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Abstract

Let KC be the class of all right R-modules that are kernels of nonzero homomorphisms ¢ : E; — E» for
some pair of indecomposable injective right R-modules E1, E;. In a previous paper, we completely
characterized when two direct sums A; @ ---@ A, and B] @ - - - ® By, of finitely many modules A;
and B; in K are isomorphic. Here we consider the case in which there are arbitrarily, possibly infinitely,
many A; and B; in K. In both the finite and the infinite case, the behaviour is very similar to that which
occurs if we substitute the class C with the class ¢/ of all uniserial right R-modules (a module is uniserial
when its lattice of submodules is linearly ordered).
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1. Introduction

This paper is a first step in the study of infinite direct sums of modules each of which
is the kernel of a morphism between two indecomposable injective modules. In our
previous paper [8], we developed a complete theory in the case of finite direct sums
of such kernels, getting a weak form of the Krull-Schmidt theorem similar to the
weak Krull-Schmidt theorem for finite direct sums of uniserial modules proved in [5].
In the case of infinite direct sums of uniserial modules, the three major steps in the
characterization of when two direct sums of uniserial modules are isomorphic were the
three papers by Dung and Facchini [4], Puninski [15] and Prihoda [14]. In this paper,
we prove results analogous to the results obtained by Dung and Facchini, introducing
the notion of upper quasismall module. Here is our main result.

THEOREM 1.1. Let{A; |i € I} and {B; | j € J} be two families of right modules over
an arbitrary ring R. Assume that all the A; and the B; are kernels of noninjective
morphisms between indecomposable injective modules and that @, .; Ai =D ;< Bj-
Alberto Facchini was partially supported by the Italian Ministero dell’Istruzione, dell’ Universita e della
Ricerca (Prin 2007 ‘Rings, algebras, modules and categories’) and by the Universita di Padova (Progetto
di Ricerca di Ateneo CPDA071244/07).

© 2010 Australian Mathematical Publishing Association Inc. 1446-7887/2010 $16.00

199

https://doi.org/10.1017/51446788710001539 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788710001539

200 S. Ecevit, A. Facchini and M. Tamer Kogan 2]

Denote by I’ the set of all i € I such that A; is upper quasismall, and by J' the set of
all j € J such that B; is upper quasismall. Then there exist a bijection o : I — J
such that [A;lyn =[Bsi)lm for every i € I and a bijection T : I' — J' such that
[Ailu = [Br(j)lu foreveryi el'.

The remaining two steps, still open, are the construction of a homomorphism
between two indecomposable injective modules whose kernel is not upper quasismall
(a corresponding example of a nonquasismall uniserial module was discovered by
Puninski in [15]) and the proof that our Theorem 1.1 can be inverted, which was done
for uniserial modules by Piihoda in [14, Theorem 2.6].

In this paper, all rings are associative rings with identity, all modules are unital, and
E (AR) denotes the injective envelope of a module Ag.

2. Notation and first results

The notation that will be used throughout this paper is the same notation as
in our previous paper [8]. Let Ej, Ez, E|, and E) be indecomposable injective
right modules over an arbitrary ring R, and let ¢ : E; — E> and ¢’ : E] — E), be
noninjective morphisms. Any morphism f : ker ¢ — ker ¢’ extends to a morphism
fi1:E; — E/, because E; and E| are injective modules containing ker ¢ and ker ¢’
respectively. Hence f; induces a morphism ]71 : E1/ker ¢ — E|/ker ¢/, which
extends to a morphism f;: E» — Eé Thus we have a commutative diagram with

exact rows:

0 ker ¢ E; 4 E;

lf lfl ifz 2.1)

()errgo’ﬂ-EiLEé

The homomorphisms f; and f; are not uniquely determined by f. Nevertheless,
assume that we have another commutative diagram

0 ker ¢ Eq 4 E>

N

0—>kerg/ —> E| —> E}

for the same f : ker ¢ — ker ¢’. It is proved in [8] that both f; — f{ and f> — f; have
nonzero kernels when ¢ # 0.
Let A and B be two modules. Following the terminology introduced in [5, 8]:
° we say that A and B have the same monogeny class, and write [A],, = [B]n, if
there exist a monomorphism A — B and a monomorphism B — A;
° we say that A and B have the same epigeny class, and write [A], = [ B]., if there
exist an epimorphism A — B and an epimorphism B — A;
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° we say that A and B have the same upper part, and write [A], = [B],, if there
exist a homomorphism ¢ : E(A) — E(B) and a homomorphism v : E(B) —
E(A) such that 9~ '(B) = A and ¥ ! (A) = B.

The motivation for the terminology ‘having the same upper part’ lies in the fact that
if [Aly =[Bly, then [E(A)/Aln =[E(B)/Bln, so that E(E(A)/A) = E(E(B)/B)
by Bumby’s theorem [3]. By [8, Proposition 4.1], ker f and ker g have the same
monogeny class if and only if the cyclically presented modules corresponding to ker f
and ker g via an exact contravariant functor have the same epigeny class. Similarly,
ker f and ker g have the same upper part if and only if the modules corresponding
to ker f and ker g via the same contravariant functor have the same lower part in the
sense of [1]. This fact was generalized in [9, Section 5].

It is clear that a module A has the same monogeny (epigeny) class as the zero
module if and only if A =0. We leave to the reader the easy verification of the fact
that a module A has the same upper part as the zero module if and only if A is an
injective module.

LEMMA 2.1 [8, Lemma 2.4]. Let E|, Es, E| and E), be indecomposable injective
right modules over an arbitrary ring R and let ¢ : Ey — E; and ¢’ : E{ — EJ be
arbitrary morphisms. Then Ker ¢ =ker ¢’ if and only if [ker ¢],, = [ker ¢'],, and
[ker @], = [ker ¢],.

LEMMA 2.2 [8, Lemma 2.6]. Let ¢ : E{ — E3, ¢': E{ — E} and ¢" : E{ — EJ
be noninjective morphisms between indecomposable injective modules. Suppose that
[ker @1, = [ker ¢'1,, and [ker @], = [ker ¢"],. Then:

(a) kerop @ D =ker ¢’ ® ker ¢” for some R-module D;

(b) the module D in (a) is unique up to isomorphism and is the kernel of a

noninjective morphism between indecomposable injective modules;
() [Dln = [ker ¢, and [D], = [ker ¢],.

Kernels of noninjective morphisms between indecomposable injective modules
have semilocal endomorphism rings [8, Theorem 2.1]. Hence they cancel from direct
sums [6, Corollary 4.6].

LEMMA 2.3 [6, Lemma 6.26(a)]. Let R be an arbitrary ring, let A, B and C
be nonzero R-modules, B being uniform, and let o« :A — B and B:B — C be
homomorphisms. Then the composite mapping Bo is a monomorphism if and only
if B and o are both monomorphisms.

Let A and B be right modules over a ring R and « : A — B be a homomorphism.
We say that o is an upper homomorphism if al_l(B) = A for any extension o :
E(A) — E(B) to the injective envelopes. The next lemma shows that it is sufficient
to check this condition on one arbitrary extension.

LEMMA 2.4, Let A and B be modules over a ring R, let «:A— B be a
homomorphism, and let oy : E(A) — E(B) be an extension of a to the injective
envelopes. Assume that al_l (B) = A. Then « is an upper homomorphism.
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PROOF. Let a; : E(A) — E(B) be another extension of « to the injective envelopes,
so that o] induces a homomorphism 07; :E(A)/A— E(B)/B. Then aj —af:
E(A) — E(B) is zero on the submodule A of E(A), hence it induces a morphism
B:E(A)/A — E(B). As B isessential in E(B), it follows that B~1(B) is essential in
E(A)/A. As al_l(B) = A, we see that «; induces a monomorphism & : E(A)/A —
E(B)/B. Now & is a monomorphism and S~!(B) = ker(a; — 071) is essential in
E(A)/A, whence a~1 is a monomorphism. Thus (a; )y~ 1(B) = A. O

EXAMPLE 2.5. Let A and B be modules over a ring R, A being injective. Then every
homomorphism « : A — B is an upper homomorphism.

To see this, notice that if « : B — E(B) is an injective envelope of B, then o : A —
E(B) is an extension of « to the injective envelopes, and (1)~ (B) = A.

REMARK 2.6. We leave to the reader the proof that if ¢ and ¢’ are
nonzero noninjective morphisms, then a morphism f :ker ¢ — ker ¢’ is an upper
homomorphism if and only if f>: E; — E/ is a monomorphism. More precisely,
let P : Mod-R — Spec Mod-R be the canonical functor of Mod-R into the spectral
category Spec Mod-R [12], where Spec Mod-R is obtained from Mod-R by formally
inverting all essential monomorphisms. Let /C be the full subcategory of Mod-R whose
objects are all finite direct sums of modules that are kernels of morphisms between
indecomposable injective modules. Let A be the full subcategory of Spec Mod-R
whose objects are all semisimple objects of finite length. Then P restricts to a functor
from K to A. For any indecomposable module K in Ob(K), P(K) is a simple object
of A. If A is an object of IC, then P(A) = P(E(A)), and is a direct sum of m simple
objects, where m is the Goldie dimension of A.

Since P : Mod-R — Spec Mod-R is a left exact covariant functor, it has a first right
derived functor PV : Mod-R — Spec Mod-R; see [7, Proposition 2.2]. The functor
PO restricts to a functor from K to A. For every module A € Ob(K) with minimal
injective resolution

0O—-A—FEy—E —>E),—---,

PW(A) = P(E)), so that PD(A) =0 if and only if A is injective, and PM(A)is a
simple object of A if A is the kernel of a nonzero noninjective morphism between
indecomposable injective modules. Moreover, a morphism f in K is an upper
homomorphism if and only if P!(f) is a monomorphism.

LEMMA 2.7. Let R be an arbitrary ring, let A, B and C be nonzero R-modules such
that E(B)/B is uniform and let o : A — B and 8 : B — C be homomorphisms. Then
the composite mapping Bo is an upper homomorphism if and only if B and o are both
upper homomorphisms.

PROOF. Let oy : E(A) > E(B) and B1: E(B) — E(C) be extensions of o and S
respectively, so that Sja; : E(A) — E(C) is an extension of Sa. Then o and S
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induce mappings & : E(A)/A — E(B)/B and E] :E(B)/B— E(C)/C, whose
composite mapping is the homomorphism induced by Sjc;. Now apply Lemma 2.3. O

Notice that in Lemma 2.7, the ‘if” implication is true even without the hypothesis
that £(B)/B is uniform.

LEMMA 2.8. Let A and B be modules over a ring R. Assume that A is the kernel of
a homomorphism between indecomposable injective modules.

(@) Iff, g: A— B aretwo homomorphisms such that f is injective but not an upper
homomorphism and g is an upper homomorphism but not a monomorphism, then
f + g is an isomorphism.

® If fi,..., fu: A— B are homomorphisms and fi+ ---+ f, is an isomor-
phism, then either one of the f; is an isomorphism or there exist two distinct
indices i, j € {1,2,...,n} such that f; is injective but not an upper homo-
morphism, and f is an upper homomorphism that is not injective.

PROOF. We prove (a). Since ker(f) 2 ker(g) Nker(f + g), if f is injective and g is
not injective, then f + g must be injective. Now apply what we have just seen to the
morphisms f1, g1 : E(A)/A — E(B)/B induced by two extensions fi, g1 : E(A) —
E(B).

Now we prove (b). Since ker(fi + - - -+ fn) 2(); ker(f;), if fi +---+ fy isan
isomorphism, then there exists i such that ker(f;) =0. Now apply what we have
just seen also to the morphisms f; : E(A)/A — E(B)/B induced by the n extensions
fi : E(A) — E(B), obtaining an index j such that f; is an upper homomorphism. If
fi or fj is an isomorphism, we are done. Otherwise i # j, and the conclusion follows
easily. O

PROPOSITION 2.9. Let A, B, Cy, ..., C, (where n > 2) be modules such that A &
B=Ci®---® C,. Suppose that A is the kernel of a noninjective homomorphism
between two indecomposable injective modules. Then there are two distinct indices
i, j€{l,..., n}andadirect sum decomposition A’ ® B’ = C; @ Cj of C; ® C; such
that A= A'and B= B' & (@k#i’j Cy). In particular, if Cy, . . ., Cy, are also kernels
of noninjective homomorphisms between indecomposable injective modules, there are
two indices i and j, possibly equal, such that [A],, = [Cily and [A], = [Cj]u.

PROOF. The proof of the first part of the statement is like that of [6, Proposition 9.5],
with epimorphism replaced by upper homomorphism. The second part of the statement
follows from [8, Lemma 2.6]. O

THEOREM 2.10. Let {A; |i € I} and {B; | j € J} be two families of modules over
a ring R. Assume that all the Bj are kernels of noninjective morphisms between
indecomposable injective modules. Suppose that there exist two bijections o, T :
I — J such that [A;ln = [Bsi)lm and [A;ly = [Bri)lu for every i € I. Then all the
modules A; are kernels of noninjective morphisms between indecomposable injective
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modules and

EB A; = EB B;.

iel jeJ
PROOF. Since [A;]x = [Bc(i)]m and [A;], = [B-[(,')]u, we see that E(A;) = E(Ba(i))
and E(E(A;)/A;) = E(E(B¢¢))/B:i@)). The module A; is the kernel of the
canonical homomorphism from E(A;) to E(E(A;)/A;). Now E(A;) = E(Bs()),
and is indecomposable, while E(E(A;)/A;) = E(E(B¢y))/B@)), and is either
indecomposable or zero. In the second case, A; must be injective, hence
indecomposable injective, and is the kernel of the zero morphism A; — A;. Hence
every A; is the kernel of a noninjective morphism between indecomposable injective

modules.
The proof of the last part of the theorem is like that of [4, Theorem 3.1] or
[6, Theorem 9.11], with epimorphism replaced by upper homomorphism. O

PROPOSITION 2.11. Let R be an arbitrary ring, let {C;|j € J} be a family of
kernels of noninjective morphisms between indecomposable injective R-modules and

let Ay, Ay, ..., A, be uniform R-modules. If
A1®---B A,
is a direct summand of @@ jeJ Cj, then there exist n distinct elements ki, ..., k, € J

such that [A;ly = [Cx;lm wheni=1,2, ..., n.

PROOF. The proof is like that of [6, Proposition 9.9], with biuniform module replaced
by kernel of a noninjective morphism between indecomposable injective modules. O

THEOREM 2.12. Let {A; |i € I} and {Bj | j € J} be two families of right modules
over an arbitrary ring R that are kernels of noninjective morphisms between
indecomposable injective modules. Assume that

Da=Ps

iel jeJ
Then there exists a bijection o : I — J such that [A;lm = [Bsi)lm for everyi € I.

PROOF. The proof is like that of [6, Theorem 9.12], with biuniform module replaced
by kernel of a noninjective morphism between indecomposable injective modules. O

3. Upper quasismall modules

Recall that a family { f; | i € I} of homomorphisms from a module A into a module
B is said to be a summable family if, for every x € A, there exists a finite subset I (x)
of I such that f;(x) =0 foreveryi eI\ I(x). If {fi|i €1} is a summable family
of homomorphisms of A into B, it is possible to define its sum ) ,.; fi: A — B,
which is clearly a morphism of A into B. Modifying one of the characterizations of
quasismall uniserial modules [4, Lemma 4.4], we give the following definition.
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Let A be aright R-module. We say that A is upper quasismall if for every summable
family { f; | i € I} of endomorphisms of A such that ), _; fi = 14, at least one of the
fi is an upper homomorphism.

From Example 2.5, we deduce the following result.

LEMMA 3.1. Every injective module is upper quasismall.
LEMMA 3.2. Every module with a local endomorphism ring is upper quasismall.

PROOF. Let A be a module with a local endomorphism ring and let {f; |i € I} be
a family of endomorphisms of A whose sum is 14, thatis, > ,.; fi =14. Then
the composite mapping of the homomorphisms F : A — AY), F = (f;);e7, and X :
AD S5 A T (x)ier — Y icr Xi» is the identity of A. Hence F(A) is a direct
summand of AYD. The module F(A) = A has a local endomorphism ring, hence F(A)
has the exchange property [0, Theorem 2.8]. For every i € I, let A; be the ith copy
of Ain A, so that every A; is canonically isomorphic to A and AY) is the internal
direct sum of the A;. As F(A) is a direct summand of A, for every i € I there are
submodules B; and C; of A; such that

Ai=Bi@C and AV =FA) e <@ B")'
iel
It follows that F(A) = @, .; C;, and since F(A) = A is indecomposable, there exists
an index j € I suchthat C; = Aj and C; =0 forevery i € I \ {j}. Thus

A(I):F(A)69< @ Ai>.

iel\{j}
By [6, Lemma 2.6], the restriction of the canonical projection 7; : AD - A j to
F(A) is an isomorphism. Equivalently, the composite mapping 7;F: A — A; is
an isomorphism. But 7;F = f;. Thus f; is an isomorphism, hence an upper
homomorphism. O

The following characterization of upper quasismall modules is similar to the
exchange property.
PROPOSITION 3.3. The following conditions are equivalent for an R-module A.

(a) A is upper quasismall.
(b)  For any R-module G and any two direct sum decompositions

G=AoB=PA
iel
such that A’ = A, if ex : Ay — G and ¢’ : A’ — G denote the embeddings and

Pk D Ai &> Ak and ' : G — A’ denote the canonical projections, then
there exists an index k € I such that 7t'ey pre’ is an upper homomorphism.

PROOF. Suppose that (a) holds. Let A be an upper quasismall module and let G
be an R-module with two direct sum decompositions G = A’ @ B =@,.; A; such
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that A’ = A. Let ¢ : A— A’ be an isomorphism. Then {9~ '7'¢;pie’p |i €1} is a
summable family of endomorphisms of A whose sum is 14.

Now suppose that (b) holds and let { f; | i € I} be a family of endomorphisms of A
such that )", ; fi = 14. Arguing as in the proof of Lemma 3.2, one finds two direct
sum decompositions AD =F(A) @ B= D,c; Ai such that F = (f)ier, F(A)= A
and A; = A for every i € I. By (b), there exists an index k € I such that 7'g; pre’ is
an upper homomorphism. Then 7’e; pr F = 7’ey f. is an upper homomorphism. It
follows that f; is an upper homomorphism by Lemma 2.7 if A is not injective, and is

an upper homomorphism as we have seen in Example 2.5 if A is injective. ]

PROPOSITION 3.4. Let A be the kernel of a homomorphism between injective
modules. Then A is upper quasismall if and only if:

(a) either A has a local endomorphism ring;

(b) or, whenever {f; |i € I} is a summable family of endomorphisms of A and
Y ic; fi is an upper homomorphism, at least one of the f; is an upper
homomorphism.

PROOF. If A =0, then A is upper quasismall and (b) holds trivially. Therefore the
proposition holds in this case. Assume that A # 0.

Suppose that A is upper quasismall, with a nonlocal endomorphism ring, and let
{fi i €I} be a summable family of endomorphisms of A such that ) ;_, fi is an
upper homomorphism.

Assume that ) ;_; f; is an isomorphism. Let 4 : A — A be its inverse. It is easy
to see that {Af; | i € I} is a summable family of endomorphisms of A and that its sum
Y ics Mfiis 14. Since A is upper quasismall, there exists an index i such that i f; is an
upper homomorphism. Then f; an upper homomorphism, as required in (b).

Thus we can assume that ) ., f; is not an isomorphism. Since it is an upper
homomorphism, it must be noninjective. By [8, Theorem 2.1], the endomorphism
ring of A has two maximal ideals and there exists an endomorphism g of A that
is injective but not an upper homomorphism. Thus the family consisting of g and
the f; is a summable family of endomorphisms of A, and its sum g+ ) ;, fi is
an automorphism of A. Let & be its inverse. Arguing as in the previous paragraph,
one sees that the family consisting of hg and the Af; is a summable family of
endomorphisms of A and hg + ) ,; hfi = 14, and one concludes immediately.

Now we assume that (a) or (b) holds, and show that A is quasismall. When (a) holds,
the implication was proved in Lemma 3.2. When (b) holds, the conclusion follows
immediately from the trivial fact that the identity is an upper homomorphism. ]

4. Cokernels of morphisms between projective modules

Propositions 4.1, 4.6 and 4.7 below are related to [10, Lemma 5.2]. To prove
Proposition 4.7, we are forced to make a digression through a study of the cokernels A
of morphisms between couniform projective modules, that is, the modules A for which
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there exists an exact sequence Q — P — A — 0, where P and Q are couniform
projective modules (projective modules with local endomorphism rings); see [9].
Usually, we will avoid considering the trivial case where A = 0, that is, the case in
which the homomorphism Q — P is surjective. If A and B are the cokernels of two
nonsurjective homomorphisms between couniform projective modules and ¢ : A — B
is a homomorphism, it is always possible to construct a commutative diagram of the

form.
o P A 0
@2 J{ J((Pl \L‘/)
o' P’ B 0

This construction is the dual of construction 2.1 that we saw in Section 2. We say that
@ is a lower homomorphism if ¢, is surjective. For further details, see [9].

PROPOSITION 4.1. Let A and B be cokernels of nonsurjective homomorphisms
between couniform projective modules such that [Al, =[Bl.. Then A has a local
endomorphism ring if and only if B has a local endomorphism ring.

PROOF. It suffices to show that if the endomorphism ring of A is not local, then the
endomorphism ring of B is not local. Hence suppose that Endz (A) is nonlocal.

Let f:A— B and g: B — A be two epimorphisms. If B is projective, then f
splits, so that A = B, and therefore Endg(A) = Endg(B). Thus we can suppose
that B is nonprojective. As Endg(A) contains an epimorphism  that is not a
lower homomorphism, it follows that fvg € Endgr(B) is an epimorphism that is
not a lower homomorphism. We must check that Endg(B) also contains a lower
homomorphism that is not an epimorphism. Without loss of generality, we can suppose
that B = A/ X for some submodule X of A and f: A — B = A/X is the canonical
projection. Let ¢ : A — A be a lower homomorphism that is not an epimorphism, and
letg: A/X — A/p(X) be the homomorphism induced by ¢.

Step A. We prove that A/¢(X) is the cokernel of a nonsurjective homomorphism
between couniform projective modules.

o b4 . . .

Let Q — P — A — 0 be an exact sequence such that o is a nonsurjective
homomorphism and P, Q couniform projective modules. We can suppose that A is
the factor module P/« (Q) and that 7 is the canonical projection. The submodule
X of A= P/a(Q) is therefore of the form X = X'/a(Q) for some submodule
X' 2 a(Q) of P. The module B= A/X = P/X’ is the cokernel of a nonsurjective
homomorphism a’ between couniform projective modules P’ and Q’, that is, we have
an exact sequence

0L P IsB=A/X—0.
We also have the short exact sequence

0> X >PL5 B=a/x 0. 4.1)
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By Schanuel’s lemma, P’ @ X' = P & «/(Q’). Couniform projective modules are
the projective covers of all their nonzero factors [1, Lemma 8.7]. Therefore both
P and P’ are projective covers of A = A/X. Hence P’ = P and, since modules with
local endomorphism rings cancel from direct sums, X’ = «’(Q’). Thus from the exact
sequence (4.1), we can construct an exact sequence

ol P B=a/x>0

such that B(Q") =ker(fm) = X'.

Let
Q—2s>p-—T54 0
Q—2>p-—T"54 0

be the commutative diagram relative to ¢, where ¢, is onto because ¢ is a lower
homomorphism, so that ¢ («(Q)) = «¢(Q). Then

9(X) = (X' /a(Q))
= (1 (X) + a(0))/a(Q)
= (p1(X") + ¢1(2(Q))) /a(Q)
=X +a(Q)/a(0Q)
= ¢1(X)/a(Q).
Thus A/@(X) = P/e1(X") = P /@1 8(Q) has a projective resolution

0 5 P AJp(X) > 0,

where we denote by 7”7 : P/a(Q) — P/@1(X’) the canonical projection and by 7 :
P/p1(X") - A/p(X) the isomorphism induced by 7. This concludes Step A.

Step B. The homomorphism ¢ : A/X — A/p(X) induced by ¢ : A — A is a lower
homomorphism.

The diagram relative to ¢ is

fr

o--p A/X 0
g £
o p T AJp(X)——=0

Hence ¢ is a lower homomorphism, which concludes Step B.

Now ¢:A/X=B— A/p(X) is a lower homomorphism between the two
cokernels B and A/¢(X), and the composite mapping of the epimorphism g : B — A
and the canonical projection A — A/@(X) is an epimorphism v: B — A/¢(X).
Therefore either @ or v or ¢ + v is an isomorphism of B onto A/@(X) by the
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analogue of Lemma 2.8(a). In all these three cases, there is an isomorphism y :
B— A/p(X). Now ¢:A— A is not an epimorphism, and therefore the lower
homomorphism ¢ : B — A/@(X) induced by ¢ is not an epimorphism. Thus the
composite mapping ¥ ~!@ is an endomorphism of B that is a lower homomorphism
but not an epimorphism. O

Consider the cokernel A of a homomorphism « : Q — P between two couniform
projective right modules P and Q, and assume that A is nonprojective, that is, that
the homomorphism « : Q — P is nonzero and nonsurjective. We can suppose that
P =eR, Q= fR for suitable nonzero idempotents e, f € R with eRe and fRf
local rings [1, Lemma 8.7]. The homomorphism «: Q = fR — P =eR is given
by left multiplication by a unique element erf € eRf. The cokernel A is the factor
module eR/erf R. Applying the functor Homg(—, R) to «, we get the left R-module
morphism

Homg (o, R) : Homg (P, R) = Re — Homg(Q, R) = R/,

given by right multiplication by the same element erf € eRf. The cokernel of this
left R-module morphism Hompg (e, R) is Rf/Rerf. (Notice that A is nonprojective,
so that eR D erfR and erf # 0. But Rf/Rerf could be zero, that is, Rf might be
Rerf.)
The endomorphism ring of the right R-module eR/er f R is canonically isomorphic
to T /er f Re, where
T :={x €eRe|xerf cerfR}

and erf Re = eRe NerfR. Similarly, the endomorphism ring of the left R-module
Rf/Rerf is canonically isomorphic to 7’/ f Rer f, where

T :={ye fRf |erfy € Rerf}.

Thus, for every element x € T, there exists an element y € R with xerf =erfy, so
that fyf € T’. Dually, for every element y € T, there exists an element x € R with
erfy =xerf,sothat exe € T. In other words, every endomorphism of eR /er f R and
Rf/Rerf yields two commutative diagrams.

fR erf ¢R Re erf Rf
fyfl lx and exel J/y (4.2)
erf erf
fR —>¢R Re —— Rf

Thus we get correspondences T — T', x — fyf and T’ — T, y > exe, which are
not well-defined mappings in general. (The two squares in (4.2) correspond to the
square on the right in the commutative diagram (2.1), in which the mappings f] and f>
are not uniquely determined as well.)
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According to [9, Theorem 2.5], the two completely prime ideals of the
endomorphism ring Endg (e R /er f R) are the kernels of the two morphisms

Endg(eR/erf R) — eRe/J(eRe)
x4 erfRer> x + J(eRe)

and
Endg(eR/erfR) — fRf/J(fRf)
x+erfRe— fyf + J(fRf).

It follows that Endg(eR/erf R) is local if and only if either, for every x € T, x €
J(eRe) implies that fyf € J(fRf), or, for every y € T', y € J(f Rf) implies that
exe € J(eRe). The situation is entirely similar and symmetric for Endg (Rf/Rerf),
so that Endg (e R/erf R) is local if and only if Endg (Rf/Rerf) is local. We have thus
proved the following lemma.

LEMMA 4.2. Assume that eR/erf R and Rf/Rerf are nonzero, that is, erf R C eR
and Rerf C Rf. Then Endg(eR/erfR) is local if and only if Endgr(Rf/Rerf) is
local.

(In the case in which either eR/erf R or Rf/Rerf is nonzero but projective, then
erf =0, so that the two modules are eR and Rf, and their endomorphism rings are
both local.)

REMARK 4.3. We are considering the Auslander—Bridger transpose of the cyclically
presented module eR/erf R. The Auslander—Bridger transpose gives a duality of the
stable category mod-R of the category of finitely presented right R-modules into the
stable category R-mod [13]. It sends the cokernel of a right R-module morphism
Q — P tothe cokernel of the left R-module morphism Homg (P, R) — Hompg(Q, R).
In this paper, we decided to introduce our setting in an elementary way.

REMARK 4.4. The two ring morphisms of the ring Endg (e R/er f R) into the division
rings eRe/J(eRe) and fRf/J(fRf) are the two morphisms induced by the two
functors F and F(yy of [2, Example 6.5]. If the module eR/er f R is projective, then
Fay(eR/erf R) =0, so that the corresponding ring morphism

Endg(eR/erfR) — Endg(F1)(eR/er fR))
is the morphism into the zero ring.
Similarly, the following result is [, Proposition 7.1].

LEMMA 4.5. Assume that eR/erfR and Rf/Rerf are nonzero. Then the following
pairs of equalities are equivalent:

(@) [eR/erfRle=1[e'R/e'r' f'R]. and [Rf/Rerfli=[Rf'/Re'r f'li;

(b) [eR/erfRli=I[e'R/e'r' f'R] and [Rf/Rerfle = [Rf'/Rer f']e.
PROPOSITION 4.6. Let A and B be cokernels of nonsurjective nonzero homo-

morphisms between couniform projective modules such that [A]; = [B];. Then A has
a local endomorphism ring if and only if B has a local endomorphism ring.
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PROOF. Suppose that [A]; = [B];. By Lemma 4.5(b), the Auslander—Bridger trans-
poses of A and B are left modules with the same epigeny class. Now apply
Proposition 4.1 to the Auslander—Bridger transposes. Notice that Proposition 4.1 was
proved for right modules, but, passing to the opposite ring, one gets that it trivially
holds for left modules as well. O

PROPOSITION 4.7. Let A and B be kernels of noninjective homomorphisms between
indecomposable injective modules. Assume that either [A],, = [Bln or [A]l, = [Bl..
Then A has a local endomorphism ring if and only if B has a local endomorphism
ring.

PROOF. Let A and B be kernels of noninjective homomorphisms between injective
modules. Assume that either [A],, = [B];; or [A], = [Bl,. Apply the duality in [9,
Theorem 5.1] to the two right R-modules A and B, to get two left modules H (A) and
H (B) over a suitable ring S. These modules are cokernels of morphisms between
couniform projective left S-modules. By [9, Proposition 5.2], the two modules
H(A) and H(B) have either the same epigeny class or the same lower part. By
Propositions 4.1 and 4.6, H(A) has a local endomorphism ring if and only if H(B)
has. Modules corresponding via a duality have anti-isomorphic endomorphism rings.
This allows us to conclude. u

5. Factor categories

There is a relation between our upper quasismall modules and the theory developed
in [11]. Throughout this section, let .4 be the full subcategory of Mod-R whose objects
are all right R-modules that are direct sums of (possibly infinitely many) kernels of
morphisms between indecomposable injective modules. Let A be an indecomposable
module in Ob(A), that is, the kernel of a noninjective homomorphism between two
indecomposable injective modules, and let / be a completely prime ideal in Endg (A).
Let 7 be the ideal of A associated to I [11]. It is the ideal in the category A defined
as follows: a morphism f: X — Y is in Z(X, Y) if and only if 8fa € I for every
a:A— X andevery B:Y — A. The ideal 7 is the greatest among the ideals 7’ of A
such that Z(A, A) C I, and, in this case, Z(A, A) =I. Let F : A — A/Z denote the
canonical functor. Then F(A) is an indecomposable object of A/Z [11, Lemma 2.1].
In particular, F(A) is a nonzero object of A/Z.

Let I be the completely prime ideal of Endr(A) consisting of all the
endomorphisms of A that are not upper homomorphisms. Then A satisfies
condition (b) of Proposition 3.4 if and only if it is an /-small module in the sense
of [11]; see [11, Lemma 2.3(b)]. Until the end of the proof of Proposition 5.2, we will
apply the results of [11] assuming that A is the kernel of a noninjective homomorphism
between two indecomposable injective modules, Endg (A) is not a local ring, so that
the ideal / of all the endomorphisms of A that are not upper homomorphisms is a
maximal ideal of Endr(A), and A satisfies condition (b) of Proposition 3.4. Thus
Z(X,Y) is the group of all homomorphisms f : X — Y for which Sfo € Endg(A)
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is not an upper homomorphism for every o : A — X and every §: Y — A. We have
already remarked that, under our hypotheses, A is an /-small module in the sense
of [11]. The canonical functor F : A — A/Z sends direct sums of modules in A to the
corresponding coproducts in .4/Z [11, Corollary 2.7].

PROPOSITION 5.1. Let B be the kernel of a noninjective homomorphism between
indecomposable injective right R-modules. Then the following hold.

(@) If [Al, =[Blu, then B is not injective, F(B) is an indecomposable object
of A/Z, Z(B, B) consists of all the endomorphisms of B that are not upper
homomorphisms, and Endg(B)/Z(B, B) is a division ring.

(b) If[Aly #[Bly, then F(B) =0in A/Z and Z(B, B) = Endg(B).

PROOF. To prove (a), assume that [A], =[B],, so that there exist upper
homomorphisms & : A — B and 8 : B — A. If B is injective, then [B], =0 # [A],,
which is a contradiction. Hence B is not injective. If F(B) =0, then 13 € Z(B, B),
and Ba € 1. Thus ;' (B) = A, B; ' (A) = B and (B1a1) ™' (A) D A, which is another
contradiction. This proves that F(B) # 0 and that So is an upper homomorphism.
In particular, the ideal Z(B, B) is a proper ideal of Endg(B). The endomorphism
ring of F(B) is isomorphic to Endr(B)/Z(B, B). An endomorphism f of B is
in Z(B, B) if and only if B'fo’ € Endg(A) is not an upper homomorphism for
any choice of «’: A— B and 8': B— A. By Lemma 2.7, Z(B, B) turns out to
be the set of all endomorphisms of B that are not upper homomorphisms. Hence
Z(B, B) is a completely prime ideal of Endg(B). If F(B) =X @ Y, where X and
Y are nonzero, then there are nonzero orthogonal idempotents in End(F (B)), which
is not possible because Z(B, B) is completely prime. In order to show that
Endg(B)/Z(B, B) is a division ring, we will show that, for any upper homomorphism
f B — B,theelement f + Z(B, B) has aright inverse in Endg(B)/Z(B, B). Since
Bfa ¢ I,there exists g : A — A suchthat 14 — Bfag is not an upper homomorphism.
Then a(lgq — Bfag)B =aB(lp — fagpP) is also not an upper homomorphism, so
1p — fagp is not an upper homomorphism. In other words, g + Z(B, B) is aright
inverse for f + Z(B, B) in Endg(B)/Z(B, B).

Now we prove (b). If [A], # [B]u, then either there are no upper homomorphisms
A — B or there are no upper homomorphisms B — A. If B is not injective, it follows
that 13 € Z(B, B), whence F(B) =0 and Z(B, B) =Endg(B). If B is injective,
then there is no upper homomorphism A — B, so that every endomorphism of A
that factors through B is not an upper homomorphism. It follows that 15 € Z7(B, B),
F(B)=0and Z(B, B) = Endg(B). O

From [11, Lemma 3.1, Proposition 3.2], we deduce the following result.
PROPOSITION 5.2. The two categories AJZ and Mod-(Endg(A)/I) are equivalent.

Therefore there is a direct summand preserving functor from A into the category
of vector spaces over the field Endr(A)/I with the property that, for every object
X =@,;; Ai of A, the dimension of the vector space corresponding to X is equal to
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the cardinality of the set {i € I | [A;], =[A],}. Hence this cardinality depends only
on X and not on the direct sum representation X = @P;_; A; of X as a direct sum of
kernels A; of nonzero morphisms between indecomposable injective modules.

Now apply the results of [11] assuming that A is the kernel of a noninjective
homomorphism between two indecomposable injective modules, Endg(A) is a local
ring and / is its maximal ideal. Now the group Z(X, Y') consists of all homomorphisms
f:X —Y for which Bfa € Endgr(A) is not an automorphism for any choice of
o:A— X and B:Y - A. The module A is an /-small module in the sense
of [11, Section 6]. The canonical functor F: A— A/Z sends direct sums of
modules in A to the corresponding coproducts in .4/Z [11, Corollary 2.7]. For
every kernel B of morphisms between indecomposable injective modules, F(B) =
F(A) is an indecomposable object of A/Z if A= B, and F(B)=0if AZ B [11,
Proposition 6.2]. (To see this, notice that if B is the kernel of a homomorphism
between two indecomposable injective modules and A Z B, then 81pa € Endg(A) is
not an automorphism for every o : A — B and every 8 : B — A.) Moreover, property
(*) of [11, Section 3] holds, and the categories .A/Z and Mod-(Endr(A)/I) are
equivalent [11, Lemma 3.1]. It follows that there is a direct summand preserving
functor of A into the category of vector spaces over the field Endg(A)/I, with the
property that, for every object X = &p,.; A; of A, the dimension of the vector space
corresponding to X is equal to the cardinality of the set {i € I | A; = A}. Hence this
cardinality depends only on X and not on the direct sum representation X = @, ; A;
of X as a direct sum of kernels A; of nonzero morphisms between indecomposable
injective modules. Taking the union of the isomorphism classes of kernels of nonzero
morphisms between indecomposable injective modules that are in the same upper class
as A, we find that the cardinality of the set {i € I | [A;], = [A],} depends only on X
and not on the direct sum representation X = €p,.; A; of X as a direct sum of kernels
of nonzero morphisms between indecomposable injective modules. We have proved
the following theorem.

THEOREM 5.3. Let{A; |i € I}and {B; | j € J} be two families of right modules over
a ring R. Assume that all the A; and the B; are kernels of noninjective morphisms
between indecomposable injective R-modules. Suppose that @@,.; Ai = P jes Bj.
Denote by 1’ the set of all i € I such that A; is upper quasismall, and by J’ the set of
all j € B such that Bj is upper quasismall. Then there is a bijection T : I' — J' such
that [Aily = [Br(j)lu for everyi e I'.

Theorem 1.1 is now just a combination of Theorems 2.12 and 5.3.
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