.
LEMMA 2.2, u,.(4, I§) and y,(1, n,,,(g, ﬁ), q) are given by (2.19) for all m
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Proof. By (2.18), since [ y,(u.,), ¥2(A)] vanishes to second order at x =0, we have

#’n_lzn [,Vz(ﬂ«n),)’z(A)]
A"/.L,, [yZ(Mn)’f*(/j'n)]

y2x, A, §) = ya(x, A, q)+ Si(x, fin, ).

Hence

a1 A G) = ya(L, A q)+un—/2.. ay,(1, A, g) +byi(1, A, q)
s /Ny T2 A, Ay

i, 2.21
e xR £, 6y ) @21)

and

, A , Hn -
ya(1L, A, §)=yix(1,A, q)+ A S, i, q)

_lin (b(/“'n —A)y2(19 /\a ‘I)

&(fn)
ay>(1, A, @)+ byi(1,A, q) R
+ A : 1’ ns
&.(Fn) F+(L, fny )

_b(ayy(1, A, g) + byi(1, A, g)) - . )
yz(l', s q)f*(l-in)z [J’z(ll«n),f*(ﬂn)] (l)f*(l, ) ).

Thus, since ay,(1, um, 9) + by5(1, p., ) =0, it follows directly from (2.20) that for
m#n '

n

ay(1, pom, )+ by2(1, p, §) =0.
In § 1 we showed
pom = (m =3)?2+ 0O(1).
Thus w, must actually be the mth zero of ay,(1, A, §)+ by,(1, A, §) for m large.
Consequently, this function has no zeros other than {u},,., and 4,. Thus

A B /-Lm(q’ B), m¢n’
pm(4, B) ={ o

C m=n"
Finaliy we note that (2.21) implies y,(1, gm, §) =y-(1, m, q) for m#n and
}’2(1, ﬁna é)= -b/g*(ﬁn) O

Combining theorem 2.2, lemma 2.2 and theorem 1.5, we have proven:

Mns

THEOREM 2.3. The solution to (4, B) = V,(q, B) with initial data q(0) = q, B(0)= B
is given by
2

d
q(t) = q_zﬁl‘)g [f*(l-"n(t)a q)a y2(y'ns ‘I)],

@ (un(1) = ) Lrls 1) @)
B £ (1))
B LD, q) I
- ST it AN R 28
¢~ ()= p)bd™5 )

where p,, = p,(q, B), and u,(t) and * are determined from (2.13) and (2.15).

The formula in theorem 2.3 may be iterated to give the result of moving successively
on integral curves of V,, ,..., V, . Without further computation this would involve
vo(x, A, q;) and f(x, A, q;, B;), i=0,..., k—1, where (q;, B;) is the result of moving
(gi-1, B;~,) along an integral curve of V;. However, since the flows commute, it is
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possible to derive manageable expressions for the final (g, B) in terms of y,(x, A, qo)
and f.(x, A, qo, Bo).

To derive the formula described in the preceding paragraph, we begin by comput-
ing the analogue of (2.21) for f.(x, A, 4, é). For w,, & and A distinct, and o ==,
5=, let
A=y,

o (x4, ¢, B)+
A—p,

I“’n—ﬁn [yZ(an)yftr(A)]
/\_ﬁn [yZ(/'Ln)’f;i(ﬁn)]

f(x)= f5(x, fin, g, B).

Note that f(0)=1 and by (2.17)
—f'+af=Af

Thus to show that f(x)=f,(x, A, §) it suffices to show

(7))

We will do this without assuming A(A, g, B)=A(), g, B), hence proving (g, B) is
isospectral to (g, B) without using theorem 2.3. We have, with £,(A) equal to the
root of £~ A(A, g, B)é+1=0 used in defining £,(x, A, g, B),

() -G8 ) (&R )
() e V8 a)
Hence, since [3:(8), £,(A)1(0) =1,
() -+ (7o)
(e GGG ER G )]

+ (#’n _fin)((/“"n — A)ftf(la A)f&(ﬁn) _ (l"n _ﬁn)f;s(la ﬁn)ga(A)>

A_}zn (f&(ﬁn))z
x(bzfs(l,ﬁn))
bdfs(1, 4.))
Since
o g2 fo(1, i)
- priafns
(6—a>= ben =)0 i)
E_C A _f&(l’ /-2,.) ’
-~ bde~—rnr
(e = ) o=
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() -= @ (710) (o)

we have

as claimed. Thus

A A A — Hn Mon _ﬁn [yZ(#’n)’fU(A)] A
f("(x’ A’ b ] B) =( A~ )fcr('xs A’ q’ B)+( A ) A f (x’ ‘L"’ q’ B)'
R Ve X=fin ) [yapn), fo(n)1"
(2.22)
To get a compact formula for the result of moving u, to &, k=1,..., N, we

will need a compact formula for [ y,(a, §), f.(B, 4, 1§)]. For this we note first
J(x 2, y2(pn), y2(@)] = ya(x, @) y2(en), £ (Bn) 1= y2(x, ) y2(@), £i(B0)].
Hence (2.21) may be rewritten

Ay _ a— ﬁn .‘2" ~ Hn [.Yz(a,f:k(lin)]
y2(x’ a, ‘I) ( ))’2(’% a, q)+(a_ﬂa") [yz(u,.,ﬁk(ﬁ,.)] }’2(X, Mons q)
(2.23)

n

Next by (2.22) and (2.23)
[yaa, §), £,(B, 4, B)Y = (a—B)yxx, a, §)f. (%, B, §, B)
=(a —ﬁ)[(iiﬁ)(%)yz(x, )fy (%, B)
a—pn/\B~ fn
+ ( [ _ﬁn)<ﬂ'n _/2") [yz(/"’n),fa(ﬁ)]
a _I"Ln B _Ij’n [yZ(/"n)af:S(fzn)]

fin_f"n ﬁ_f“n> [yZ(a),f;S(/zn)]
+<"“M)(B—ﬁn [3atian)s o)1 2 KNI B)

B = s\ [ n = B\ [¥2(2), L (B2 @), £5(42a)] . ]
) ) e A el

- [(ﬁ)(”;‘?)[yxa),fa(ﬁn
a—pn/\B = phn
+< a—B )(ﬂn —ﬁ,.) [yz(u,.),fo(B)][yz(a),ﬁs(ﬁn)]]
a = py B _/2" [YZ(F'n)yf:S(ﬁn)]
and we conclude

[}’2(‘1, é)9fcr(ﬁ’ é’ é)]

_ (M)(”‘—'f")[yz(a, 0,58, 4 B)]
a—pn,/\B—

+( a —B )(/‘Ln _ﬁn) [.}’2(Fm, q)’fo(B, q’ B)][)’2(a, Q),ﬁs(ﬁn, q, B)] (2.24)
a— iy B_ﬁn [yZ(F’n’ ‘I),f:s(lzm q, B)] ’
since both sides of this equation equal —1 at x=0.

THEOREM 2.4, Assume u, # i, fork=1,..., N. Let

Yz(X, a)f:s(xy ﬁn)

6,(¢, B) =—— [ 21> s fo (i 4, B)]

i — Mk
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and let 6(q, B) be the matrix with entries 6;.. Using the flow of Vi, k=1,..., N, to
move p, to iy and y,(1, i, q) to —b£, (i), i=1,..., N, one reaches (§, B), where

2

d
q—2— 5 log|det 6(q, B)],

N A A
A M - 3 0(13 y ,B)
d=a-Y b I] (——f g’)(uk—uk)f——* Pi 4
!

k=1 ek \ e — & () 7
N A A
M — K “ fcrk(la 2 ,B)
- £ b 1 (S8 (g, -y o8 D)
k=1 I=k \Mg — Hy §ak(ll-k)

d=dand b=».

Proof. Letting (q,, By)=(q, B) and (g, B.) be the result of moving from
(gm-1, Bm_1) in the flow of V,, formula (2.24) implies for j, k# m

(f‘j—lfm)(l:‘:'k—l-zm) jk( s B,

(I‘-j —,“'m)(l-"k _F'm)

B8im(Gm—15 Bm-1)Omic(Gm—1> Bm-1)
O (Gm—1> Bm-1) )

Consider the process of reducing 6 to upper triangular form by Gauss elimination.

Letting 6, (gm, B) = 6(m) and

= jk(qm—h Bm-—l)— (225)

(#j _lfm)(l-:k —fim) _ aj(m)bk(m)
(”’j - “’m)(u'k - “’m)
after the entries below the diagonal in the first column have been cancelled, (2.25)

ci(m) =

implies
011(0) .. olN(O)
det 6 = det ? 022(1):922(1) e CzN(l):GzN(l)
6 ena(D0n21) - ean(1)8nun(1)
6,,(0) <o 0,8(0)
22 ‘e (1
- 11 a(1) 0 byde| °  ° (1) b:n(1)
j=2 k=2 : : :
0 On21) - o0 Oan(1)

Thus, proceeding in the same manner,

dete:(Nﬁl ﬁ a;(m) H bk('”))ji O (k—1).

m=1 j=m+1 k=m+1

Since theorem 2.3 implies
2

d
g=q- Z 2 10g|0kk(qk 1> Bi 1)|
we have proven the formula for § in theorem 2.4.

To prove the formula for B in theorem 2.4, it clearly suffices to prove the formula
for @ and we will use induction on N for that. In the case N = 1 the formula reduces
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to (2.20). Assuming the formula for N = M —1 and applying it to (q,, B;),

M M - A
é‘=a1—Zb2H<A >(k oy Lo g1, B).

k=2 Mk — §ak(ﬁk)
1=k
However, (2.22) implies for k=2,..., M
P M A
ftn.(la Mis 415 1)" _ A fak(l M’ka o, BO)+I~L ﬁlfo-l(ly 1590, BO)
1 k

Thus, using (2.20) to replace a, by a,, to complete the proof of theorem 2.4, it
suffices to show

M 2 M M 5
1+ 3 B ’f*n(”k ) 1 Gt (2.26)

k=2 fy — i 1=2 \fi — & 1=2 My~ M

Formula (2.26) is just the statement that the sum of the residues of
1 M
<%= F(2)
z—fyic2z2—fy

at z=f,,..., itpsy must be 1, which follows from limm;(,o zF(z)=1. (]

Remark 2.5. In theorem 2.4 we assume fi; # ux, k=1, ..., N, since otherwise 8 will
be undefined. However, in theorem 2.3 the corresponding assumption, u, # ., (1),
is not made. While strictly speaking [ £, (x,., ¢), ¥2(s., q)] is undefined, it should be
clear from the computation in the proof of lemma 2.1 that in theorem 2.3 one should
define

Ex(pn) + bys '(1, pn) J"‘

. P y3(x, wn) dx.
a—= (1, p)+b=2(1, p,) "°
p op

[fe(tens 9), y2(ptn, @ (x) =1+

It is possible to extend theorem 2.4 to general ;2;(, k=1,..., M, in asimilar fashion,
but, since we will not have further use for §, we will leave the extended formula
for g to the reader. To extend the formulae for B in theorems 2.3 and 2.4 to general
i, one has only to observe that
" LA 1 +b¢!
lim (4 —,u,()f*( ba) ___ ya(1, i) gﬂ:i#k)

B a2 b 20, )
I

3. The manifold M

In this section we give M the structure of a real analytic manifold. The strategy for
doing this is quite simple. In § 1 we showed that the mapping & was an analytic
homeomorphism. Elementary considerations show ®(M) is contained in an explicit
analytic submanifold N of S. Using the fiows of § 2, we can show ®(M n{d =d,}) =
N n{d=d;} when M n{d=d,}# . In § 5 we will see that the range of d on M
is R, and we will conclude ®(M) = N. Here we only show that there is a d,, so that
d(M)=Nn{d<d,}. Hence M inherits its real analytic structure from Nn
{d <d.,}.
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The manifold N is the subset of S defined by the relations

A2n—lsl"n§A2n’ Ki+bA(/“Ln)Kn+b2=0’ n=1,2,..., (31)
2d 2(a,+d !

b=b,, -b—+r=%2+‘[ godx=1,, (3.2)
0

where (qo, Bo) € M. The function r is the coordinate function on S from (1.13). We
have already seen that '

_b _)’2(1, l"’n(q’ B)’ q)
y2(1’ f"n(qa B), ‘I) b

(see (2.12)), so that (3.1) holds on ®(M). Moreover, combining theorems 1.3 and
1.4, we see that (3.2) holds on ®(M) also. Thus ®(M )< N.

That N is an analytic submanifold of S is a consequence of the properties of A
stated in the Introduction. These imply that

(i) |A(AL)| =2 for all k,

(i) JA(u)>2for Ay i <p <Azm,

(iii) if Ayn_; <As,, then dA/0A # 0 at A,, Or Ay, _;.
Hence for each n (3.1) defines a real analytic curve—topologically a circle in ‘the
(tn, k,)-plane if A,,_; <A,,. When A,,_,=A,, this curve degenerates to a point
and (w,, k,) is constant on N. By (1.6) the number of indices n for which A,, = A,,_,
must be finite, and we delete them in what follows. We may give N locally as an
explicit submanifold in S by solving

A(ua(q, B)) =

K2+ bA(pn)x, +b*=0

for k, or u, as is appropriate for each admissible index n.
Since the topology on S is induced by the topology on I via the coordinate map
s §, any point s,€ N has a neighbourhood U in S such that on U

‘M‘n_(n_%)zﬂz_r(so)|<l and |Kn<b

for n=n(s,). Hence, since N will be an analytic submanifold if it is given locally
as the graph of an analytic function, and the preceding remarks show we can ignore
any finite set of indices in proving this analyticity, it suffices to prove the real
analyticity on V={{gn}n>n,:{b, d, u1, k1,...}e U for some {b, d, u,,Kky,..., pn,,
K, Kny+15 - - -1} O

F: {/l~r|}r|>nl d {Krl}n>n| s

where

Kn = (b/2)A(a) (V1= 4(A(p,)) 2= 1)

and n,> n(s,) is chosen large enough so that on U one has A,,_, < pu, <A, for
n=n,. Since each component of F is clearly analytic on V=
C{ntnsm {Re{pa wsn € V, [Im {u,}| <1 and {Im {u,}}.>n € %}, it will suffice to
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show that the image of V, under F is bounded, i.e. that {{K,},n,: {Kn}n>n € F(V})}
is bounded in I°, where K, = n’(x,+(—1)"/n); cf. theorem A.3 of [6].

Showing F is locally bounded requires a sharper estimate on A(u,) than we have
used up to now. Since, given (go, By)e M,

A(f") = ao}’1(1, 223 ‘Io)+ by;(l, My q0)+ Co}’z(l, M, qO) + do)’é(l, M, qO)
and [V, ~(n—3)w|<A/n on V,, one sees easily from theorem 1.1 that on V,
|A(f"n) - by;(la Hns ‘Io)| < B/n'

To avoid the O(1) error term in the basic estimate for y}, we use

S )_y£y1—1 _ =sin® (p,?) +(cos (1."*) O, D) + O(p ")
o o T e wn 7 sin w2+ 0w, )
Thus |A(x,) = bmr(n—3)(—1)"|=C/n on V, and

(" |_D
a(n=3] " n*’

Ka{ttn)+

Thus, since D is constant on V;, we see {(Kn,(in,),-..): (&n,...) € V;} is bounded
in the 1*-norm. Thus we conlude that N is a real analytic submanifold of S.
Given (q,, By) € M, one sees from theorem 2.2 that by using the flows from the
vector fields V,, V., ... successively, one can reach a subset of M n{d = dy} whose
image under @ contains all points of N n{d = d,} such that for n sufficiently large

(tn, ) = (1n(go, Bo), y2(1, pn(qo, Bo), g0))- (3.3)
By (3.2) on Nn{d=d,}
r=I,—2dy/ b,
i.e. on Nn{d=d,}
= (n—=327"+ I,—2dy/ bo+ I*(n),
and we see that the points of N n{d = d,} satisfying (3.3) for all but finitely many

n are dense in Nn{d =d,}. Since ® ' is continuous and M n{d = d,}—as the
intersection of closed sets—is closed in L[0, 1]x SL(2, R), we have proven:

LEMMA 3.1. D(M n{d =d,}) = Nn{d =d,}.
To complete the argument outlined in the first paragraph of this section, we only
need the following:

LemMA 3.2. The range of d on M is (=0, d,) for some d = co.
Proof. In this lemma we make our first use of the *-involution. Since this involution
fixes M and interchanges a and d (cf. lemma 4.1), a and d have the same range
on M. Thus we only need consider the range of a on M. Given (g, B) e M, we have
from theorem 2.3

Yo 1, pa(t), )+ b (a(t))
y21, ma(1), 9)+ bys(1, wa(1), q)
as one moves (g, B) under the flow of V,. In particular, if we move to the point

a(t)y=a—b*(p.(1)— p,)
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with w, = p.(g, B) and k, = b*(y*(1, ., q))”", we have (see remark 2.5)

a

=a_b2 y2-—b2y2—1 =a+b y%(l,“n,q)_bz

0 a 14 1
a2y p22 J Y3(X, pa, q) dx
o O | (L 0

by (1.2). Since
Y21, o, g) =sin® w(n =3 x/ 7*(n —3)°+ O(1/n’),
we have
a,=a-2b’7’n’+0(n). (3.4)

Thus d(M)=a(M)> (-, a].

Since (q, B) was an arbitrary point of M, to complete the proof we only need
show that d cannot assume its least upper bound on M. Suppose it did assume this
maximum value at (go, By). Then we could choose a A, such that ayy,(1, Aq, go) +

by5(1, Aq, go) # 0. By theorem 2.1 d # 0 at (q,, Bo) on the integral curve of V(q, B, Ao)
through (g, By). Since this curve lies in M, the proof is complete. O

4. Even points
In this section we will describe the points of M which are fixed by the involution

g(x)-> g*(x)=q(1-x),
<a b) (a b)* d b
-> =
c d c d c a
on M. The fixed points of this involution play the role of even potentials for Dirichlet
and periodic boundary conditions and, following [4], we call them even points.
These points are important when one considers the submanifold of M, Mj, obtained

by fixing the boundary condition B.
We begin with two simple lemmas.

LEMMA 4.1. The *-involution maps M onto M.

Proof. Suppose —y"+q(x)y = Ay and
(a b)(y(l))z(y(O))
¢ d/\y'(Q) y'(0)/
Letting z = y(1—x), we have —z"+¢*(x)z= Az and
(a b)( z(0) )_( z(1) )
¢ d)\-z(0)) \-zQ)/)
(z(O))_(l 0)<a b)"(l 0)(2(1))
20 \o -1/\c¢ d/ \o -1/\z(1)
_(d c)(z(l))_(a b)*(z(l))
“\b a/\z(1)/ \c d/ \z(1)

https://doi.org/10.1017/50143385700009470 Published online by Cambridge University Press

Thus


https://doi.org/10.1017/S0143385700009470

330 J. Ralston and E. Trubowitz

since det (2 5) = 1. Thus (g, B) € M=>(g*, B*) eM and, since * is an involution, the
proof is complete. O
LeEMMA 4.2. The following identities hold :
i) »(1, A g% =yi(1, A, 9),
(i) 21,4, 9%)=px(1, 4, q),
(iii) yi(1, A, 9% =yi(1,4,9),
(iv)  y3(1, A, )+ bAM)yx(1, A, q)+b°
= (ayy(1, A, @)+ byi(1, A, 9))(a*ya(1, A, g%) +byi(1, A, %))
=y2(1, A, ¢*)+bAA )y, A, g*) + b7
We have already used (iv) in the special case A = u,(a, b, q).
Proof. To verify (i)-(iii), we note that since y,-.(l -x,A,q%),i=1,2,solves —y"+qy =

Ay, we must have
(yl(l—xa Aa q*))=<‘11 az)()’n(X, Aa q)) (4 1)
y2(l _x’ A: q*) (£ £} 2 7] }’2(X, A’ q) )
forsome constants a;,i=1, ..., 4. Evaluating (4.1) and its derivative at x = 1, we have
(1)___(a1 az)(}ﬁ(h&‘l))
0 ay  as/\y:(1,A,9))’
( 0 ) =(a1 az)(yi(l, A, q))
_1 as ay yé(la /\a q)

(al 02) ___(}’1 _y’\>_l=(y£(1a A, ‘I) _y;(l, /\, q))
as  ay Y2~y AL A q) —y(1,A,9)
by the Wronskian identity. Substituting for (3! 32) in (4.1) and evaluating the resulting

expression and its derivative at x =0 gives (i)-(iii).
To verify (iv), we compute as follows:

A(A)=[ay,+byi+cy,+dy3](1, A, q)

Hence

[ b(y,ys—1) ,
= ay,+—-—-—————(y‘f)2 +cy2+dy2](1, A q)
L 2
[ + b*y,y5+ bey3+ bdy,yy — b®
_ bay,y,+by\y3 : Cy2 Y2y2 ](1, A q)
L Y2
_ [ bay,y,+ b’y,ys+ adyi + bdy,y) by
= - - (1’ A’ q)
L by, y2 b
[ +by3)(dy,+b b
_|{ay2tbys)(dy,+by)) by, (1A, q).
| by, y. b
Now (iv) follows by multiplying by by, and collecting terms. O
The identity (iv) is important here because it is related to the basic formula
A ~ y2+ b, ] -
= —-— b2 L —_— . _— . .
a=a (llf_, l‘g)[ay2+ by; (1’ Hjs ‘1) (4 2)
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of § 2. By (iv), [¥.+ b€, 1(1, i, ) =0 only if g; is a root of [ay,+ by3](1,A,4)=0
or of [dy,+ by,]1(1, A, g) =0. We let the roots of [dy,+ by, J(1,A,q)=0be v,, v5,....
Since the v are just the u for (g*, B*), they have all the properties of the u established
in § 1. In the next lemma we think of y,+ b§, as a function on

{(p, £): £ -A(n)é+1=0},

but we denote the two branches as £.(w) as before.

LEMMA 4.3. If v,=u, and Ay, # A5, then A,,_, <pu,<A,, and one branch of
v, +bé, has a zero of order 2 in p at p = p,,. y,+ b&, has no other zeros and hence
is of one sign for Ay,_; =< u < A,,. Moreover, y,+ b¢, is of one sign for A,,_, = pu < A,,
only if v,=p,.

Proof. By theorem 1.3, ay,+ by; and dy,+ by, have simple zeros at u, and v, for
n=1,2, ... respectively and no other zeros. The first step in this proof is showing
that, if u, =v,= Ay, or u,=v,=2A,,,, then A,, = A,,_,. If either of these occurs,
it follows that y,(1, u,) = £b, y5(1, u,) = Fa, y,(1, u,) = Fd and thus y{(1, u,) = +¢,
since y,y5—y1y,= 1. Hence

(a b)(.}’l(l,#n) »(1, /"‘n)>=<:':1 0 >

¢ d/\yi(1, ) yi(1, pa) 0 T1)

Thus the generalized periodic eigenvalue at A = u,, has multiplicity 2 and we conclude
Azp_1= Agye

Since [ay,+ by3]1(1, A) and [dy,+ by,]1(1, A) both have the asymptotic form
b cos VA +O0(1/VX),

it follows that their derivatives at u, and v, respectively have the same sign. If
v, = @, it follows from lemma 4.2(iv) that [(y, + b, )(y,+ b£_)](1, i) is non-negative
on [A,, 4, A,,] and that it has a double zero at u =pu, and no other zeros in
[Azn-1, Az,]). Since £, # £_on (A,,_, Az,), it follows that, if A,,_; <A»,, one of the
factors y,+ b¢, must have a double zero at u = w,, and the other factor is non-zero
on [As,_;, A, ]- On the other hand, if v, # u,, then lemma 4.2(iv) implies [(y,+
b¢ )(y,+bE)(1, u) is negative on the interval between v, and u,. The lemma
follows immediately. ]

Now we are ready to study the fixed points of the *-involution. The point of
contact with the preceding discussion is the following lemma:

LEMMA 4.4. The point (q, B) is fixed by the involution if and only if v,(q, B) = n,,(q, B)
for all n.

Proof. By lemma 4.2(i) and (ii) for each n

va(q, B) = p.(q*, B¥).
Thus the necessity of the condition is obvious.

Suppose u, =v,, n=1,2,.... Since by theorem 1.3
1
Mn=(”—%)zﬂz+2§+J qdx+(n),
(4]
1

d
v,=(n—3’7"+2 Z+J q* dx+ I*(n),

0
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we conclude a =d. Since y,(1, u,,, 9) = y>(1, w,,, g*) for all n by lemma 4.2(i), we
see ®(q, B) = P(q*, B*) and hence (q, B)=(q*, B*). O

Lemmas 4.2, 4.3 and 4.4 make it possible to assign an index to the fixed points
of the *-involution. If (g, B) is fixed, then

Fu, &)= (u —#;)(

y2(1’l"’q)+b§ )
ay2(19 M ‘I)"'b}’é(la M ‘I)
is of one sign on the jth gap, i.e. on

{(, E): Agj 1 ==Xy, 0= E£-Ap)é+1}.
The index of (g, B) is the set I(q, B) of j for which A,;_, <A, and F; is non-positive
on the jth gap. This set is always finite: since y,(1, A, g) > 0 as A - o, one sees from
lemma 4.2(iv) that the sign of F; on the jth gap for j large will be the sign of
E.(m;)(adyar/op (1, w;, q)+bay./op(l, u;, ). From (1.2) and the asymptotics of
A(A) and y,(1, 1) as A - o0, one sees that this expression is positive for j large.
The main result of this section is the following converse to the preceding remark:

THEOREM 4.5. For each finite subset I of Z \{j: A,j_, = A,;} there is a unique fixed
point of * on M of index 1.

Our strategy in proving theorem 4.5 will be to exploit the fact that the fixed points
are precisely the critical points of the function @ on M. Using the mapping ® of
§ 1 to identify M with N n{d <d.}, we may consider a as an analytic function on
N n{d <d.}. Given a finite subset I of Z,\{j: A;_, = Ay}, it is natural to split
N n{d <d,} into the product of the finite-dimensional torus

Nl ={(“’j|, Kjl, M) /"'jl’ Kj,):ji € I}
and the infinite-dimensional analytic manifold
Ni={(bd, p, Kjs -y Mjps Kjpy - . 1 Ji € I, d < doo}.
The points of N; and N;- are subject to (3.1) as well as, in the case of N, (3.2)

and the asymptotic conditions defining S. Clearly N n{d <d,}= N, x Ny, and we
denote points of N as pairs (7, s), re N;, s€ Nj-.

LeEMMA 4.6. There is an analytic function r(s) from N, to N; such that

a(r(s), s)= nllviln a(r, s).

Moreover, a(r, s)> a(r(s), s) for r# r(s).
Proof. Since f(r)=a(r, s) is a continuous function on a finite-dimensional torus, it

assumes its minimum at a point we call r(s). Then, using the formula from theorem
2.4 with (g, B) =(q(s), B(5)) =®'(r(s), 5), the values of a(r, 5), r€ N,, are given by

a=a(r(s),s)— Z b*(o; — ;) H,(a A)[;yz;b:;;](l,oj), (4.3)

Jj#i
where (o, £,(0;)) ranges over C;={(u, §)= E—-A(u)+1=0, Ayo1 = p = Ay} for
Jj €I, and we use remark 2.5 when o; = w;. Since y,+ bf must be non-positive on C;,
we see from lemma 4.3 that v;(g(s), B(s)) = u;(q(s), B(s)), j€ I. Moreover, since
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lemma 4.3 also implies that
(m;(g(s), B(5)), =b7"ya(1, u;(q(s), B(s)), 4(s)))
is the only zero of y,+ bf on C;, it follows from (4.3) that a(r(s), s)<a(r, s) for
r# r(s).
To see that r(s) is real analytic, we first note that given so€ Ny, Ay <
u;(q(so), B(so)) <Ay, je I, and hence g, je€ I, defined in (1.13) are admissible
coordinates on N, near r(s;). From (4.3)

0, i#],
d%a

I, (r(s0), 50) = —bz[ (8*/op®)(y,+ b¢,)
ady,/op+bays/op
Moreover, since the zeros of y,+ b¢, at
(15(q(s0), B(50)), =b™'y21, ui(q(50), B(50)), 4(s0))),  Jje€,
are exactly of order two, (aza/aﬂf)(r(so), $0) >0, j € I. Thus we may use the implicit
function theorem to solve

](1, 1i(g(s0), B(50))),  i=}J.

da

—(r,s)=0, jel,

7
with base point (r(s,), so). This yields an analytic function 7(s) defined near s, such
that (da/op;) (7(s), s) =0, je I, and (aza/a,zjaﬁ,.)(F(s), s) is positive definite. Setting
(4(s), B(s)) =@ '(7(s), s), it follows from lemma 4.2(iv) that »(4(s), B(s)) =
w;(4(s), §(s)),je I, and hence F;(u, ¢) is of one sign on C, j € I. The positivity of
the Hessian of a at (F(s), s) then implies 7; is non-positive. Thus (4.3) with (r(s), 5)
replaced by (7(s), s) implies a(7(s), s) =< a(r, s), re Ny, and we conclude #(s) = r(s)
for s near s,. ]

The uniqueness statement in theorem 4.5 is a consequence of the following:

ProPOSITION 4.7. Suppose (qo, Bo) = '(r,, 50) a fixed point for the *-involution of
index 1. Then ro,=r(s,) and

a(r(so), so)>min {a(r(s), s), d(r(s), s)}
for s# s,.

Proof. If (qo, Bo) is of index I, it follows immediately from lemma 4.6 that r,= r(so).

Let a'=a(r(s"),s"), d'=d(r(s’), s") and a,= a(r(s,), so) = d(r(sy), s¢), and sup-
pose min {a’, d'} = a,. Since the *-involution fixes y,(1, ) and A(x), and hence
a(r(s)*, s*)=miny, a(r, s*), the involution must take (r(s),s) to (r(s*), s*) for
some s* € N;< by lemma 4.6. Hence we can assume without loss of generality that
a'=d' If a’ > a,, then, as in the proof of lemma 3.2, we can use the flow of V; for
Jj sufficiently large, and hence in I° to move a’ down below a,. Thus we have s”
such that a(r(s’), s")<a, and hence a(r(s"), s") < a,, but d(r(s"),s")=d’. Since
N;cn{d =d'} is connected and a is continuous, it follows that there is an s” such
that a(r(s"), s") =a, and d(r(s"), s") = d'. Finally, using the involution, we get s,
such that a(r(s,), s,)=d’'=a, and d(r(s,), 8,) = ao=d(r(s5), o).
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Let (g, B') =®7'(r(s,), 5;) and set
(/'Zj9 f*(,U:,)) = (Mj(‘h , By), _b_])’2(1, Mj(ql, B}, q.))
for je I°. By theorem 2.4 and the continuity of ®~'

o g2 - G — mi\| vt bé, “
a(r(so), $1) = 1111_120 a,—-b jezs,,, (#j /-"j) ieIlN<le _,in)[aoy2+ byé](l’ /-l-i), (44)
inj
where the u; and y, are computed at (qo, B;) and Sy=I°n{j= N}. Thus
a(r(sy), 51)=<ay and d’' = a(r(s,), s;) = a(r(sy), 5,). Since d' = a,, we conclude d'=
a,. This means that we can repeat the preceding argument with (r(s’), s’) in place
of (r(s,), s1), i.e. (4.4) holds with a(r(s,), s,) replaced by a(r(s,), s') and (g;, &,(;)),
je I°, defined as before with s, replaced by s'. Thus, since a’'= a, by assumption,
we conclude a’ = ao and (i;, £4(11;)) = (1;(go, Bo), —b™'v2(1, u;(qo, Bo), qo)) for je
I<. Since d'=d(r(s’), s’y =ao=d(r(sy), 59), we have s'=s,. O
Proposition 4.7 implies that to find a fixed point of the involution with index I,
we only need find an so € I, where sup n,. a(r(s), s) is assumed. However, since N,
is not compact, we have not been able to do this directly. Instead we will exploit
a connection between maxima of a4 and minima of

Jl (k+q)* dx

0

on Mn{a=d}.

LeEmmMA 4.8. For any real constant k, the derivative of %_[(1, (k+ q)* dx on the flow of
the vector field (4, B)= V(q, B, A) in theorem 2.1 is given by

[%J (k+4q)* dX] =[(d—-a)(A+k)y;+y)+(c+(A+K)b)(y,—y2)(1, A, q).
(4.5)

Proof. We have
1 1
[%J (k+q)’ dx] =%J (k+q)g dx.
V] 0

Since (2/b)(a+b)+j(')qu is constant on M (see (3.2)) and the vector field is

tangent to M, we have (see (2.7))
k

! k .
5,[ gdx=—+ (d+d)=[k(d—a)y:+kb(y,—y3)1(1, A). (4.6)

Using the abbreviations
W=ay(L,A)+by'(1,1), [yl=cy(1,2)+dy'(1,)),
the formula for dA(A)/dg(x) given in (2.3) becomes
dA(A)
aq(x)
Substituting the derivative of this expression for 3§ and systematically replacing qy

=119 (%) = (Py2(x)) + y(x)[y:1y1(x) = [11]y2(x)).
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by y"+ Ay, we arrive at

1
3 j g4 dx = (y) ()’ + Ay Do — ) (rivs+ Ayiy)lb

[}
+[y1(iya+ Ayl =2 + aydlo
= [(ay2+ by))((¥1)>+Ay?) + (cy2 + dys — ay, — by )(y1y2+ Ay1y2)
—(ey1 +dy)((¥2)*+ Ay)(1, A) = [A(ay, + by3) — ey, —dyi1(1, 1)
=[—ay)+Aby, — cy3+ Ady,~ Aay, — Abysr + ¢y, +dy11(1, 1)
=[(d —a)(y1+Ap2)+(c+Ab)(y1 —¥2)1(1, A). (4.7)

In passing to the third equality, we used (y,y5—y,y}) =1 four times. Combining
(4.6) and (4.7) gives (4.5). O

The following proposition completes the proof of theorem 4.5.

PROPOSITION 4.9. Given a finite index set 1, let M, = ® '({(r(s), s): s € Nj<}), where
r(s) is the analytic function of lemma 4.6. Then for k sufficiently large ‘

M;~{a=d

1
lim ) J (g+k)*dx
V]

is assumed at a fixed point of index 1.

Proof. First we show the minimum is assumed. Since, as noted in the proof of
proposition 4.7, the involution leaves M, invariant if a —d is not identically zero
on M,, it must be of two signs on M,. Hence, since N;< is connected, we conclude
M, n{a =d} is non-empty.

Choosing a sequence (g;, B;) in M; n{a =d} on which

1
%I (g+k) dx
V]

tends to its infimum, we can choose a subsequence such that g; > g, weakly in
L’[0, 1]. The sequence a; =d; is bounded, since (2/b)(a;+ d,-)+_[$ q; dx is constant
on M, and ¢;= af—l/b, since B;e SL (2, R). Thus we may assume B; -> B, with
A =dy.

To see that (g, Bs) € M 1 {a =d}, we note first that theorem 1.5 of [6] implies,
for I=1, 2, yi(x, A, g;,) > yi(x, A, g) uniformly on bounded subsets of [0, 1]x C.
From the formulae

X

Yi(x A, g) = —A M2 Si“”z”J cos A2 (x = 1)q(t)y(4, A, q) dt,
V]

X

y3(x, A, ) = cos A’/2x+J cos A2 (x~ 1)q()y(t, A, q) dt,
0

one sees that yi(1, A, g;,) = yi(1, A, ) for A € C. Thus A(A, g, Bo) =A(A) and
(9w, B») € M. Finally, since

on C; for j€ I, the characterization of r(s) in lemma 4.6 shows (¢, B.) € M.
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Since Ll) (g+k)* dx can only jump down on weakly convergent sequences,

1 1
J (k+gx)® dx=Mmin J (k+q)* dx,
0

1~{a=d} 0

and the derivative of

J (k+ q.)? dx

V]
along any differentiable curve in M; n{a = d} must vanish when the curve passes
through (g, Bx). If M; n{a=d} is a smooth submanifold of M, the preceding
condition is equivalent to: the derivative of

J (k+q.)? dx

0

along any differentiable curve in M, tangent to M, and {a = d} at (¢, B.), vanishes
when the curve passes through (¢., B»). The second form is much more convenient
for us, so we will show that {a=d} and M, intersect transversally and hence
M,; n{a=d} is smooth.

Given (q, B)e M; n{a =d}, theorems 1.7 and 2.2 imply that {V.(q, B):jel}is
a basis for the tangent space at (g, B) to ®'(N, x{s}), where s is the component
of ®(g, B) in N;-. Thus, since V,(g, B) is in the tangent space to M at (g, B), there
are unique ¢ €R such that V, -}, ¢V, is in the tangent space to M, at (g, B).
Let y(t) be a smooth curve in M with y(0)=(g, B) and vy'(0)=V, —Yier GV,
Then, since u;(q, B) = v;(q, B), j€ I, for (q, B)e M,

LLd-al(y ()| =[ba+diyt Bty )L A 9 =h()

=0
and, since h(A)=2b%cos A"/>+ O(Xx™"/?), it follows that for suitable A

d
E[d—a](v(t))#o-

Thus {d = a} and M, intersect transversally at (g, B).
Now continuing with the same notation, let (g, B) = (g, B-) and let y(t) be a
smooth curve in M with y(0) = (g, B») and, for le I,
h(p) ( )]
"=V, ——— V.~ v w0y Boo)-
'Y( ) [ My h(A) A JZ:,CJ wy (q ’ )
By construction y'(0) is tangent to M, and {a = d}, hence

d H
o (% L (k+q(¥(2)))* dx)

Since dy, = aw, and ¥(gw, Bx) = (g, Bx) for je I, it follows that y)(1, My Goo) =
(1, i, go0) for je I Thus, when one uses lemma 4.8 to compute the derivative in
(4.8), it yields

=0. (4.8)

t=0

0= (ot b+ k) ys = Y311, i, 4ec) = (oot BA + Kk))[y1 = ¥51(1, A, Gc) T(T))'
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However, since h(u;) =[b*(y, — y3))(1, pu, 4), we have
(cot b(A+K)) , )
h(/\) [yl }’2](1,)\,‘1«:) .

(4.9)

0=([y1 =211, qoo))<(coo+ b(u,+k))—b’

Thus either [y, — y3](1, 11, g) =0 or the other factor in (4.9) vanishes identically
in A. Since ¢> —1/b on M n {a = d}, we may assume that k was chosen large enough
at the outset that c.+ b(A + k) is strictly positive on all the gaps. Thus, if the second
factor vanishes identically, [y, —y5](1, A, g-) must vanish at every zero of h(A).
Note that

h(A)=b([awy,+ by )1, A, g} +[dwy2+ by 1(1, A, go)) = bf(A) + bf*(A).

Since f and f* have the same sign at A,,_; and the same but opposite sign at A,,
forall n,weseethat h{A)hasazero £, inA,, (<A =<2A,, foralln. If [y, — y51(1, &) =0
as well, then &, =pu,(gwo, Bo) = ¥,(4w, Bo). Thus, if the second factor in (4.9)
vanishes identically, we can still conclude [y, —y5](1, w;, g-) =0. Since ! was an
arbitrary element in I, we get ¥;(gw, Bo) = (g, Bx) for all j, and by lemma 4.4
(g9, Bw) is a fixed point of the *-involution.

Now we only need show that (g, By) has index L. As in the preceding paragraph,
we assume k was chosen so that c,.+b(A+k) is positive on all gaps. Since
h(u;, 4o, B} =0 for all j, given leI‘, V, (g, Bs) is tangent to M n{a=d}.
However, V,, is tangent to M; as well. To see this, note that, as in the proof of
lemma 4.6, near ®(q., B.), d, r and the g are admissible coordinates on N
{d < d.,}. As in the proof of lemma 4.6,

3 a

——= (®(gw, Bx)) =0, i#].
O iOp;

Thus, differentiating the equations
da
—(r(s),s)=0, jel,
OH;
with respect to g, we see
ap;(r(s), s)
dfis (r($), V=P (g, Buc)

Thus V, (4w, Bx) is tangent to M; at (g, B).

Note that the image of {V,(q,B):j=1,2,...} under ®'(q, B) is clearly
codimension 1 in the tangent space to N n{d < d..} at ®(q, B). Moreover, V,{(q, B)
for A # pui(q, B), j=1,2,..., is not in the closed linear span of

{V;Lj(q’ B):J'__ 1, 2’ .. '},

since d # 0 on its integral curve at (g, B). Thus, since &’ is an isomorphism, we may
conclude that the closed linear span of {V,(q, B): A € R} is the tangent space to M
at (g, B).
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If we set (g, B) = V,(gw, B, A), it follows immediately that a+d =0 for all A.
Likewise by lemma 4.8

1
%J (k+q)dx=D
0

for all A. Thus the gradients of a+d and f, (k+q)* dx as functions on M vanish
at (g», B.). Hence by the chain rule, given y(¢) in M with y(0) =(¢., Bx), the
second derivatives at ¢t = 0 of these functions restricted to y(¢) depend only on ¥'(0).
To use the observation of the preceding paragraph, we note that the second
derivative at t =0 of § [} (k+ g)* dx along ¥(t) in M; n{a = d} with y(0) = (g, B)
and y'(0) = V, (g, B.) must be non-negative. Hence the same is true if we take
V(t) to be the integral curve through (gw, Bs) of V., 5/(g, B), where &(q, B) is
the zero of h(A, g, B) in Ay _;=pu = A,. An argument from Rouché’s theorem like
that used in the proof of theorem 1.3 shows h(A, g, B) has exactly one root counted
by multiplicity in A, =< u =< A,, for each I Thus &(g, B) is a well defined analytic -
function on M. Since d—d =0 on v, y(1) lies in M n{a=d}.
By theorem 4.8 for t near zero

d 1
E(.[ (k+q(y(0))? dx) = (c(t)+ b(&(n)+K)ly: — ¥41(1, &(1), 9(1)),

and by (2.7)

d
P [a+d](y(1)=—b’[y,—y3](1, &(1), q(1)).

Thus we must have (d2/d*)([a +d](y(1)))|,—o=0. Again, since the gradient of a +d
on M vanishes at (¢, B), this remains true if we replace y(t) by the integral curve
of V,, through (gw, Bs). Thus we conclude Fi(u, £ ¢, Bx) is non-negative on C,,
le I, and (g, B») has index L. O
In the course of the proof of proposition 4.9 we saw that a fixed point of the
involution was necessarily a critical point of a+d on M. Conversely, lemma 4.5
implies a critical point of a +d must be fixed by the involution. Thus we have:

COROLLARY 4.10. The fixed points of the involution on M coincide with the critical
points of a+d on M.

5. The range of B

If we consider B as a function on M, then its range is simply the set of boundary
conditions which give rise to the generalized periodic spectrum defining M for some
potential q. Since b is constant on and ¢ =b"'(ad —1), it suffices to determine the
range of (a, d). Using the results of §§ 2 and 4, one can find the range of (a, d) on
M, for all L.

THEOREM 5.1. Let (q,, B,) be the fixed point of * on M of index 1. Then the range
of (a,d) on M, is {(a,d): a+d <2a,}v(ay, a,;)}. In particular, this gives the range
of B on M when I is the empty set.
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In proving theorem 5.1, we will use one of the formulae of theorem 2.4 extended
to the case where one moves all the u, namely

d=a-b’ § (oj—uj)(ﬂ %_“i)[szrbg*,](l,%,q). (5.1

i=1 ixj 03— 0/ Lay,+ by}

We claim that (5.1) is valid whenever
s=(b,d, oy, —b{,(0,), 03, —b,(0),...)
is in the range of ®. From the continuity of ®~', defining (§, B) = ® '(s), it follows
that @ =lim y_ . an, where
N N ag; — i + b
aN=a_b2 Z (o.k—/"’k)(l_[ . M)[yz f* ](1’ Tj, ‘I)- (5'2)

j=1 i=1 0;—a;/ Lay,+ by,
i#j

Thus (5.1) will hold if the sum of products on the right-hand side of (5.2) converges
to the right-hand side of (5.1). This holds under the weaker assumption |0, — u| < C
for all k and [¢,(0y)| <1 for k> k,. To see this, we note that

M at ﬁ1<1+0' “)

i=10;—0; = —0;
isj
and
O~ [ C
=< - - (5.3)
o—~oil ml(j-3)*—(i-)}-C

for some C' independent of i, j. Thus we see that the products are convergent and
uniformly bounded in j. Using theoreem 1.1 and lemma 4.2(iv), we estimate the
term (ay,+ b¢,)(ay,+by3) ™" by

yz+b§*] ’ ’[dyﬁbyl]
[ah'*'b)’z “) vt béy (L )

3 bcos u"?+0(un""?
(/A1 +V1—4A(w) )+ O ()
_bcospu'2+0(u™"?
T —bu%sin 2+ 0(1)

)= 7(j—3)+ 0(1/)),

[ayz+by£ L] =7

Thus, since we have (o;

(5.4)

Thus the right-hand side of (5.1) is convergent and, by dominated convergence, is
the limit of the sequence of the ay.
Since proposition 4.7 implies
a; = max (min {a, d}),
if(a, d)=(a,, d,) at (g,, B)) € M,, we may assume, using the involution if necessary,
that a, = a,. Choosing k sufficiently large, we may use the flow of Vj as in the proof

of lemma 3.2 to move a, down to a,, moving (q,, B,) to (¢-, B,). Then, applying
the involution, we arrive at (g%, BY) with (a¥, a¥)=(a,, a,). Since (g%, Bf) has
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(a¥,d¥)=(d,, a,), and we know from lemma 3.1 that ®(Mn{d=a,})=Nn
{d = a,}, it follows that we can choose (o, £.(0v)), k=1,..., so that

di=a=b' T (a,-—v,-)(ﬁ "_)[ yot b, ](1, o.qH) (59

i=j 0= 07/ Lafy,+ by;
as in (5.1), where v, is the zero of [af +by3](1, A, g%) in Ay = A=Ay,

To arrive at the formula we need for the proof of theorem 5.1, we need to follow
the operations that lead to (g%, B¥) back to (g, B). This is not difficult. We have
y2(1, As q>2k) =.V2(1, /\5 q2) anda Combiniﬂg (2320) and (2'21)3

a,—a; | a;y,+ by}
)’2(1,)‘, q2)=y2(15 A’ ql)+ : 2 ’[ ’yz yziI(I’A, ‘II), (5'6)
b A= i
where u; is the zero of [a,;y,+by5](1, A, q;) in Ay <A <Ay Since [af y,+ byb]
(1, A, g%) and [a;y,+by5](1, A, g;) are entire functions of order 3 with the same
asymptotics as A - o0,

=]

A—
[a¥y,+bys1(1, A, g3) = ( H] g

Substituting (5.6) and (5.7) into (5.5), we have
© © - 4. + b — C—
d,=a, - b y (H g; ﬂx)([ Y2 g*,](l,U},QI)“’albzalP—}_'uj)' (5.8)

j=1 \i=10; —0; ay.+by; T~ Kk
ji

Note that the infinite products in (5.8) are convergent by (5.3).

)[al}’2+ by;1(1, A, q;). (5.7)

LEMMA 5.2

§(”f_"f) o=ty (59)

J=1\O; i/ i=j O;— 0,
Proof. Since |o; — 7°(j—3)*| < C for all j,

Sn=7Y ("’ “') | e
J

O~ K/ i#j0;—0;

is the sum of the residues of
1 o
Z— My i=1 20

in |z] < #>N? for N sufficiently large. On |z| = 7> N?, estimating as in (5.3),

fl2)=

ZT M
-0,
where C is 1ndependent of N and i. Hence, as N>, [[;. l(z wi)(z—a;) "1
uniformly on |z|= 7’ N”. Hence, as [z|= 7’ N2,
1 = z—p 1+0(1)
‘ z—;/,k,-l;llz—ai_ Z— g
Using §,z|:,zN2f(z) dz =2miSy, we conclude lim y_, o Sy = 1. To see that lim y. Sy
is the sum in (5.9), one may again use (5.3). a

O — M
-1 =\__._&

i

=C(|=*N*-#(i-9°]-C)',
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Substituting (5.9) into (5.8) gives a formula which implies theorem 5.1:
< o~ mi\| Y2+ bé
a,+d, =2a,—b* ‘—,( . )[ *]1 i q1)- 5.10
1 1 1 jgl (‘T, Ilg) il;IjU’j—O’; a2+ by} ( ,0},‘]1) ( )
Proof of theorem 5.1. Since (q,, B,) is in M,, and, as noted in the proof of proposition
4.7, M, is *-invariant, it follows that (¢, Bf) € M,. Thus, if we move o, to u,; and
£4(0;) to £, (u,) for je I, we will not decrease af, and (5.5) will become

® . G, —v; +b. .
dlsaz—szgl (cr,-—vj)(H ey &>[ ,y.f g*,](l,rf,»,q?),

i) 05— azy,+by;
where
. _{0,-, jelrs,
T My jel.

Hence the remainder of the proof of (5.10) after (5.5) shows

a,+d152a,—b2 Z‘(O:I_I‘L_])( H O-J— )[ y2 ](1’ _1’ ‘11) (5-11)

jel i#j 05— 0; ay,+by;

iel®

Since (q;, B;) has index I,
y2+ b¢
Fi(p, &) =(pn— »)[———*](1 s q1)
J M ] f“j a,y2+by2 M ql
is non-negative on C; for jeI“. Thus (5.11) shows a,+d,<2a,. Moreover, if
a,+d,=2a,, then o; = pu; for je I°. By theorems 1.3 and 1.4
M= 77'2(j _%)24' Ing —2a;/ b+ L(j),
where I, —2(a+d)/b +_f0 q dx is constant on M. Thus, since [ is finite, a, = a;.
To complete the proof, we only need show, for arbitrary a, < a,, sup (a +a,) =2a,,

where the supremum is taken over M, n{d = a,}. Let (qn, Bn) be the element of
M, with

(5.12)

u;(q;, By), JjeI‘n{j<N},
ui(gn, BN)=0;= 2(a . .
’ ’ /u,-(q:,Bz)+('b 1), jel‘n{j=N},
y2(1a J,QN)=)’2(1,0}',¢II), JEICﬁ{]<N}
and
y2(1’ qu)— bg*(o)

where |£,(0;)|=<1 for je I°n{j= N}. To see that there is an element of M, and
hence an element of M,, with these coordinates, note that by §3 &(M)> Nn
{d =d,}, and by (5.12) there are points in N n{d = a,} with the given data. Since
a,<a;=d,, we see that (gn, By) exists and lies in M; n{d = a,}. Thus, setting
;= w;i(q, Br), ,u.jN=,u,j(qN, By) and c¢=2(a;—a,)/b, and applying (5.10) to
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(g%, B%), we have for N large

© N— + b¢
+a.=2a, — b N _ ( Hj P«:)I:J’z * 1, N,
an T a, a jgl(#j lh) iEjM,N_MN a,y2+by§( Ky, 4qr)
N
B — M y2+ bé, N
=2a,-b* Y (u) — -)(H 2 )[ (L ey, ar)
! j§I i T i#j#‘jN_/J'iN ary,+ by; s
Y- ¢ +b
—bzc Z H (1+M" ,L") H (1+ ) - §*’ (lil'Lj'N’ql)'
j=N iel Mj —HMHi/ i=N M My a;y,+by;
i

(5.13)

Since the u, i€ I, lie in bounded intervals and I is finite, (5.3) and (5.4) imply
that the final sum in (5.13) tends to zero as*N - co, However, since (g, B;) has

index I,
Y2+ bé
A n2 O o ay,+ by} M, q;
is non-positive on C; for je I. Thus
li)rvn inf ay +a,=2a,. 0

6. The level sets of Bon M
In this section we apply the results of the preceding sections to study isospectral
sets when the boundary conditions are fixed. The subset of M with boundary
condition given by B =({ ) will be denoted by Mj. Since g g* is an analytic
homeomorphism of My onto My, we only need consider the case a=d for the
results given here.

Proposition 4.7 implies that, when a=d =qa; and I =, then My consists of a
single point, and by theorem 5.1, if a+d =2a_, then Mg= unless a=d = ag.
The first result of this section is that these are the only cases where M is compact.

THEOREM 6.1. If a+d <2ag, then My is not compact.

Proof. If a+d <2a, then by theorem 5.1 there is a point (q,, B,)e M with d,=d
and a,> a. The strategy for proving this theorem is to show that using the flows
from V,, j large, to move a, down to a, we can construct a non-compact set of
points in My. By theorem 2.3 on the orbit of (q,, B,) under the flow of V,
Y2+ bé
a(t)=a,— »t—<b2|:————*]l,-t .
(=a—(w()—n) avys+ byl (1, (1), q1)

For |u — 7°(j—1)*| < C and |¢,(n)| <1, (5.4) implies that

y»+ bE, ] (11)
—* 11, u,q,)=0[=).
[01y2+by§ ( f“’ ‘11) 2

Thus, since u;(g:, B,)=a(j—3)>+O(1), there is a j, such that for j>j,,
ln = (g1, B <1 and |¢,(p)|<1
Y2+ béy

—a<a,—b*(u—pniq,,B [———]1 . 6.1
a—a<a (H Fg(‘h 1) a,y2+by§(,#’ql) (6.1
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On the other hand,

ya+ b, ] b(-1)’ + 0(1/j) (1)
=511, Ay;, q;) = =1+4+0}{-~- 2
[a,y2+ byt ) A 9= g cos Vs + 0(1/)) j (6.2)
by (1.6). Thus there is a j, > j, such that for j> j,
v+ bé
a—a>a,— bz()‘zj' —#j(‘h, B')[MJ(I’ Azj, q1). (6.3)

Combining (6.1) and (6.3), we see that for each j> j,, My contains a point (g;, B)

with
/‘Lk(qj, B) = /'Lk(ql s Bl)
for k+#j and
|l“'j(qj, B) _/"’j(ql > Bl)‘ = l

This implies that the image of M, under @ is not compact and hence My is not
compact. O

Since lemma 4.2(iv) and lemma 4.4 imply the gradient of a on M n {d = d,} can
vanish only at fixed points of the involution, and conversely one sees from lemma

4.2(iv) and formula (5.1) with (g, B) =(q;, B;) that Mj does have a conic singularity
at fixed points of the involution, we have the conclusion:

THEOREM 6.2. My, is an analytic submanifold of L’[0, 1] x (SL (2, R)\ b =0) unless it
contains a fixed point of *; hence it is analytic unless (a, d) = (a;, d;) for some I # .
If (a,d)=(ay, a;) for some I # O, then Mg has a conic singularity at (q,, B;).

One property of Mp which holds without exception is connectivity.

THEOREM 6.3. My is connected.
Proof. Given any point (q,, Bo) in My, which is not fixed by the involution, there
is a j such that (8a/au;)(P(qo, Bo)) #0 when we consider a as a function on N.
Thus, using the splitting N = N; X N, with I = {j} and the implicit function theorem,
we get r(s) such that ®'(r(s), s) € M, for s in an open subset of Ny n{d =d,}.
Since points with
Hn = 77'2(" —%)2"' Ing —2do/ b

and |k,| < b for n beyond some point are dense in N, n{d = d,}, it follows that we
can connect (go, By) to (g,, Bo) in My , where

(g, Bo)z‘”z(”_%)z'*' Ing —2dy/b (6.4)
and |y,(1, s, q,)] < b for n>n,.

Let (q,, B,) be a point where a assumes its maximum on the subset S, of M
satisfying (6.4). As in lemma 4.6 (see formula (4.3)), one sees that a is strictly less
than its maximum on S, away from (g, B,) and hence (q,, B.) is unique. Moreover,
a has no other local maxima on S, and all its critical points on the torus S, must
be non-degenerate and hence finite in number. Thus, if (q,, By) # (g2, By), we may
construct a continuous curve y(1)=(q(¢), B(t)) in S, with y(0)=(q,, By} and
v(1) = (g, B,) such that a is strictly increasing on y.
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Next we will move the values of a on y down to a, by using the flow from V,,
J > n, sufficiently large. Since {y(1): 0= =1} is compact, it follows that the estimate
(6.2) with (a,, q,) replaced by (a(t), q(t)) and the corresponding estimate for
@ = Ay, hold uniformly for ¢ [0, 1]. Moreover, as always, for each ¢ the function

Y.+ b
a(t)y,+ by}
has a unique maximum and minimum on C; and no other critical points. Thus for
J sufficiently large we have two continuous functions p.(t) with Ay, <u_(1)=
[L+(I) < /\2_] such that

Fi(u, &; t)=(/u—uj)[ ](l,u,q(t))

ao=a(t)—b*F,(p.(t), &(p.(1)); 1)
when |£(u.(¢)] < 1. Thus, picking p; (1) = u,(t) and k, = —b¢(u,(t)), where * (=%)
is chosen so that p,(0)=7°(J —3)*+ Iy —2d,/b, and w;(t) = u;(y(r)) and «;(t) =
k;(y(t)) for j# J, we have a curve in Mg connecting (q,, By) to either (g,., B,) or
(q2-, Bo), where

l“j(qZ:t: Bo) = pi(q2, By), j#J,
1 (gas, Bo) = p:(1), (6.5)
Kj(qu’ By) = Kj(q2s B,) vj.

To see that (q,+, By) and (q,_, B,) can be connected in My, we consider a
restricted to the two-dimensional torus T, obtained by fixing the coordinates on
M ~{d = d,} at their values in (6.5) for j # J, J+ 1. As before, a has only one local
maximum on T, and this is non-degenerate. Moreover, any other critical value for
a on T, must be a global minimum of a on the orbit of the critical point under the
flow of V, or V,,,. Using the representation for a on T, from theorem 2.4 with
base point (q,, B,) and moving on the flow of V, or V,,, to the point used in the
proof of lemma 3.2, one sees that any critical value of a on T, below the maximum
must be below g, for J sufficiently large. Thus the level set a,=a on T, which
contains (g, By) and (q,_, By) is connected. Thus (g,, B,) can be connected to
both (q,+, B,) and (q,_, Bo).

- If (g, By) and (p, B,) are points in M, which are not fixed by the involution,
taking n,=max {ny(q), ny( p)}, we can assume (q,, B,) and (p,, By) are both in S,.
Hence the preceding argument shows any two points of My which are not fixed
by the involution can be connected in Mp . Since fixed points of the involution are
never isolated in Mp,, we conclude My is connected. 0

If welet A={I:a,+dy,>2a,} and By= (2 ‘2]), then theorem 5.1 implies the Mg,
is contained in

IcA

So=(M— U M,) ~{d = dy}.

We will conclude our study of My with a theorem on the relation on the topological
structure of My, to that of S,.

https://doi.org/10.1017/50143385700009470 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700009470

Isospectral sets for boundary value problems 345

THEOREM 6.4. Assume that a,+ d,# 2a, for all 1. Then the homotopy groups of My,
and S, are isomorphic.

Proof. We will show that the natural homomorphism of the homotopy groups of
Mj; into those of S, is injective and surjective. The proof of injectivity will have
two main steps. We will show:

(i) If y: S™ > Mp,, then given j> jo(v), v is homotopic in Mg, to ¥, where for
all s€ S™ the roots of

0= Fi(u, & ¥(s)) = (p — p;(¥(s )))[—+b](l #, q(¥(5)))

on C; are contained in |él <1 and p = 1;(¥(s)) is the greater root.

(i) If I': ™ x[0,1]> S, is a homotopy of vy in (i) to a constant map, then we
can replace I' by a homotopy i’ of y to a constant such that I: 8™ x[o, 1]-= Sen
{a=a,}.

Given (i) and (ii), one can complete the proof of injectivity as follows. Choose
J1>jo(y) sufficiently large that the range of F; (u, §; I'(s, 1)) on C; n{|¢| <1} contains
(ao— a(f’(s, 1)))b *forall (1, s)€[0, 1] x S™ Then extend I'to $™x [—1, 1] by letting
I on S™ x[—1, 0] be the homotopy from (i) in Mg, of y with j=j, to y. Finally,
changing p,j‘(f"(s, t)) to (s, t) as in the proof of theorem 6.3 gives a homotopy in
My, of ¥ to a constant and completes the proof of injectivity. '

The proof that the mapping of the homotopy groups is surjective is similar and
simpler. Given f: §™ > S,, we deform f in Sy to y: S™ > Syn{a> a,} as in (ii) and
then deform vy in Son{a,> ay} to ¥ as in (i). Then moving u; (¥(s)) continuously
up to " (s), we deform ¥ to a curve in My, . Note that this deformation automatically
remains in S, since a = a,. We believe that the proofs of the simpler versions of (i)
and (ii) used here to prove surjectivity will be evident from the proofs of (i) and (ii).
Proof of (i). Since Mj, contains no critical points of a+d on M by hypothesis,
and hence no critical points of a on M n{d = d,}, the gradient of a as a function
on M n{d = d,} does not vanish on My, . Moreover, since y(S™) is a compact subset
of Mg, there is a finite set I, such that the gradient of a as a function on N;, does
not vanish on y(S™).

The idea of this proof is to use the N, -gradient flow of a to bring the deformation
of y moving p;(v(s)) into w;(y(s)) back into Mg,. However, getting the necessary
uniform estimates in j requires some additional work.

Using theorem 1.1 as in the derivation of (5.4), we have for (u, £) € C;n{|¢| <1}

+b¢
Fi(u, &9, B)=(un— u,(q,B))[——Z;rb—](l K, q)

b cos #1/2+ O(‘L—I/Z) )
=(u—u(q, B
(e —mi(q, ))(_b#‘/zsinu'/z"‘o(l) ’

where both O terms are uniform on bounded sets in (|lq|, || B]|). Moreover, if -
denotes the derivative along a flow moving ¢ and a but not 4, A(A, g, B) or u,(q, B),

(6.6)
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theorems 1.1, 1.2 and lemma 4.2(iv) give
d(9y./dq, 4)+ b(3y\/34, §)

(1 — (g, B))[ i bE

dy,+ by, (3}’2 )]
- —_ _’ (l’ b

M(l|qll, | BID u—wi(g, B) .
= 'yz(l, )+ bf”‘(mf bal (67
for (i, &) € G;n{lel<1}, j>jo(llql, [ Bl)). In (6.6) we set
p=ps=8m(j—3)+u(q, B)

with |8] < 1. Using theorem 1.3, this gives for |&]<1

Fi(us, &5 q, B) =8 tan 8/2+ O(1/j), (6.8)
uniformly on bounded sets in (||q|, | Bl|, 1/b) and |8]=<1. In (6.7) we consider
(u, &) e D; = C;n{|¢| <1} n{|u — w;(g;, B)|=m(j—3)} and conclude
sk 1oL )

|E(u, & g, B)|=

|Fi(u, &; q, B)|=

for j>j,(llgll, | B]))- The estimates (6.8) and (6.9) will suffice for this proof.

Since F; has just one maximum and one minimum on C; for all (j, B, q), it is
clear from (6.8) that for any 6 (0, 1) and j=j,(||q|, ||B], 1/b,1/8) the minimum
of F; on C; must occur in

L) ={(u, &) € C;: [p — p;(q, B)| = 8w (j -},
and the range of F; on I;(j) is contained in [—§, 8]. However, (6.8) also implies
that for j =j,(||q|, | B]l, 1/ b, 1/8) the range of F; on I;(8) includes [0, §/2 tan §/2].
Hence, taking 0<e<jtan}, we can move along the flow of Vi, j>
max {j;(llql, || B||, 1/b,2/¢), i=2,3}, in the direction of increasing u until a=
a(q, B)—eb® at 4 =} (q, B) and be sure that:

(i) u; (g, B) is greater than the minimum of F(u, ¢; ¢, B) on C;,

(ii) the values of a in this process remain in |a — a(q, B)| <4eb® and (u, £) remains
in D;. Since the flow is transverse to the level surface a =a(q, B) - eb?, this gives
us smooth functions u(t, g, B) and t(q, B) such that u;,(q, B)=pu(0, g, B) and
u(1(g, B), g, B) =] (g, B). We set u;(7, g, B)=pu(t(g, B)r, g, B) for

. . 1 2) . , 12
7> max {i(lal, 181, 2), i=2,3} <5 (gl 181, 1. 2).
€ b'e

Since the N, -gradient of a does not vanish on y(S™), we may choose a neighbour-
hood U in N,, of the projection of ¥(S™) onto N, such that the N, -gradient of a
is bounded away from zero on U. Moreover, by (6.9) there is a js(y, U) such that
the N, -gradient of a is bounded away from zero uniformly on

{(r,u,v)e N X N3 X Nopeh: re U, ue Di(y(s)), v=10(y(s)),se S™},
uniformly in j > js(vy, U). Hence we can choose an £ >0 such that for j> js(y, U)
the N,-gradient flow out of E;={(r,u, v)e Ny XN X N oin:r=r(y(s)),
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ue Di(y(s)), v=v(y(s))} moves a through [a(e)—8eb?, a(e)+8eb?] for all ec E;

before r leaves U. (We define the N, -gradient flow of a as the flow of the vector

field 3, , 4;V;, where d; denotes the derivative of a on the flow of V; in (2.7).)
Now define

(e, ) = (max lg(®~"(r, w))|, max | B(®~'(r, u))|),

where
G={(rbu)e NyxN;::re N, u=u(y(s)),seS™}.

We let jo > jo(v) = max {ji(e, B, 1/b,2/ €), js(v, U)}. For such a j, we have a deforma-
tion H(t, g) of G given in our coordinates on N by

A={f"j(’r’ g)’ j=j0,
! I“'j(g)’ j #jo,
{_bg(l"j(’ra g))’|§!<la j=j0,
Kj(g)a j ¢j0’
such that for (7, g)€[0, 1] x G:
(i) la(H(r, g))—a(g)|<2eb?,
(i) a(H(1, g))=a(g)—eb’,
(iii) u;(1, g) is greater than the value of w at the minimum of Fj(u, £; g) on C;.
Moreover, letting ¢, be the N, -gradient flow of a,

ao=a(H(r, ¢.(y(s)))) = a(é.(H(7, ¥(s))))

is uniquely solvable for r(7, 5) with ¢ (., € G for (7,5)€[0,1]1x S™. Now F(s, 7) =
H(7, ¢,(s~(y(s))) gives the homotopy of y required for step (i) with the jo(y) in -
(i) given by js(7). _

Proof of (ii). In proving (5.10) we used the assumption (q, B) € M, only to insure
that min {a, d} < a,. Hence (5.10) gives a representation of a +d at a general point
(g, B) of M in terms of the coordinates of (g, B) when d = a,. Since F;(u, &; q:, By)
is positive on C; for je I and negative on C; for je I, one sees as in (5.13) that
for dy= a;

K;j

min  sup a=2a,—d,. (6.10)

N;  Npen{d=do}

Since T maps S™ x[0, 1] into a compact subset of M n{d = d,}, there is a k such
that I'(S™ x[0, 1]) n M;, = D for j > k. Let T denote the set of subsets I of {1,.. ., k}
such that a,+d,<2a,. Since I'(S™ %[0, 1]) is compact, one sees that the tails in
(5.10) are uniformly small on I'(S™ %[0, 1]). Hence the proof of (6.10) implies that
there is a I> k such that for all e T and (s,t)e $™ x{0, 1]

min max a>2a;—d,> aqg, (6.11)
re Ny E;(rs,t)

where

E,(r,s, t)={(u, v, w)e N; x Nicaj=nX Nyspiu=r,w= w(l'(s, 1))}.
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In what follows we will work on the compact tori, parametrized by S™ x [0, 1],
N(s, t)={(u,v)e Nj=n X N=n: v=0(F(s, 1))}.

Formula (6.11) will be the basis for the rest of this proof. We are going to imitate
the proofs of Morse theory and use flows ¢,(s, t) on N(s, t) closely related to the
N;;<n-gradient flow of a to deform I' into the set where a> a,.

Given any finite subset I of Z,, we can repeat the construction of r(s) in lemma
4.6 to get an analytic function h(s) on N;- such that a(h(s), s) is the strict maximum
of a(h, s) for he N;. Then we set

Sy ={®7'(h(s),s): se Nr},
in analogy with M,. Finally, for I={1,...,1} and (s,1) € S™ %[0, 1] we set
M(s,t)=® '(N(s, 1),
M, (s, t)=M; n® '(N(s, 1)),
Si(s,t)=8,n® (N(s, 1)).
Now (6.11) can be rephrased as: for all Ie€ T and (s, t)e S™ x[0, 1]

a(S;<~i=(s, 1)) > a,. (6.12)
Moreover, by hypothesis, for all (s, t)e $™ %[0, 1]
I'(s, t)g M,(s, 1), (6.13)

when I ={j}, k<j=I, and when I c{1,...,1} and a,+dy>2a,.
As defined earlier, the N;-,-gradient field of a is given by

!
V(q’ B) = vg] dj(qa B)‘/J(qa B)a

where d; denotes d on the flow of V;. The flow of this vector field leaves M(s, t)
invariant and d =0 on the flow, vanishing only at zeros of V. If (g, B) is a zero of
V on M(s, t), then for some set J< {1,...,1}
(g, B)=M;(s,t)n S,;(s, 1), (6.14)

where J'={1,...,1}nJ . By (6.13), I'(s, t) can be a zero of V only if J in (6.14)
belongs to T - note that M, (s, t) n M, (s, t) = M, _ (s, t) - and hence a(I'(s, t)) > a,
by (6.12). However, this does not imply that the flow of V will eventually make
a> a,. In what follows on M (s, t) we change V to V(s, t), depending continuously
on (s, t), with the following properties:

(a) V(s, t) has the same zeros as V on N(s, t) and a is non-decreasing on V(s, t).

(b) V(s, t) is tangent to M,(s, t) for all I<{1,...,1}.

(c) If (g, B)=M,(s, t) S, (s, t) is a zero of V, then M,(s, t) contains the stable
manifold of (g, B) under the flow of V(s, t).

(d) V(s, 1) is independent of s.

Since $™ %[0, 1] is compact and all dependence on (s, t) is continuous, it follows
from (6.12), (6.13), (6.14) and (a)-(d) that, letting ¢.(q, B;s, t) denote the flow of
V(s, t), there is an R such that for all (s, 1} S™ %[0, 1]

a(pr(I(s, 1); 5, 1)) > ao. (6.15)
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Given (6.15), we can build I by defining

r {l"(s,O), O<t=<1,
t)=
(s 1) I(s,2t~1), i=t=1,
2R, 0=t=<1i,
05 OSIS%9
v(t)= _ .
2t—1, s=t=1,

F(s, 1) = ¢, (Ti(s, 0); 5, 0(1)).
Hence this proof will be complete once we construct V(s, ¢).

The construction of V(s, t) is based on facts already used in proving lemma 4.6:
if (¢, B)e My n Sy, I n I' =, then (8%a/ap:041;(P(q, B))), i,je I LI, is a diagonal
matrix with 8’a/a2> 0 for i€ I and 8’a/3a7 <0 forie I’ - we allow I or I' to be
empty. As in lemma 4.6, an implicit function argument implies that locally one has
an analytic function 7: N, = Ni_ - so that ®(M; N S;) is given by (F(u), u). If
we choose r(u) so that

max a(h(u, v), v, u)
ve Ny

is assumed at (h(u, v), v) = r(u), where ®(M,) is given by (h(w), w), it follows that
&7 '(r(u), u) e M; N S;., and the argument used to prove proposition 4.7 shows r(u)
is unique. Hence r(u) = r(u) and is analytic. Now setting R;; = M, n S;., we have

RI‘I’= Q-l({r(u)a u): uc N(Iul')(})’
generalizing the constructions of M, and S,.. Hence for I, I'<{1,..., I}, setting
Rii(s,)=RpnM(s, t)=M(s, )N S (s, 1),

we see that ®(R,,(s,t)) is an analytic subset of N(s,t), given globally by
r: Naoipynagi=n~> Nior, where r also depends continuously on (s, t). In the case
IoI'={1,...,1}, if (q, BY=R; (s, 1), the fact that (6°a/di.04;(P(q, B))), 1=i,
J =1, is diagonal implies that the tangent spaces satisfy

T8 (Mj(s, 1)) =span{Vi(q, B): i#j, i<} forjel,

6.16
Tes(Suy(s, 1)) =span{Vi(q, B): i=j i<l} forjer. 019

Moreover, 3°a/8ji;>0, i€ I, and 6*a/aa: <0, i€ I, imply that the N;-,-gradient
flow of @ on M(s, t) has a hyperbolic fixed point at (g, B), with stable manifold
tangent to M, (s, t) at (g, B) and unstable manifold tangent to S, (s, t) at (g, B).
We let V denote the N;.-gradient field of a as before, and begin by constructing
V(s, t) near the zeros of V. As noted earlier, the zeros of V on M(s, t) are the union
of the distinct (since we ignore degenerate gaps) points R, (s, t), where J, J' range
over disjoint sets satisfying Ju J'={1,..., !}. In view of (6.16), we can introduce
coordinates n,,...,n; near R;;(s,t), continuously in (s, ¢), so that n;=0 on
M (s, 1), jeJ, and n;=0 on S;;(s, t), jeJ', and the Jacobian (3n;/dp) will be
diagonal at R, ,(s, t). Let V, denote the vector field tangent to the curves y(¢, no)
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given by m,=n%, k#jn n,+t Near R; (s, t) we set
XJ(sy t)= Z Qi(sa t)njvnj,
Jj=1

where the coefficients ¢;(s, t) are chosen so that X(s, t) — V vanishes to second order
at R, (s, t). The vector field X (s, t) is tangent to all the manifolds M,(s, t) passing
through R, ;(s, t), and d will be strictly positive on the flow of X, (s, #) on a punctured
neighbourhood of R, (s, t). Hence we can choose a cut-off ¢ on N(s, t) depending
continuously on (s, 1) such that ¢ =1 near R;,(s, t), ¢(s, 1) is independent of s,
and 4 will be non-negative on the flow of
Wi(s, )= (s, 1) X,(s, 1)

on all of N(s, t).

The vector fields W,(s, ¢t) have the properties we require near the points
R; jenyj=n(s, t). Now we need a vector field tangent to all the M, (s, t), J<{1,... 1},
such that d>0 on this vector field outside a small neighbourhood of the
Ry ni=n(s, t). To build this, we consider the set € of all subsets of {1,..., [} and
let €; denote the subset of € with #{I}=j. Given I € §,, we set

U, )= ¥ 4 ,+z bi(s, 1)V,

jel‘n{j=I1}
on M,;(s, t), where the b; are uniquely determined by the requirement that V,(s, t)
is tangent to M, (s, t). We are going to take V(s, t) = U, (s, t) on M,(s, t) outside a
small neighbourhood of

K, (s, t)-(U U M, (s, t)) ( U ”RJ,J"n{jsl}(S, t))

j>n le%; {1,...,
Note that V(s, t) is well defined on M;(s, t) since M, (s, t)n M, (s, 1) = M;_ (s, t)
and #{I U J}> n unless I >J. Moreover, on M;(s, t), 4 =Y i<y (d;)° and this
is strictly positive on M;(s, 1) off U cu. nRisng=n(s, t). We extend U(s,t)
continuously in (s, ¢) to a neighbourhood of M, (s, t) in N (s, t) so that it is tangent
to M;,(s, t), j€ I, and then set
Yl(s’ t) = ¢U1(s’ t)5
where ¢ =1 on M, (s, t) off a sufficiently small neighbourhood of K,(s,t), ¢ =0
on a neighbourhood of K,,_,(s, t)\ M, (s, t), and ¢ also vanishes outside a sufficiently

small neighbourhood of M, (s, t). Choosing the ‘sufficiently small’ neighbourhoods
here first for n=1-1, then for n=1-2 and so on, we can, for each n> 0, make

Z,(s,t)= Z 2 Yi(s, t)+ Z w,(s 1)
j=nleg;  Je{l.,
tangent to M,(s, t) for all I and make 4 =0 everywhere and d¢ >0 on
-1
(U U M,(s, f))\( U R, jenii=n(s, t))
j=nIec%; Je{1,..,1}

on the flow of Z,(s, t). Moreover, we can choose the cut-offs ¢ to depend con-
tinuously on (s, t) and be independent of s when ¢ =1.
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Now we conclude by setting
V(s,t)=Z,(s,t)+ ¢V,
where ¢ is a cut-off vanishing on a neighbourhood of K(s, t) with ¢ =1 off a
sufficiently small neighbourhood of Ky(s, t), and we have a vector field with the
desired properties. O

Remark 6.5. In the proof of the injectivity of the homomorphism of the homotopy
groups of Mj into those of S,, it is not necessary that the deformation of I' into
I in step (ii) be done in S,. However, it is essential that the corresponding
deformation in the proof of the surjectivity of the homomorphism remain in S,.
Hence it is important to note that the deformation in the preceding proof can be
done in S,. To see this, recall that, given (g, B) in M, there is a j, such that for
j>Jjo the coordinate «; satisfies |«;|> b at the minimum of a on the orbit of (g, B)
in the flow of V. Since the minimum of a on this orbit never occurs when u; = A,;
or u;=Ay-, (cf. lemma 4.3), it follows that, for j>j,, |«;|>b on M. Since
I'(8s™x{0,1]) (or f(S™) when one is proving surjectivity) is compact, it follows that
there is a j;=j, such that [k,('(S™%[0,1]))]<b for j>j,. Choosing k in the
preceding proof larger than j,, one sees that
N(s,t)n M, =¢

for all (s,7)e S x[0,1] unless J<={1,...,1}. Since the flows used in the proof
preserve M, for J<={1,..., 1}, it follows that the deformation remains in S;.

Appendix A. Boundary conditions of the form

(a 0 )(y(l))z(y(o)) -
\c 1a/\y'(1)] \y'(0)/
1. Asymptotics. We will first discuss the asymptotic behaviour of the eigenvalues

Am,n=0,1,..., for these problems. For a # 1 the techniques in § 1 can be used to
obtain

2 1
Aoy =272+ 2nmk + K+ C_I+J q(t) dt+1*(n), n=0,
ata 0

2 1
Aonoy =n’m*=2nmwk+ k2+a+z_l+J q(t) dt+P(n), n=1,
0

where k=cos™' (2/(a+1/a)). This means that the nth gap length is
Asn—Agn_, = 4kan+1%(n), n=1,
and the nth band length
Azn1—Azn_z=2(7w—2k)mwn — w*+2ak + I’(n), n=1.
We note that if ke(0, 7/4), the bands grow faster than the gaps, and if ke
(m/4, w/2), the gaps grow faster than the bands.
The case a=1 is different and has more resemblance to the case of periodic

boundary conditions. To find the asymptotics of the eigenvalues, one can here use
the refined estimates of y,, y,, and y; discussed immediately following theorem 1.3
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in [6]. We find that for A eR”
yi(1, A, g)=cos VA + l;fj q(t) dt f+2 2\/_ J‘ cos (VA2t)q(1) dt
_cosJ—
2Vx

1 2
J' sin (VA21)q(1) dz—°°s‘5<f (1) dt) +R,(M),
0 8A 0
(A.1(31))

sin \/X_cos\/XJ' q(t) dt + Ry(M), (A.1(ii))

A1, A, 9)= 7x 2
yu(1, A, q) = cosf+s‘“J‘/x_I q(1) dt— 2—J_‘/:J cos (VA21) q(1) dt

,.cos VA
WA

2
I sin (VA28)q(t) dt — °s;/—(j q(t) dt) +Ry(A),
(A.1(iii))
where R,, R,, and R; are O(1/A). Using Rouché estimates on y,, y, and y5;, we

find that for A = A,,_, or A,,, VA =nm+r, with r, = O(1/n). For a sequence {A,}}
with such asymptotics we have

{Rl(An)}(;o€l§(Z+), i=1a29 3:
where I3(Z") is the set of all sequences {a,}T with {n*a,}} € I’(Z*). This is seen by
observing that in this case the remainder term consists of sums of Fourier coefficients
of g multiplied by O(1/A,,) plus terms which are O(1/A3/?).
We recall that the eigenvalues A,,_, and A,, are roots of the equation
F(A)=ay, (1, 1) +cy,(1, A)+(1/a)yr(1, 1) =2(-1)",

which in the case a =1 reduces to

yi(1, A)+eyy(1, A) +ya(1, A) =2(=1)"

Now using the asymptotics for y,, y, and y5; stated above, we see that the terms
involving the Fourier coefficients of g in (A.1(i)) and (A.1(iii)) cancel in the equation
for the eigenvalues precisely when a =1. Setting vA=nm+r,, where A = A,,_, or
A,,, we derive the equation :

: 1 1 2
2 cos rn=2—2—L’”"—j q(1) dt+2ﬂr—)2<f q(t) dt)
n (1]

2(nmw+r,) 8(nmw+r
. 1
sin r, cos r
- ~—+ - t) dt+13(n). .
Cnﬂ-+r,l c2(m-r+r,,)2 J'O 9(0) o(m) (A2)

We now divide this equation by 2 cos r, and solve the second-order equation in r,
that we obtain by deleting terms in I3(Z*). For ¢ =0 this gives us the asymptotics

1
A2"=n2w2+20+J qdt+P(n), n=0,
0

1
Az,,_,=n21r2+.[ qdt+P(n), n=1,
0
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and for ¢ <0

1

)t;_,.=n27r2+j gdt+P(n), n=0,
0
1

Azn_,=n2n2+2c+j gdt+ ’(n), n=1.

o

The nth gap length is therefore
Azn=Azamy = 2c|+ E(n), nz1,
and the nth band length
Aoy —Azn_zy=2nm — m° =2|c|+ I*(n), n=1.
2. Isospectral flows. The theorems and arguments of this section are completely

analogous to those of § 2. We will therefore just state our results.
We fix p e L[0, 1] and define the isospectral set

L(p)={qe L[0,1]: A,(g)=A.(p), n=1}.
To study the geometric nature of L(p) we first construct vector fields on L(p):

THEOREM. Let p € L3[0, 1]. Then for each A R the vector field
dA(A, q))'
V4 =2l ———
A(q) ( 3q(x)
is tangent to L(p). That is, a solution of the differential equation
g(x, ) =[Z\(q)(x, t)
with initial data in L(p) stays in L(p) for all time.
As in § 1, we can map the isospectral set L(p) into a space S consisting of
sequences of the form
(/J‘ly Ky, M2, K2, -« ')’

where

1

y"=n272+I pdt+(n), K, = 13(n).

0
From theorems 3.5 and 3.6 of [6] we know that the map

¢: Lz[0,1]>S
given by

¢ =(n1(q), log (=1)y2(1, pi(q), 9), nq),
log (—1)*y3(1, u2(9), 9), - . -, #a(q), log (=1)"y3(1, . (q), @), .. .)
is an analytic homeomorphism of {g ¢ L3[0,1): L’, qgadt =I(') p dt} and the sequence
space S with the I>-coordinatization given in [6]. Using the definition of A,
A(“’n) = ayl(la /Ln)+(1/a)y£(19 /J'n)’
and the Wronskian identity
)’1(1, ’-“n) = 1/}’5(1, F’n),
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we derive the equation
(Y1, 1a))* = aB(pn)y5(1, o) +a*=0,
which we can write in terms of the «, as
(e")’ —aA(u,)(—1)"e"+a*=0.
Thus ¢(L(p)) is contained in a product of real analytic curves which are topologi-

cally circles.
Let

(@) = (. (q), ka(q)), n=1,
and let 0,(q) € {+, =} denote the sign of the radical in the equation
ayi(1, pn(g), g) = B, )/2£3(A% () =42
Now let Z, denote the vector fields Z, with A = u,(q(-, t)). For these vector fields
the integral curves have a very simple description in terms of the p, as is seen by
the following result.

THEOREM. Under the flow of Z, the points p,,(q(-, t)), m # n, remain fixed on their
circles, while the point p,(q(-, t)) moves clockwise around its circle. It moves in such
a way that

du,(q(-, D))/ dt=0,(q(-, 1)) - (A*(p,) =)',

We can in fact integrate the vector fields Z, explicitly. Thus we will be able to
see directly how a potential changes as we move along an integral curve of Z,. The
explicit integration of Z, is given by the following theorem, analogous to theorem
2.3.

THEOREM. Let qo€ L(p) and let u,(t) denote the unique solution of

d
= M0 = (A (1)) -4)"?

Jfor which the point p,(t) = (u,(t), x,(t)) starts at p,(q,) and moves clockwise around
its circle without pausing. Here the sign in front of the radical is chosen to be d,(q,)
for t =0 and then to change when the radical vanishes. Then the integral curve of Z,
passing through q, is given by

2

d
q(x’ t) = q()(x) -2 7 log [fU,,(i)("‘n(t)’ qO), ,V2(/~Lm qO)]s

where f.(x, A, q) are the solutions of —u"+ qu = Au associated with eigenvectors of
BF(A) as in §2.
3. Geometry of L(p). We are now in a position to describe L( p) as a submanifold
of L[0,1]. As in § 3, we will proceed by determining the image of L(p) in the
sequence space S under the coordinate map ¢.

As noted earlier, the coordinates (u,, k,, u,, k2, ...) of a point in L(p) satisfy
the equations

e+ (—-1)""aA(u,) e +a*=0, n=1. (A3)

Let N be the subset of S defined by these equations. We claim that N is a real
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analytic submanifold of S. From the properties of A it follows that for each n
equation (A.3) defines a real analytic curve which topologically is a circle in the
(mn, k,)-plane unless A,,_, = A,,, in which case the circle degenerates to a point.
From the asymptotics of the A it follows that this degeneracy can only occur a finite
number of times. We may give N locally as an explicit submanifold of S by solving
(A.3) for u, or «, as appropriate for each n for which the corresponding circle is
non-degenerate. In the case a # 1 the asymptotics of

A(pn) = ay(1, u,.)+lyé(1, Hn) = (*1)"(a +l) + O<l>
a a n

imply that there is an n, such that for n> n,

2 252 1/2
<, =log [( 1) ;A(,u..)_(a A4(#,.)_a2) ]

on the intersection of N with a bounded subset of S. Thus N is qualitatively the
same as Nn{d =d,} in §3 and, since the proof that N is real analytic exactly
follows the proof given there, we will not repeat it here.

In the case a =1 but ¢ # 0 the situation is different. We will see that in this case
we can solve for u, as a function of «, in equation (A.3) for n large. This will
enable us to prove that N is a real analytic submanifold of S. More premsely our
strategy is as follows: given (g, K) € N,

(ﬁa '2)2(}21”21’/'227’22a" ')’
we need to show that the intersection of N with a neighbourhood of (&, <) in S
consists of points in S with u, = u,(x,) for n=n,, where each component of the
function Y(x) = (tn(Kny)s Mug+1{Knps1), - -.) is analytic on the ball |x —£||<e in
complex-valued I>, and the I*-norm of the sequence

1 =<}
{;L,,(K)—nz’n'z—‘[ pdt}
0 n=ng

is uniformly bounded on that ball.

As in § 3, we can then conclude that ¥ is real analytic. Since N for n = n, is the
graph of ¥ and for n=<n, we can solve for u, or «, locally using real analytic
functions, N is a real analytic submanifold of S. We will now carry out this plan
in detail.

Since a =1, we can write (A.3) as

A(p,) =2(—1)" cosh «,. (A.3)

On {||x — k|| <€}, |k.| <2€/n for n> n\(K, €). From this it follows, using Rouché’s
theorem to compare the roots of (—1)"A(A)(2coshk,) '—1 and the roots of
(=1)" cos VA —1, that there is a constant A and an n,(K, £) such that for all « in
{llxk —&]|| < &}, (A.3') has exactly two roots u,(k,) such that

Vitn =nm+B,

with |B,| < A/n, when n=ny(K, €).
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Using the asymptotic expansions from (A.1) and analysing the error terms as
before, we can write (A.3’) in a form analogous to (A.2):

sin 8, ! sin 8,
=2 n+2_____ + c—
2 cosh cos B 2(nm+B,) J:, pdt Cn‘rr+B,,
cos 8 ! 2 cos B J"
—y——F dt) —c—E + (A.4)
8(nw+Bn)2<,[op ) c(mr+B,,)2 opdt >

where the remainders r, are bounded by a fixed sequence in I3 for all sequences
{B.} satisfying |B,| < A/n. Dividing by 2 cos B8, and denoting another sequence of
remainders bounded by a fixed sequence in I3 by {r,},

cosh «,, B J" c B, 1 ('{1 )2 c J‘l
=1+ dt+=En— dt) — dt+r,. (AS
cos 8, 2nw Jo 4 2 nr 8(nw)*\J, P A(nm)* ), 1 e (AS5)

From the Taylor expansion of cos 8, we have

2

cosh «
———=cosh «, +% cosh k,+r, cosh k,,.

cos B,

Substituting this expansion into (A.5) and treating the resulting equation as a
quadratic equation for 8,, we obtain

1
j pdt+tc

1
= 0 +—[c*+8 cosh «, (1 —cosh «,)n’7>+b,1"* |,
2 cosh «,, nw nw

Bn

where {|b,|} is bounded by a fixed I°-sequence for all sequences {(k.,, 8,)} with |«,|
bounded and |8,| = A/n. For ¢ small enough relative to ¢ it follows that, assuming
(A.3") and |B,|= A/n,

/3,,=-1—<J pdt+cic+ri(n)), (A.6)
2nm

o

where the error terms r.(n) have I>-norm uniformly bounded on {||x — £|| < ¢} and
there is an n,(K, €) such that |r.(n)| <& for n> ny(K, £) uniformly on {||x — £|| < &}.
We know that for n> ny(k, €), (A.3') does have exactly two solutions wu,(k) with
the corresponding B satisfying |8,| < A/n. Thus, since we can choose a neighbour-
hood © of (4, K) in S small enough that for any (g, k) in © we have |u, —n’7"—
fopdt]|<e for n>n,(4, ¢), and we may assume £ <|c|, we have nearly completed
the proof that N is an analytic submanifold. It only remains to show that for ¢
sufficiently small and n sufficiently large:

(i) (A.3) could not have two roots satisfying (A.6) with the same choice of sign
so that (A.3") does have roots satisfying (A.6) for both choices of sign.

(i) The roots of (A.3’) in satisfying (A.6) with the minus sign are analytic functions
of «, for

{llx =Rl <e}
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Fortunately both (i) and (ii) follow from an estimate on dA/dA proven by the
same method as (A.2) and (A.4):

n 1
%(MF%(MBH—L pdt—c+ b,,),
where |b,| is bounded by a fixed sequence in I° for |8,| < A/n.

In conclusion, let us indicate how we can give L( p) a real analytic structure. For
the details of a completely analogous argument see § 3. Using the flows of the vector
fields Z,, we can show that ¢(L(p)) contains all points of N whose coordinates
agree with those of p beyond some index n, for any finite n. Since these sets are
dense in N, L(p) is closed in Lz[0, 1] and ¢ is a homeomorphism, it follows that
&(L(p))= N. Since ¢ is a real analytic homeomorphism, L(p) inherits the real
analytic structure of N.

Appendix B. Properties of A(A)
In this appendix we give proofs for the properties of A(A) cited in the Introduction.
Since these are standard results in Floquet theory, it is quite possible they have
appeared elsewhere, but we were unable to locate a reference.

The key facts are:

(i) A(A) is an entire function of order 3 (cf. theorem 1.1).

(ii) All roots of A(A) =2 and A(A)=—2 are real, since they are eigenvalues of
self-adjoint boundary value problems.

(iii) Zeros of A%*(A)—4 have multiplicity at most 2.

To prove (iii), it is convenient to use the formula

v [9A) __ , !
A'(A)= L—-aq(x)dx [ayz+byz](1,A)Lf+(x,k)f_(x,A)dx, (B.1)

. which one obtains by combining theorem 1.2 and formula (2.5). If Ay is a zero of
A%(A)—4, it follows from (B.1) and the definition of f, that if [ay,+ by5](1, Ao) # 0,
then f.(x, Ao) =f_(x, Ao) and A'(Ag) #0. If Ay is a zero of A(A)==2 of order more
than 2, then both roots of £2—A(A)£+1 =0 satisfy

EQA) =214+ O(A — Ay).

Thus, since the roots of [ay,+by5](1,A)=0 must be simple (cf. (1.2)) and
dA(1)/ag(x) e LH0, 1] for all A, it follows that

lim J f+(x,A)f-(x,A)dx=I g'(x) dx,
A=ro Jo

0
where

£(A) —ay, — by}

ay,+ by} ](1’ ’\))Y2(X, Ao).

g(x)=yi(x, )\o)+(1im [

->,\0

However, by (B.1) this implies A’(A) has a simple zero at A = A,. Thus we conclude
(iii) holds.
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Combining (i) and (ii), Hadamard’s theorem gives the product representations

AA)t2=a, A% ] (1—:};),

j=1 j
where the a; are real and increasing with j. Hence
Q) ke 1
A(A)£2 A SiA-a)’
AA) Y k. = 1
(A(A):tZ) oAl _El (A —aj)2<0' (B.3)
Thus, by (B.3), A'(A)(A(A)£2)7" is strictly decreasing in A. Then, letting {5;},
denote the real zeros of A’(A) and recalling that A(A) > +00 as A > —c0 (cf. theorem
1.1), we see from (B.2) that
A< A =6, =X, <A3=6,= A, .
Moreover, Az;-, < §; < A,; unless A,;_; = A,;. This establishes the result on the critical
values of A(A) cited in the Introduction.

To show that the multiplicity of the A; as roots of A’(1) —4 equals their multiplicity
as eigenvalues, we note that if A, is a zero of order 2, then [ay,+ by3](1,A) =0 by
the analysis in the preceding paragraph, and [ay,+ by ](1, A) =1, since BF(A,)
must have eigenvalues equal to 1. The identity (cf. lemma 4.2(iv))

[y2+bA(A)y>+b°1(1, A) = [(ay.+ by3)(dy, + b))](1, A) (B.4)
then implies y,(1, Ay) = Fb, which in turn implies that the right-hand side of (B.4)
vanishes to second order at A = A, and hence [dy,+ by,](1, A¢) =0. Thus one has
y2(1,20) =Fb, yi(1,A0)=xa, y,(1,A)==xd and y5(1, As) =Fc, which implies
BF(Ay,)==1I and A, is an eigenvalue of multiplicity 2.

Conversely, if A, is a simple zero of A*(A)—4, then either [ay,+ by51(1, Ag) # 0,
which implies BF(Aq) # £1, or, if [ay,+ by5](1, A;) =0, then (B.4) implies y,(1, A,) =
*b and [dy,+ by, I(1, Ay) # 0. Hence y,(1, A,) # £d. However, this shows

-y, d
[eys+dyi(1, Ao) = [Tyig](l, 2o

is non-zero, and we again conclude BF(A)# =1 Thus A, is a simple eigenvalue.

(B.2)
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