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Abstract. We define left and right kernels of representations of Hopf algebras. In
the case of group algebras, left and right kernels coincide and they are the usual kernels
of modules. In the general case, we show that these kernels coincide with the categorical
left and right Hopf kernels of morphisms of Hopf algebras defined in Andruskiewitsch
and Devoto [Extensions of Hopf algebras, Algebra i Analiz 7 (1995), 22-69]. Brauer’s
theorem for kernels over group algebras is generalised to Hopf algebras.
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1. Introduction. If Gisa finite group and M is a representation of G which affords
the character x, then the kernel of the representation M is defined as the set of allg € G
which act as the identity on M. It is easy to see that kerg(x) is a normal subgroup
of G. The notion of kernel of a representation of a group is a very important notion
in studying the representations of groups (see [9]). For example, a classical result of
Brauer in group theory states that over an algebraically closed field k of characteristic
zero, if x is a faithful character of G, then any other irreducible character of G is a
direct summand in some tensor power of .

In [5], the author introduced a similar notion for the kernel of representations
of any semisimple Hopf algebra. The notion uses the fact that the exponent of a
semisimple Hopf algebra is finite [7]. In this paper, we will extend the notion of kernel
to arbitrary Hopf algebras, not necessarily semisimple. The aforementioned Brauer’s
theorem for groups was extended in [5] for semisimple Hopf algebras 4, and for
those representations of 4 whose characters are central in 4*. With the help of this
new notion of kernel, we extend this theorem to an arbitrary representation whose
character is not necessarily central in the dual Hopf algebra (see Theorem 4.2.1). We
also prove a version of Brauer’s theorem for arbitrary Hopf algebras, giving a new
insight to the main results from [12] and [13].

Note that the group algebra kG is cocommutative. Lack of cocommutativity
suggests the introduction of left and right kernels of modules. It will also be shown that
these left and right kernels coincide with the left and, respectively, right categorical
kernels of morphisms of Hopf algebras that has been introduced in [2] and extensively
studied in [1]. This coincidence proven in Theorem 2.3.6 suggests also how to generalise
the notion of kernel of modules to the non-semisimple case.
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Recently, it was proven in [4] that Hopf subalgebras are normal if and only if they
are depth two subalgebras. We extend this result to coideal subalgebras. Moreover, we
show that in this situation, depth two and normality in the sense defined by Rieffel in
[14] also coincide. Normal subalgebras as defined by Rieffel were recently revised in
Section 4 of [6].

The paper is organised as follows. Section 2 introduces the notion of left and right
kernels of modules and proves their coincidence with the categorical kernels introduced
in [2]. A general version of Brauer’s theorem is also stated in this section. Section 3
is concerned with depth two coideal subalgebras of a Hopf algebra. We prove a left
coideal subalgebra is right depth two subalgebra if and only if it is a left normal coideal
subalgebra. Section 4 considers coideal subalgebras of semisimple Hopf algebra. An
extension of Brauer’s theorem in this case is also considered.

The Hopf algebra notations from [11] are used in this paper but we drop the sigma
symbol from Sweedler’s notation of comultiplication. Recall a left coideal subalgebra
S of A4 is a subalgebra of 4 with A(S) C 4 ® S. We say that a left coideal subalgebra
S of A is left normal if and only if it is invariant under the left the adjoint action of
A,ie a;xS(ay) € Sforalla € A and x € S. Such a coideal subalgebra will be called a
left normal coideal subalgebra. Also, it follows from [15] that if 4 is finite dimensional
then A is free as left or right S-module.

For a subalgebra B of a Hopf algebra A, we denote by B* the ideal of B defined
by w(B) = Bt = AT N B. As usual, AT = ker € is the kernel of the count € of 4.

2. Left and right kernels. Let 4 be an arbitrary Hopf algebra over a field £ and
M be an A-module. We say that an element a € A acts trivially on M if and only
am = e(a)ym for all a € 4. If S is a subalgebra of 4 we say that S acts trivially on M if
each element of S acts trivially on M.

If M is an A-module then define

A, ={ae A|am=e(amforallme M}. (2.0.1)

It is easy to verify that S, is a subalgebra of A, thus the largest subalgebra
of A which acts trivially on M. If A4 is semisimple and M a simple A-module then
dimy(S,,) = dimy(4) — dimy(M)>.

2.1. Definition of left kernels. Let M bean 4-moduleandL,, : AQM — AQ M
be the linear operator given by a ® m — a; ® axm. Let LKer,, be the largest subspace
Bof Asuchthat L ,|,., =id. Then LKer,, is called the left kernel of M. Thus

LKer, ={ac Al ai @ aym=a®@m, forall me M}. (2.1.1)

If A4 is a semisimple Hopf algebra and M a module with character x we also write
LKer, instead of LKer,,.

REMARK 2.1.2. If A = kG and M a G-module then LKer,, is the group algebra
k[Kerg(M)] of the usual kernel of M.

PROPOSITION 2.1.3. Let A be a Hopf algebra and M be an A-module. Then LKer,,
is a left normal coideal subalgebra of A.
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Proof. Applying € @ Id to the defining relation 2.1.1 of LKer,, it follows that
LKer, C S,,. Itis easy to verify that LKer,, is an algebra.

Next, we will show that A(LKer,,) C 4 ® LKer,,. Let a € LKer,, and A(a) =
Yy hi ® x;, where h; is a basis of A. It will be shown that x; € LKer,, foralll <i <n.
Indeed, A%(a) = Y7 i ® A(x;). Since a1 ® aym = a ® m, it follows that a; ® a» ®
asm=ar@a @mforallme M. Thus Y\ h; Q@ (x)1 ® (x;)om =Y i hi ® x; @ m
which implies that (x;); ® (x;)ym = x; @ mforallme M and 1 <i <n.

Now, we will show invariance under the left adjoint action of A. Let & € 4 and
a € LKer,,. Then h;aS(h,) € LKer,, since

(h1aS(h2)) ® (haS(h))om = hiayS(hs) @ hyax S(hy)m

= h1aS(hs) ® haS(h3)m
— haS(hy) @ m.

PROPOSITION 2.1.4. Let A be a Hopf algebra and

0 — > N ——>M-—LspP—50

be a short exact sequence of modules. Then

LKer,, < LKer, N LKer,.

Proof. Clearly, LKer,,  LKer,. Next, we will show LKer,, C LKer,. Indeed, if
a € LKer,, then a; ® aym = a ® m for all m € M and applying id ® p it follows that
a € LKer, since p is surjective. ]

Recall that the exponent of A4 is the smallest positive number m > 0 such that
a" = e(a)1 for all a € A. The generalised power a”! is defined by al”! = a,a5...a,,.

REMARK 2.1.5. Let 4 be a Hopf algebra and M be an 4-module. Then it is easy
to check that L}, (a @ m) = a; ® a[zs]m for all s > 1. Thus if 4 is of a finite exponent m
then L}, =idon 4 ® M.

THEOREM 2.1.6. Let A be a Hopf algebra of finite exponent over an algebraically
closed field k and let

i

0 N ML p 0

be a short exact sequence of finite-dimensional modules. Then

LKer,, = LKer, N LKer,.

Proof. Let L := LKer, N LKer, and consider the exact sequence

0 — > LN ¥, 1M -, LoP — 0

If ] € L and m € M then

(Tep) L, (®@m)—1Qm) =1 Qp(hm) —1®p(m) =1 & hLp(m) —1® p(m) =0
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since / € LKer,. Thus L, (/®@m)—I®m e LQ N. It follows that L, (L, (/ ® m) —
l®@m)) =L, (I ®m)—1®m. Thisalso implies that Lﬁl(l ®m)—Ly(l®em)=L,(I®
m) — [ ®m. Thus (L, —id)> =0 on L ® M. On the other hand, since A has finite
exponent, one has L = id on L ® M by the previous remark. Since k is algebraically
closed, it follows that L, =idon L ® M, i.e. L C LKer,,. g

REMARK 2.1.7. Among the Hopf algebras with finite exponent we recall semisimple
algebras and group algebras of finite groups over a field of characteristic diving the
order of the group. The fact that the exponent of a finite-dimensional semisimple Hopf
algebra is finite was proven in [7]. In the same paper, it is also shown that in this case
the exponent divides the third power of the dimension of A4.

REMARK 2.1.8. Let S|, the inverse operator of L,,. Then S|, is given by S, (a ® m) =
a1 ® S(a)mforalla € Aandm € M. It follows that S, | ., ,, = id and thus one also
has that

LKer, ={ac 4| a; @ S(ax)ym =a®m, forall m e M}.

PROPOSITION 2.1.9. Let A be a Hopf algebra and M be an A-module. Then LKer,,
is the largest coideal subalgebra of A that acts trivially on M.

Proof. Proposition 2.1.3 implies that LKer,, acts trivially on M. On the other
hand, if A(S) C 4 ® S and S acts trivially on M then s; ® som = 51 ® €(s2)m = s @ m,
which shows that S C LKer,,. U

LEMMA 2.1.10. Let A be a Hopf algebra with bijective antipode and M be a finite-
dimensional module over A. Then LKer,, = LKer,,..

Proof. For the operator L, : 4@ M* — A ® M* one has that LKer,. = {a €
Al a1 ® aof = a® f} for all f € M*. This is equivalent to a1/ (S(ax)m) = af (m) for all
m e M and f € M*. Therefore, a € LKer,,. if and only if a; ® S(ax)m = a ® m for all
m € M which implies by Remark 2.1.8 that LKer,,. = LKer,,. O

2.2. Definition of right kernel. Let M be an A-module and R, : A ® M —
A ® M given by a @ m +— a ® aym. Let RKer,, be the largest subspace B of 4 such
that R |, ., =id. Thus

RKer,, ={a € Alax @ aym =a® m, forall m € M}. (2.2.1)

Suppose that 4 has a bijective antipode S with inverse S~'. Then the inverse operator
U, of R, is given by U, (a ® m) = ay ® S~(a;)m for alla € A and m € M. It follows
that U,, |x«, o« = id and thus one has also that

RKer, ={ae Al ax ® S~ a)ym=a@m, forall me M). (2.2.2)

It is also easy to check that A(RKer,,) € RKer,, ® 4.

REMARK 2.2.3. (1) Suppose that the Hopf algebra 4 has a bijective antipode and
let M be an A-module. Then RKer,, = S(LKer,,). Indeed, if a € LKer,, then

S(a), ® S(a)ym=S(a;) @ S(ax)m = S(a) ® m,
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which shows that S(LKer,, ) C RKer,,. Similarly, it can be checked that if @ € RKer,,
then S~'a € LKer,,. Thus RKer,, = S(LKer,,).
(2) Applying € ® Id to the relation 2.2.1 it also follows that RKer,, C §,,.

2.3. Description as categorical kernels.

LEMMA 2.3.1. If M and N are two A-modules then LKer,, N LKer, C LKer
particular, LKer,, C LKer ., foralln > 1.

In

M@N *

Men

Proof. Suppose m € M ,n € M and a € LKer,, N LKer,. Since a; ® axn = a @ n,
applying A ® Id one has @ @ @y Q aszn = a1 @ a; @ n. Thus a; @ aym  asn = a; Q
am@n=a, QmQ n. O

DEFINITION 2.3.2. Let 4 be a Hopf algebra and M be an 4-module. We define the
Hopf kernel A4,, of M as the largest sub-bialgebra of 4 contained in S,,.

If A is finite dimensional then A4, is also the largest Hopf subalgebra of A. It is
easy to see that in the case of a semisimple Hopf algebra this notion of kernel coincides
with the kernel 4,, of the module M introduced in [5].

LEMMA 2.3.3. Let A be a Hopf algebra and M be an A-module. Then
(1) The kernel A,, is the largest subcoalgebra in S,,.

(2) The kernel A,, is the largest subcoalgebra in LKer,,.

(3) The kernel A,, is the largest subcoalgebra in RKer,,.

Proof.

(1) If C is a subcoalgebra of 4 contained in S,, then < C >= @,>9C" is a sub-
bialgebra of A. Thus one has < C >C A4y,.

(2) Clearly, A4,, is a subcoalgebra of LKer, C S,,. On the other hand, any
subcoalgebra of §,, is by definition included in LKer, . Thus the largest
subcoalgebra of S, is 4,, and coincides with the largest subcoalgebra of LKer,, .

(3) The proof of (3) is similar to that of (2). n

PROPOSITION 2.3.4. Let A be a Hopf algebra and M be an A-module. Then

A, ={acd|la@am@as=a @may forall me M}.

Proof. Let Afw ={aced|la@®aum@a; =a; mE a, forall m e M}. Clearly,
A, C A, since 4, is a coalgebra. On the other hand, it easy to check that 4/ is a
sub-bialgebra of 4 contained inside S,,. Maximality of the kernel 4,, implies the other
inclusion. O

Let 7 : A — Ba Hopf map. Recall that the Hopf kernel of = was defined in [2] as

HKer(m)={a€e A|ay @ n(ax) @ a3 = a; @ w(1) ® ap}. (2.3.5)

Also, the left and right kernels of m are defined as LKer(w) = A“”" and
RKer(rr) =“7" A.

Now, let M be an A-module and 7, = N,>9Ann,(M®"). Then I,, is a Hopf ideal
[12] that will be called the Hopf ideal generated by M for the rest of the paper. Also,
let 7y : A — A/I,, be the canonical projection.
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THEOREM 2.3.6. Suppose that M is a finite-dimensional module over a finite-
dimensional Hopf algebra A. Let I,, = Ny=oAnny(M®") and w : A — A/I,, be the
canonical projection. Then

(1) A“™ = LKer,, and “°"™ A = RKer,,.

(2) Hker(r) = Ay,

Proof.

(1) Ifa e A°™ thena; @ axm = a; @ w(a)m = a @ w(1)m = a ® m, therefore a €
LKer,,. Conversely, suppose that a € LKer,, and let A(a) = Y_'_, a; ® x; with
a; a k-basis of A. Then x; € LKery, and the Lemma 2.3.1 implies that x; €
LKer,,, for all n > 1. Therefore, x; — €(x;)1 € I,, which implies that 7 (x;) =
€(x;)1. Thus 4°™ = LKer,, and applying the antipode S it follows that " 4 =
RKer,,.

(2) Tt is easy to see that Ay, C HKer(;r). On the other hand, since HKer(r) acts
trivially on M it follows that HKer(w) C A3 by maximality of 4,,. n

The following corollary can be regarded as a generalisation of Brauer’s theorem
for groups.

COROLLARY 2.3.7. Suppose that M is a finite-dimensional module over a finite-
dimensional Hopf algebra A. Then

Np=0Anny(M®") = w(LKer,,)4.

For a coideal subalgebra S of 4 denote by €, the character of the left trivial
S-module. Then e, is the restriction of the counit € to S.

REMARK 2.3.8. One has that 4 ®g k, the trivial left S-module induced to A4, is
isomorphic to 4/AS* via the map a ®g 1 — a.

The next lemma is the first item of Theorem 1.1 of [16].

LEMMA 2.3.9. Suppose that the antipode S of the Hopf algebra A is bijective. Let S

be a coideal subalgebra of A andm : A — AJAS™ the canonical coalgebra projection. If
A is left S-faithfully flat then A" = S.

REMARK 2.3.10. From Lemma 4.2 of [16] it follows that S is normal whenever
AST C STA.

PROPOSITION 2.3.11. Let L be a normal left coideal subalgebra of a Hopf algebra A
with bijective antipode S. Then

LKer , =1L. (2.3.12)

ety

Proof. We show first that L C LKer, Ve Indeed, for all/ € L and a € A4 one has
L ® IQ(SCZ QL) = L ®Sa ®, (aleSCQ)I) =/® (Sa®r 1)

since L is normal. Since the antipode S is bijective, it follows that L ¢ LKer Ve
Ll
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Letw : A — A//Lbethe canonical projection. It follows that A°°™ = L by Lemma
2.3.9. Suppose now that a € LKery, with M =k, TZ’E AJ/ALT. Thena®@m=a; ®
a>m = a; @ 7w(a>)m for all m € M. In particular, for m = 1 one has a; @ m(a2) = a ®
7(1). Therefore,a € A°™ = L. O

COROLLARY 2.3.13. Suppose that L is a normal coideal subalgebra of A and M =
k T is the trivial L-module induced up to A. Let I,, be the Hopf ideal generated by M in
A andn A — A/1,, be the canonical projection. Then A" =L, i.e. A/1,, = A//L.

Proof. By Proposition 2.3.11 it follows that LKer,, = L. On the other hand,
Corollary 2.3.7 implies that 4" = LKer,,. t

Next, we will give two examples of left (right) kernels.

EXAMPLE 2.3.14.

(1) Let 4 be a Hopf algebra and consider the left adjoint action of A4 on itself. Then
L := LKer(A4) s the largest central coideal subalgebra of 4. In this situation, the
kernel 4, of the adjoint action coincides with the largest central sub-bialgebra
of A4 and it is in fact a Hopf subalgebra called, the Hopf centre of 4 in [1].

(2) Let A be a finite-dimensional Hopf algebra and

L= mSeIrr(A) LKer(S)

Then A//L is the largest semisimple Hopf algebra quotient of 4. Moreover, 4
has Chevalley property if and only if the Jacobson radical rad(A4) equals w(L)A.

REMARK 2.3.15. Let 7 : 4 — H be a Hopf algebra map with 4 and H finite-
dimensional Hopf algebras. Then H can be regarded as A-module via = and let
L := LKer,(H). It is to see that in this case A//L is isomorphic with the Hopf image
of 7 as defined in [3]. Thus 7 is inner faithful if and only if L is trivial.

2.4. Core of a coideal subalgebra. Let S be a left coideal subalgebra of A. If L
and K are left normal coideal subalgebras of 4 contained in S then it is easy to see
that LK is also a left normal coideal subalgebra contained in S. Thus one can define
L := core(S) as the largest left normal coideal subalgebra of 4 contained in S.

The next proposition gives a description of the core of a coideal subalgebra. It
generalises Theorem 3.7 and Remark 3.8 from [5].

PROPOSITION 2.4.1. Suppose that S is a coideal subalgebra of A and let L :=
LKCI'ESTA. Then core(S) =
S

Proof. First we show that L C S. Since k T:: A/AST one has that
L={leA|l®n(ha)=1®n(a) forall a e A} (2.4.2)

Thus for a =1 one gets that L C¢ A“°"™ =S. Now suppose that K is any
left normal coideal subalgebra of A4 contained in S. Then one has a canonical
projection of 4 modules A/AK" — A/AS*T and Proposition 2.1.4 implies K =
LKer c L. O

AJAKT

COROLLARY 2.4.3. Let S be a coideal subalgebra of A. Then S is normal if and only
e, t1i= e,
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Proof. If S normal the statement follows from Proposition 2.3.11. The converse
follows from the previous proposition and Proposition 2.1.9. O

2.5. On two endofunctors on 4-mod and respectively S-mod. Let 4 be a Hopf
algebra. Then 4 is a right comodule subalgebra of 4 with the usual multiplication and
comultiplication given by A.

Let S be a left 4-comodule subalgebra of A, i.e. a left coideal subalgebra of 4.
Then for any A-module M and any S-module V' the comodule structurep : S > A ® S
defines via pullback, an S-module structure on M ® V. Denote this module structure
byMoV.

This makes the category of S-modules a left module category over the tensor
category A-modules.

PROPOSITION 2.5.1. Let S C A4 be a right A-comodule subalgebra of A. Then M ®
VAd= (M 12 oV) 14 for any S-module V and any A-module M.

Proof- Themap T: AQs (MO V) —> M ® (A Qs V) given by a ®s (m ® v) —
a; @ aym Q (ar ®s v) is a well-defined map and a morphism of 4-modules with inverse
given by m ® (a ®s v) = a> Qs (S~ (a))m ® v). O

COROLLARY 2.5.2. Let S C A be a right A-comodule subalgebra of A. Then

M®es A= M |15 (2.5.3)

for any A-module S.

Proof. Put V =k, the trivial S-module in the above relation. Note also that
Mok=M L O

Define the endofunctors:
7T :S-mod — S-mod givenby 7(V)=V T§‘¢§ (2.5.4)
for any S-module V. Also define
V:A4-mod — A-mod given by V(M) =M |14 (2.5.5)

for any A-module M.
The following lemma is straightforward. It shows that the restriction functor
res : A-mod — S-mod is a morphism of 4-mod categories.

LEMMA 2.5.6. Let S be a coideal subalgebra of A and M, N be two A-modules. Then

(M®N) l§=MON |

Then one has the following relations:

LEMMA 2.5.7. For any S-module V and any A-module M it follows that
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8]
V(M) =M ® (5 1)
)
T(V) =V 15 0T (es)
foralln > 1.

Proof. The first statement follows from Corollary 2.5.2. The second statement is
easily proven by induction on 7. ]

In the next proposition, we need the Frobenius—Perron theory on Grothendieck
rings of hopf algebras developed in [8].

PROPOSITION 2.5.8. Let A be a finite-dimensional Hopf algebra and L := LKer,, be
the kernel of a finite-dimensional A-module. Then €, T’L‘l is the regular character of A/ /L.

Proof. For any left A//L-module one has that N ¢f: |Nle,. Applying previous
lemma it follows that N ® €, 1= |N|e, 14. Thus €, 1/ is the common Frobenius-
Perron eigenvector of the operators of left multiplication by all 4//L-modules, thus
the regular character of A//L (see [8]). ]

3. Depth two coideal subalgebras. In this section, we work over a commutative
ring R. Recall that an extension of R-algebras B C A is called right (left) depth two if
the module 4 ® A is a direct summand in A” in the category gMod, (respectively,
4Modp) for an arbitrary n > 1.

In this section, we will show that a left coideal subalgebra of a Hopf algebra 4 is
right depth two if and only if it is left normal, i.e. closed under the left adjoint action.
For this reason, in this section, we have to work with right modules instead of left. Our
treatment is very similar to the one used in [4] for depth two Hopf subalgebras.

3.1. Depth two coideal subalgebras.

PROPOSITION 3.1.1. Let S be a right coideal subalgebra of a Hopf algebra A.
(1) Then the map

B:AQsA—> AR A/STA givenby a®sb > ab; Q by

is a well-defined morphism of (A, S)-bimodules. The (A, S)-bimodule actions
are defined as c(a ®sb)x = ca®bx on A Qs A and c(a ® b)x = cax ® b for
a,b,ce Aandx € S.

(2) If AST C ST A then the above map B is an isomorphism.

Proof. The first item follows by direct computation. For the second item consider
Yy A®A/STA—> A®sA givenby aQgb > ab; Qg Shs.

It is not hard to check that if AST C ST A4 then y is well defined. Moreover y is an
inverse for B. U
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For the rest of this section let 4 := A4/4STA4 and 7 : 4 — A be the canonical
projection. Recall that the extension A4/S is A-right Hopf Galois [11] if A" = S and
the canonical map 8 is bijective.

PROPOSITION 3.1.2. If A is left or right faithfully flat over S and AST™ C SA™ then
A/S is a right A-Galois extension. In particular, S is a left normal coideal subalgebra.

Proof. By Proposition 3.1.1, one knows that 8 is bijective. If 4 is left faithfully flat
over S the second theorem from section 13.1 of [17] implies that S equals the equaliser
of iy and i, where i} : A > AQs A ar>a®sl and i : A > AQs A a— 1Rga.
Since B is bijective, this coincides with the equaliser of 7; o 8 and i; o 8. But this last
equaliser is exactly 4°°™. Thus S is also closed under the left adjoint action.

If A4 is right faithfully flat over S a ‘right version’ of the same second theorem from
Section 13.1 of [17] would also imply that S is the equaliser #; and #,. Il

THEOREM 3.1.3. If AST C SA™ and A is finitely generated projective as left S-module
then S is of right depth two inside A.

Proof. Using Lemma 2.7 from [4] it follows that A|R" in Modg and therefore
A®SA§A®1‘I|A®Rn§AniHAMOds. O

PROPOSITION 3.1.4. Let S be a left coideal subalgebra of A such that A is faithfully
flat S-module. If S has right depth two inside A then AST C STA.

Proof. If S has right depth two inside A4 then k ® 4 (4 ®s A) is a direct summand
in (k ®4 A)" in Modg. Note that k£ ®g A4 is the trivial S-modules and therefore k ®gs A
divides k" in S-mod. Since ST annihilates the S-module &, this implies that the two-
sided ideal generated A4S 4 annihilates the A-module k ® s A. Previous remark implies
that AST4 = St A and in particular AST C ST A. a

COROLLARY 3.1.5. Let S be a coideal subalgebra of A such that A is faithfully flat
over S. Then S is a right depth two subalgebra of A if and only if S is normal, i.e. closed
under the left adjoint action.

3.2. Rieffel’s normality for coideal subalgebras. Let B C A an extension of finite-
dimensional k-algebras. An ideal J of B is called A-invariant if 4J = JA. Following
[14] the extension A/ B is called normal if for every maximal two-sided ideal 7 of A the
ideal BN I is A-invariant.

If S'is closed under adjoint action and A4 has bijective antipode then it easy to verify
that S is normal in Rieffel’s sense. Indeed, if 7 is a two-sided ideal of A and x € SN[
then ax = a1xS(az)az € (I N S)A. Also xSa = azSa,xSa; € A(I N S). Conversely, if a
coideal subalgebra S of a semisimple Hopf algebra A is normal in Rieffel’s sense then
ASt = ST A4 since ST = AT N S is a maximal two-sided ideal of S. Then Proposition
3.1.2 implies that S is closed under the left adjoint action. Thus normality, depth
two and Rieffel’s normality coincide for coideal subalgebras of a Hopf algebra with
bijective antipode.

REMARK 3.2.1. If 4 is semisimple it will be shown in the next section that S is also
semisimple. In this case, left depth two coincides with right depth two by Theorem 4.6
of [6].
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This remark brings up the question whether left and right depth two coincide
on coideal subalgebras. Further, one can ask whether the extension 4/S is a quasi-
Frobenius extension, at least in the finite-dimensional case. Results from [15] shows
that S is a Frobenius algebra if S is finite dimensional.

4. The semisimple case. Throughout of this section, we assume that the Hopf
algebra A is semisimple. Let S be a left coideal subalgebra of 4.

Since 4 is free over S [15] there is a decomposition 4 = S & R as left S-modules.
Consider A, = x + r the decomposition of the idempotent integral A, in the above
direct sum. Then, clearly, sx = e(s)x for all s € S and €(x) = 1. Similarly, since 4 is free
as right S there is a decomposition 4 = S @ R’ as left S-module. Consider A, =y + 1/
the decomposition of the idempotent integral A , in the above direct sum. Then, clearly,
ys=¢€(s)xforalls € Sand e(y) = 1. Thus x = yx = y.

LEMMA 4.0.2. Let S be a left coideal subalgebra of a semisimple Hopf algebra A.
Then S is also semisimple.

Proof. We will use a Maschke-type argument for the category of S-modules.
Suppose that W is an S- submodule of V' and f: V' — W a k-linear projection.
Then it easy to check f : V' — W given by

J@) =" Sxif(xav)

is an S-projection. Indeed, one has that F(sv) = > Sx1f(x25v) = 51.5(52)Sx1f (x2830) =
sf(v) and f(w) = Sx;xw = w. ]

Thus the element x from above is the central idempotent corresponding to the
trivial module €, of S.

4.1. Rieffel’s equivalence relation for a coideal subalgebra. Let S C A4 be a left
coideal subalgebra of A4.

Let VV and W two S-modules. that We say that V' ~ W if and only if there is a
simple A-module M such that V" and W are both constituents of M |#. The relation
~ is reflexive and symmetric but not transitive in general. Its transitive closure is
denoted by ~. Thus we say that V' =~ W if and only if there is m > 1 and a sequence
Vies Vi, -, Vi V;, of simple S-modules such that V' =V; ~ V; ~ Vi, ~ ...~

i =1 Viy

Vi, ~ Vi = W.Asexplained in [6], it follows that I &~ W if and only if thereisn > 0
such that V' is a constituent to 7”(W). This is equivalent to W to be a constituent of
).

We denote the above equivalence relation by dSA. This equivalence relation is
considered in [14] in the context of any extension of semisimple Hopf algebras.

Similarly, one can define an equivalence relation ug‘ on the set of irreducible A-
modules. We say that M ~ N for two simple A-modules M and N if and only if
their restriction to S have a common constituent. Then u;‘ is the transitive closure of

~. Similarly, M and N are equivalent if and only if there is n > 0 such that M is a
constituent to V*(N). This is equivalent to N to be a constituent of V"(M).

4.2. Tensor powers of a character. The following theorem can be viewed as a
generalisation of Brauer’s theorem for groups:
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THEOREM 4.2.1. Let A be a semisimple Hopf algebra and M be an A-module with
character . If L := LKer,, then the irreducible modules of A//L are precisely all the
irreducible constituents the tensor powers M®" withn > 0.

Proof. One has that 4//L is a semisimple Hopf algebra. On the other hand, since
L is left normal Corollary 2.4.3 implies that the simple A-submodules of k 14 and the
simple A -submodules of 4//L coincide. Then description of the Hopf ideal /,, given
in Corollary 2.3.7 implies the conclusion. O

The next corollary follows from Proposition 3.3 from [5].

COROLLARY 4.2.2. Let A be a semisimple Hopf algebra and M an A module with
character x. If x is central in A* then Lker, = Rker, = 4 .

Proof. Let L := Lker,. Then from the previous theorem and Proposition 3.3 of [5]
the quotient Hopf algebras A4//L and A4// A have the same irreducible representations,
namely the irreducible representations of all tensor powers of M. It follows that
dimy L = dimy 4, . Since 4, C L then one has 4, = L. Then 4, = Rker, by applying
the antipode S. ]

In view of the last corollary, the next theorem can be viewed as an extension of
Corollary 6.5 for group algebras from [6].

THEOREM 4.2.3. Let A be a semisimple Hopf algebra and S be a coideal subalgebra
of A. Let L := core(S). Then the equivalence relations u? and u?* coincide.

Proof. From Proposition 2.4.2 it follows that L := LKer, 4. Two A-modules M
and N are equivalent if and only if N is a constituent of V(M) for some n > 1. From
the formula of V"(M) it follows that M and N are equivalent if and only if N is a
constituent of M ® (es 14)" for some n > 1.

But from Theorem 4.2.1 it follows that ¢, Tf has as constituents all the irreducible
constituents of all tensor powers (€5 14)" with n > 0. Thus two 4-modules M and N
are equivalent relative to S if and only if they are equivalent relative to L. O

4.3. Theintegral element of S. Let x, := x denote the element from the beginning
of this section.

In this situation, one has AS*T = A(1 — x;). Indeed, if s € ST then s = sx + s(1 —
xg) = €($)x, +5(1 — x,) = s(1 — xy).

PROPOSITION 4.3.1. Let A be a semisimple Hopf algebra and S be a coideal subalgebra
of A. Then the following statements are equivalent:

(1) Sisnormal in A

(2) € by itself from an equivalence class of d;‘.

(3) The element x is central in A.

Proof. Corollary 2.4.3 implies the equivalence between the first two items.
Proposition 3.1 from [6] shows the equivalence between the last two items. From
the results from [16] it follows that S is normal if and only if 4ST = ST A4. O

Note that the equivalence between first and third item generalises Proposition 1
from [10].
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