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EQUIVALENCE OF CABLES OF 
MUTANTS OF KNOTS 

JÔZEF H. PRZYTYCKI 

0. Introduction. There is the nice formula which links the Alexander polyno
mial of (m, &)-cable of a link with the Alexander polynomial of the link [5] [36] 
[38]. H. Morton and H. Short investigated whether a similar formula holds for 
the Jones-Conway (Homfly) polynomial and they found that it is very unlikely. 
Morton and Short made many calculations of the Jones-Conway polynomial of 
(2, <7)-cables along knots (2 was chosen because of limited possibility of comput
ers) and they get very interesting experimental material [24], [25]. In particular 
they found that using their method they were able to distinguish some Birman 
[4] and Lozano-Morton [22] examples (all which they tried) and the 942 knot (in 
the Rolfsen [37] notation) from its mirror image. On the other hand they were 
unable to distinguish the Conway knot and the Kinoshita-Terasaka knot. Other 
pairs of mutants were tried with similar results. The above finding of Morton 
and Short (which the author learned of at Oberwolfach Conference, Septem
ber 1985) was the motivation for the author to prove (in January 1986) that 
generally (2, q) cables of mutants of knots are skein equivalent so in particular 
they have the same Jones-Conway polynomial [33]. Independently, and about 
the same time, the above result was proven by R. Lickorish and A. Lipson [19] 
and generalized by them to the Kauffman polynomial. In April 1986 the similar 
method was used by H. Morton and P. Traczyk [26] to prove a more general 
result for the Jones polynomial, in particular Morton and Traczyk proved that 
(/?, g)-cables of mutually mutant knots have the same Jones polynomial, the fact 
which does not hold for the Jones-Conway polynomial [26] and is expected to 
be false for the Kauffman polynomial. 

There is however one case in which we show that the Morton-Traczyk result 
still holds for the Jones-Conway and Kauffman polynomials. Namely no new 
polynomial invariant of links can distinguish (/?, q) cables of K\ # K2 and K\ # — 
K2 where —K2 denotes the knot K2 with reversed orientation; see Corollary 6.3. 

The paper is organized as follows: 
The first part contains the preliminary material about cables, satellites and 

mutants of links. We also include into this part the related result about the 
Alexander polynomial. 

In the second part we review new invariants of links including the Jones, 
Jones-Conway and Kauffman polynomials. 

In the third part we develop general tools which allow us to study equivalence 
of cables (or satellites) of mutants. 
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In the fourth part we prove the Morton-Traczyk result on the Jones polynomial 
of cables of mutants of knots. 

In the fifth part we deal with the Jones-Conway and Kauffman polynomials. 
In the sixth part we show that no new invariant of links can distinguish 

satellites (e.g. cables) of K\ # K2 and K\ # — K2. 
Finally we consider, in the seventh part, some other situations to which the 

tools of Part 3 can be applied and we discuss problems which arise. 

1. Preliminaries. Cables, satellites, mutants and the Alexander polyno
mial. Let L be a link in S3. We denote by VL a regular neighbourhood of L in 
S3 and by ML the link space S3-int VL. If L is a knot then VL is a solid torus. 
There is a simple closed curve m on d VL which is not trivial on d V\ but bounds 
a 2-disk in V^. We call m a meridian of the knot L. There is a simple closed 
curve I on dVi which is not trivial on dVL but is nullhomologous in Mi. We 
call / a longitude of L. If L is oriented, we may assign orientations to m and /: 
a longitude of / is isotopic to L in Vi and we orient it as L. A meridian will be 
oriented in such a way that its linking number lk(m,L) with L in S3 is +1. 

Definition 1.1. Let L be a link in a 3-sphere S3 such that L lies in an unknotted 
solid torus V C S3 and L intersects any meridian disk of V. Let K be a nontrivial 
knot in S3, VK its tubular neighbourhood and h : V —* VK a homeomorphism 
which maps a longitude of V onto a longitude of K. Ls = h(L) is a link called a 
satellite of K, and # is its companion. The pair (V,L) is the pattern of Ls. If L 
is a link ambient isotopic in V to a (/?,<7)-torus link (on dV) then L5 is called a 
(p,<7)-cable link on K. Let D2 be a meridian disk of V. The algebraic crossing 
number of D2 and L is called the winding number of the satellite Ls and the 
geometric crossing number of D2 and L is called the wrapping number of the 
satellite Ls. 

Figure 1.1. 

Now let AzXO be the (normalized) reduced Alexander polynomial of a link L. 
For our purposes, we use the characterization of A^(0 found by Alexander [1] 
and extensively used by Conway [7]. Namely A/XO is uniquely determined by 
the following conditions: 

(1) A r i ( 0 = l 

where T\ is a trivial knot, 

(2) AL+(0 - AL_(0 = (Vt- lM)ALo(0 
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where L+, L_, and Lo are diagrams of oriented links which are identical except 
near one crossing point, where they look like in Fig. 1.2. 

\ < 

Figure 1.2. 

The Alexander polynomial of a satellite Ls can be computed from the Alexan
der polynomial of the companion K, the pattern link L and the linking number 
n =lk(m,L) where m is the meridian of V (for pattern (V,L)), 

THEOREM 1.2. (Burau, Seifert, Fox). 

where = means an equality up to multiplication by dit1. 

Definition 1.3 [20]. (a) A tangle is a part of a diagram of a link with two 
inputs and two outputs (Fig. 1.3(a)). It depends on an orientation of the diagram 
which arcs are inputs and which ones are outputs. For oriented diagrams we 
distinguish tangles with neighbouring inputs (Fig. 1.3(b)) and alternated tangles 
(Fig. 1.3(c)). 

\ 

(a) (b) tangle with neigh
bouring inputs 

Figure 1.3. 

(c) alternated 
tangle 

(b) Let L\ and L2 be oriented diagrams of links. Then L2 is a mutation of L\ 
if L2 can be obtained from L\ by the following process (Fig. 3.2): 

(i) remove from L\ an inhabitant T of a tangle B, 
(ii) rotate T through angle 7r about the central axis (perpendicular to the plane 

of the diagram) (T-mutation) or about the horizontal (p-mutation) or vertical (S-
mutation) of the tangle and if necessary change the orientation of T (so that 
inputs and outputs are preserved). 

(iii) place the new inhabitant into the tangle B to get L2. 
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It follows immediately from the properties (1) and (2) of the Alexander poly
nomial that if Li is a mutant of L\ then 

AL2(D = ALl(0 

therefore one gets from Theorem 1.2, 

COROLLARY 1.4. If a knot L2 is a mutant of a knot L\ and LSl and LS2 are 
satellites of L\ and L2 respectively with the same pattern (V,K) then 

ALs2(t) = ALsi(t). 

In Part 4, we will show (following [26]) that the same holds for the Jones 
polynomial. 

2. New invariants of links; (0,00), skein and Kauffman equivalences. If 
p is a crossing of oriented components (component) of a diagram of a link, we 
associate with p the sign according to the convention of Fig. 2.1. 

y v 
sgn ( />)=+! / \ sgn (p) = -1 Figure 2.1. 

The twist (or write) number of an oriented diagram, tw( ), is defined to be the 
sum of the signs over all crossings. For selfcrossings the sign does not depend 
on orientation so the twist number is well defined even for an unoriented knot 
diagram. 

Consider four diagrams of links, L+, L__, Lo, and LQO which are identical except 
near one crossing point where they look like in Fig. 2.2. 

) ( 

Figure 2.2. 

We distinguish between L+ and L_, and Lo and L^ whenever the sign of the 
crossing is well defined. We will work mostly with diagrams of links which are 
either oriented (all components) or nonoriented (no component is oriented), but 
to allow more general approach we will allow also partially oriented diagrams 
(i.e., some components are oriented and some are not). 

Two diagrams of links are (ambient) isotopic if and only if (due to Reide-
meister theorem) one can go from one to another using Reidemeister moves of 
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type ft^, ft2
T, Cl^ (see Fig. 2.3). To define his polynomial, L. Kauffman used 

weaker relation than (ambient) isotopy; namely regular isotopy which allows 
only Reidemeister moves of type Iî2

f, lî3
T. In fact the most natural is equiva

lent relation on link diagrams which is somewhere between (ambient) isotopy 
and regular isotopy, we call it weak regular isotopy. We say that two link di
agrams are weakly regular isotopic if one can go from one to another using 
Reidemeister moves of type Q% , Qf and the weak first Reidemeister moves 
of type Qj5 (Fig. 2.3). The twist number, tw( ), and the (global) linking number 
are the invariants of weak regular isotopy of oriented diagrams and it is easy to 
verify [39], [31] that two oriented diagrams are weakly regular isotopic if and 
only if they are (ambient) isotopic and have the same twist number. Similarly 
the selftwist number st( ) = tw( ) —21k( ) is the invariant of weak regular iso
topy of unoriented (and partially oriented) diagrams and two partially oriented 
diagrams are isotopic if and only if they are (ambient) isotopic and have the 
same selftwist number. 

(fto.5 creates the pair of circles of the opposite sign) 

Figure 2.3. 
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Most generally we will consider invariants of weak regular isotopy classes of 
partially oriented link diagrams which have the property that the value of the 
invariant for L+ is uniquely determined by the value of the invariant for L_, 
Lo and L^ and the value of the invariant for L_ is uniquely determined by the 
value of the invariant for L+, Lo and L^. We call such invariants the invariants of 
Kauffman type and if two partially oriented link diagrams cannot be distinguished 
by any invariant of Kauffman type we say that they are Kauffman equivalent 
(see [31] for more details). The Kauffman polynomial, Ai(a,x), is an example 
of a Kauffman type invariant. It is defined uniquely by (see Fig. 2.5) 

(i) ATl(a,x) = 1 
(ii) ALpX^(a,x) = aAL(a,x\ ALn.m(a,x) = a~lAL(a,x), 
(iii) AL+(a,x) + AL-(a,x) = xALo(a,x)+xALoo(a,x). 

The polynomial Ai(a,x) can be easily modified to the Kauffman polynomial of 
oriented links, FL(a,x) : 

FL{a,x) = a-^L)AL(a,x) [16]. 

We can consider invariants of weak regular isotopy classes of unoriented link 
diagrams which have the property that the values of the invariant for Lcr is 
uniquely determined by the value of the invariant for L\iOV and Lver (Lcr, Lhor and 
Lver denote the link diagrams which are identical except near one crossing point 
where they look like in Fig. 4.3.) 

T J J 
1 1 ^p. tw ^n. tw 

Figure 2.5. 

We call such invariants the invariants of (0, oo) type and if two unoriented 
link diagrams cannot be distinguished by any invariant of (0, oo) type we say 
that they are (0, oo) equivalent. The Kauffman bracket polynomial, ( ), (i.e., the 
unoriented version of the Jones polynomial) is an example of a (0, oo)-invariant 
(see [13], [17]). It is defined uniquely by 

(i) <ri> = i 
(ii) (Lp.tw) = -A3(L), (LnAw) = -A-3(L), 
(iii) <Lcr) = A(Lhor) + A"1 (Lver). 

It can be easly modified to the invariant of oriented links 

MA) = (-A3rtw(L)(L). 

After substitution A = —r1/4 one gets the Jones polynomial; i.e., 

vL(t)=fL(-r1/4). 
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Finally if we consider invariant of (ambient) isotopy of oriented links which 
have the property that the value of the invariant for L+ (resp. L_) is uniquely 
determined by the value of the invariant for L_ and L$ (resp. L+ and L0) we 
get skein type invariants. If two oriented links cannot be distinguished by any 
skein type invariant we say that they are skein equivalent (see [7], [11], [20], 
[34] or [31]). The Jones-Conway polynomial PL(«, Z) (named also skein, twisted 
Alexander, generalized Jones, 2-variable Jones, Homfly or Flypmoth) is an ex
ample of a skein type invariant. It is defined uniquely by: 

(i) P r , ( a , z ) = l 
(ii) aPu{a, z) + cTxPL_{a, z) = zP^a, z) 

(see [10], [20], [12], [30], [34], [9]). 
We will mean by new knot invariants, skein type invariants, (0, oo)-invariants 

or invariants of Kauffman type. For a given link we will consider binary or 
trinary trees which can be used to compute an invariant of the link from the 
invariants of links at leaves of the tree. Depending on the invariant we will 
consider binary (0, oo)-tree, binary skein-tree and trinary Kauffman tree. For 
example, the situation at each node (except leaves) of (0, oo)-tree looks like in 
Fig. 2.4. 

Figure 2.4. 

3.1. Parallel and symmetric «-rooms. 

Definition 3.1. An «-room with (/?i,/?2,/?3,/?4)-corners (where p\ +P2+P3 + 
/?4 = 2n,pi S 0) is a part of a diagram of a link with n inputs and n outputs 
distributed in such a way that p\ of them lie in the north-west corner of the 
«-room, /?2 in the north-east corner, 773 in the south-east corner and p\ in the 
south-west corner of the «-room (see Fig. 3.1). 

Definition 3.2. (a) Let A be an «-room. We denote by p(A),8(A), T(A) the «-
room obtained from A by rotating it through angle 180° about one of the three 
axes as shown in Fig. 3.2 (compare Definition 1.3). 

(b) We say that an «-room is of p (resp. 6 or r) type if p\ — p^, p?> —PA 
(resp. p\ — /?4, p2 = P3, or p\ = P3, P2 — PA) and in the case of oriented room 
p (resp. 6 or r) sends all inputs to inputs or all inputs to outputs. 

(c) Let L be a diagram of a link and A its «-room of type p (resp. S or r). 
Then we denote by p(L) (resp. è(L) or r(L)) the link obtained from L by p (resp. 
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Figure 3.1. 

d/ p 

-J 

Figure 3.2. 

S or r) operation on A. If necessary we change the orientation of A so that inputs 
and outputs are preserved. 

Definition 3.3. If A is a «-room of a link diagram L then A'— the complement 
of A is also an «-room. We say that A' is a p-parallel «-room if strings of 
N-W corner of A are joined in A' with strings of N-E corner of A by p\ — pi 
parallel (possibly twisted) strings (there are possibly other components which 
do no interact with parallel strings) and S-W corner is joined with S-E corner by 
P3 = p4 parallel strings. In particular, a\ is joined with p(a{) for each / ^ In (see 
Fig. 3.3). If A7 is a p-parallel «-room then A is an «-room of type p. Similarly 
we define ^-parallel «-room (we join N-W corner with S-W corner and N-E 
corner with S-W corner) and r-parallel «-room (we join N-W corner with S-E 
corner and N-E with S-W), see Fig. 3.3. 

Now we will consider a link diagram L composed of two «-rooms A and 
A' where A' is a p-parallel «-room (resp. ^-parallel or r-parallel) and we will 
compare L with p(L) (resp. 6{L) or r{L)). 

Now for simplicity (but without a loss of generality) we will concentrate on p. 
Our strategy is the following: we build a binary (or trinary, depending on which 
invariant is considered) tree for L modifying L only in A. Simultaneously we 
can build the tree for p(L). Of course the leaves of trees for L and p(L) are still 
related by p. Now we try to choose leaves so that either they are unchanged by 
p or one can reduce the number of strings involved and proceed by induction. 
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We need more definitions to make the above idea precise. 
We have the natural partial ordering of 4-tuples (/?i,/?2,/?3,P4) where /?, ^ 

0. Namely (p\,p'2,p'3,P*) = (P\,Pi,Ps,P4) i f a n d onlY i f p\ = Pi f o r e a c n L 

Furthermore our set of 4-tuples has a unique minimal element (0, 0, 0, 0). 

Definition 3.4. (a) Let A be an «-room of type p. We say that A is p-symmetric 
if p(A) = A. 

(b) If a link diagram L is composed of an «-room A of type p and its com
plement A' then we say that A is almost p-symmetric modulo A' if L and p(L) 
are (ambient) isotopic (in fact they are then weakly regular isotopic becauuse p 
does not change the twist number). 

(c) If a link diagram L is composed of an «-room A of type p with 
(PbP2?/?3îP4)-corners, and its complement p-parallel «-room A', then A is called 
reducible (more precisely reducible with respect to A') if L is weakly reg
ular isotopic to a link diagram L* composed of an «2-room A* of type p 
with (PIIP^IPIIPA) corners, and p-parallel ra-room A*' and (p^p^P^Pl) < 
(P\IPI,P?>IPA), and furthermore p(L) is weakly regular isotopic to p(L*). 

THEOREM 3.5. Let L be a link diagram composed of an n-room A of type p 
with (p\Jp21p3,P4)-corners and its complement p-parallel n-room A'. Assume 
that L has binary skein (resp. binary (0, oo) or trinary Kauffman) tree whose 
leaves are composed of A' and an n-room B of type p with (pi,/?27/?3,P4) corners 
which is either almost symmetric modulo Af or is reducible with respect to A'. 
Additionally assume that for each link diagram L* composed of an n*-room A* 
of type p with (p\,p\,p\,p^-corners where 

(P*,P2iP3iPÏ) < (P\,P2,P3,P4) 

and p-parallel n*-room A*f one has L* skein equivalent (resp. (0, oo) equiva
lent or Kauffman equivalent) to p(L*). Then L is skein equivalent (resp. (0, oo) 
equivalent or Kauffman equivalent) to p(L). The same holds when we change p 
to 6 or r. 
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Proof. If (pi,/?2,P3,P4) = 0 then obviously L is isotopic to p(L). Now as
sumptions of Theorem 3.5 are formulated in such a way that the inductive step 
can be performed (if L* is equivalent to p(L*) for 

(P*,P2>P3iP4) < (PUP2,P3,P4) 

then L is equivalent to p{L)). 
So Theorem 3.5 is obvious but very important. In specific cases we will have 

to check whether the hypothesis of Theorem 3.5 is satisfied. 
In the case of (0, oo)-equivalence we will show, after [26], that no assumptions 

on (PITPIIPIIPA) are needed. For other equivalences we need some restrictions 
(and they are essential). 

4. (0, oo) equivalence and the Jones polynomial. 

THEOREM 4.1 ([26]). Let L be a link diagram composed of an n-room A of 
type p (resp. 3 or r) with (p\1 /?2,P3,p^-corners and its complement a p-parallel 
(resp. 8 or r-parallel) n-room A'. Then L and p{L) (resp. S(L) or T(L)) are (0, oo) 
equivalent. 

Proof Without loss of generality we can limit ourselves to the case of p. 
We use Theorem 3.5 for (0, oo)-equivalence. Therefore we have to verify the 
hypothesis of Theorem 3.5 that L has a binary (0, oo) tree whose leaves are 
the same as L outside A and which are either almost symmetric modulo A' or 
reducible with respect to A'. We can assume that any leaf (say L* = A* UAf) 
has no crossings in A*. We can ignore trivial components in A* because they 
also appear in p(A*). 

Now assume that A* is not reducible. Then no string of A* starts and ends in 
the same corner. Then A* looks as in Fig. 4.1 so is symmetric, therefore almost 
symmetric. 

I 
n, ! P2=Pl 

P4=P3 ! P3 
I 

Figure 4.1. 

COROLLARY 4.2. Let L be a link diagram and A its tangle with complementary 
tangle Ar. Assume that the mutation p (resp. 6 or r) preserves components of L 
that is ifao is a point of AHA'HL then a§ and p(ao) (resp. 6(ao) or rfao)) He on 

p-symmetric «-room 
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the same component of L. Then for any satellite Ls of L (i.e., we take a satellite 
for each component of L) and the corresponding satellite (p(L))s (resp. (8(L))S 

or (7<L))5), L and (p(L))s (resp. (8(L))S or (T(L))S) are (0, oo)-equivalent. 

Proof. If ao and p(a0) are on the same component of A' then one can find a 
diagram of Ls which can be divided naturally (reflecting division L = AUAf) 
into the «-room As and p-parallel room A's. Furthermore (p(L))s = p(Ls). Then 
we apply Theorem 4.1. If ao and p(ao) are on the same component of A then we 
use the same argument exchanging the roles of A and A'. A similar argument 
holds for 8 and r. Finally consider the case when ao and p(ao) are on the same 
component of L but they are not on the same component neither of A nor of A' 
(see Fig. 4.2). 

Figure 4.2. 

Then either (i) ao and 8{ao) are on the same component of A and ao and r(ao) are 
on the same component of A', or (ii) ao and r(ao) are on the same component of 
A and a0 and 8(ao) are on the same component of A'. We will consider the case 
(i) ((ii) is analogous). Now by the first part of the proof Ls is (0, oo)-equivalent 
to (8(L))S and (8(L))S is (0, oo)-equivalent to (r-8(L))s. We perform 8 on A and 
r on A' but up to weak regular isotopy we get the same diagram as performing 
p = T8 on A so Ls is (0, oo)-equivalent to (p(L))s. A similar argument holds for 
8 and r. 

COROLLARY 4.3. [26] Let K\ and K^ be satellites (e.g. (p,q)-cables) of ori
ented knot K and its mutant (constructed in the same way). Then for the Jones 
polynomial V(t):VKx(t) = VK2(0-

Proof. By Corollary 4.2 A4 and K2 are (0, oo)-equivalent as unoriented knots 
and additionally they have the same twist numbers so they have the same Jones 
polynomial. 

COROLLARY 4.4. Let knots K\ and K2 be satellites of oriented knot K and its 
mutant (with the same pattern). Then they have the same signature (CJ(K\) = 
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Proof. To prove Corollary 4.4 and its extension analogous to Theorem 4.1 it 
is enough to show that the signature of knots is an invariant of (0, oo)-equivalent 
classes. In fact the following, more general theorem holds. 

THEOREM 4.5. Let L be an unoriented link diagram with the Kauffman bracket 
(L) ^ 0 for A2 = i, then cr(L) = a(L) + lk(L) is a (0, oo)-equivalence classes 
invariant (it was shown by Murasugi [29] that a(L) does not depend on an 
orientation of L). 

Proof It is useful to consider one more variation of the Jones polynomial. 
Namely VL(t) <E Z[t*1/2] is defined by 

VL(t) = H l k ( LVL(0 

or equivalently for A = —f-1/4 it is equal to 

(-A3rs t (L)(L) where st (L) = tw(L) - 21k(L). 

VL(t) is an invariant of (global) isotopy of unoriented links. Further let us define 
the unoriented determinant of L by DL — VL(t) for ^ft — i(t — —1). Of course 
for knots DL ̂  0. The following fact easily follows from [7] and [29] 

(4.6) - S L = / W ) for/)L^0, 
\Ë>L\ 

in particular DL £ RUiR. Now to prove Theorem 4.5 we need only the following 
lemma. 

LEMMA 4.7. Let 

{ oo ifDL — 0 

and c(L) denote the number of components ofL, then if one knows, D^hor, a(Lhor)7 

st(Lhor), c(Lhor), £>Lver, a(LVer), st(Lver), and c(Lver) then one can find DLcr, a(]Lcr), 
st(Lcr) and c(LCT). 

Proof For cÇLcr), st(Lcr) and DLcr this is an easy task. Namely: 

c(L ) = / c(Lhor) + 1 if c(LhoT) = c(Lycr) 
cr \ min(c(Lhor), c(Lver) if c(LhoT) ̂  c(Lwer) 

StLhor+StLve 
2 i f C(Lcr) > c(Lh o r) 

St(Lcr) = ^ 2 s tL h o r - StLver + 1 if c(Lhor) > c(LveT) 

2stLver - stLhor - 1 if c(LVer) > c(Lhor) 
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H 4(StLhor-StLcr-l) A , 4(stLver-StLcr+l) A 

Now we will work with the signature. If DLCT — 0 then 

a(Lcr) = oo, 

so assume D^cr ^ 0. Then, formula 4.6 allows us to find a(Lcv)(= &(Lcr)) modulo 
4. We will use the following known formulas (see [7], [29], [35] or [31]): 

(a) \a(LT)-a(L0)\Sl 
(4.8) 

(b) if DLT ^ 0 but DLo = 0 then a(LT) = a(L0). 

Now we have to consider two main cases: 
I. c(Lhor) = c(Lver), that is, two different components are involved in the 

crossing of Lcr. From 4.8(a) it follows easily that: 

| |£(Lcr) - a(Lhor) + ±(stLcr - stLhor - 1)| ^ 1 

\ \&(LCT) - â(Lver) + ±(stLcr - stLVer + 1)1 ^ 1. 

Now because either DLhor or DLv;r is different from zero so either 

à(Lhor) = à(Lhor) or a(Lver) = a(LveT) 

and using 4.9 one can determine a(Lcr). 
II. c(Lhor) ^ ^(^ver); that is Lcr has the self-crossing. Now one has two possi

bilities 

c(Lhor) < c(LVer) and c(LhOT) > c(Lwer). 

Let us concentrate on the latter (the first being analogous). Now either 

(i) DLhor ^ 0 so a(Lhor) = a(LhoT). 

Because 4.8(a) gives us 

\a(Lcr) - &(Lhov) + -(stLcr - stLhor - 1)| g 1 

therefore we can determine cr(LCT), or 

(ii) DL h o r=0 (soDLver^O). 

then 4.8(b) gives us 

(4.10) &(LCT) = a(Lh0T) + -(stLhor - stLcr + 1). 
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On the other hand we can write Lver as Ldver (see Fig. 4.3) and then the smoothing 
of a new crossing of Ldver (with any orientation of Ldver) gives us again Lhor. We 
can use 4.8(b) to get (see Fig. 4.3): 

(4.11) o-(Lver) = <3-(Ldver = ô-(Lhtw) + ^(stLhtw - stLdver + 1) 

= <7(Lhor) + T( S t L hor ~ StLv e r) . 

Combining 4.10 and 4.11, we get 

(4.12) a(Lcr) = £(Lver) + - (st Lver - st Lcr + 1 ) 

so we can determine â(LCT). This completes the proof of Lemma 4.7 and Theorem 
4.5. 

Theorem 4.5, Lemma 4.7 and Corollary 4.4 likely can be extended by the 
same method to any supersignature associated with the Jones polynomial (see 
[35] and [31, Theorem 4.20]). 

a x x r )( x .X 
L± LQ LCT JLhor ^ver -^dver ^htw 

Figure 4.3. 

5. Skein equivalence and the Jones-Conway polynomial, Kauffman equiv
alence and the Kauffman polynomial of satellites of mutants. 

THEOREM 5.1. Let L be a link diagram composed of an n-room A of type p 
(resp. 6 or r) with (pi,p2,P3,p^-corners 

((puP2,P3,P4) ^ (2,2,2,2)) 

and its complement a p-parallel (resp. Ô or r-parallel) n-room A. Then L and 
p(L) (resp. 6(L) or iiL)) are Kauffman and skein equivalent. 

The following example of Lickorish and Lipson [19] shows that the assump
tions of Theorem 5.1 are essential i.e., if A and A' are of type 8 then L and p(L) 
are not necessarily Kauffman or skein equivalent. 

Example 5.2 [19]. Consider the link L\ composed of three trivial components 
(Fig. 5.1). If we apply p-rotation to the room A we get the link L2 composed 
of a trivial component and the Hopf link. Therefore L\ and L2 have different 
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L2 = p(L,) 
Figure 5.1. 

Jones, Jones-Conway and Kauffman polynomials (so they are neither (0, oo) nor 
skein, nor Kauffman equivalent). To prove Theorem 5.1 we use Theorem 3.5 
and we need a workable criterion to recognize almost symmetric n-rooms. 

Definition 5.3. Let A be an «-room with (/?i,/?2?P3?/?4) -corners and T a p -
string braid. We denote by 1A the n-room obtained from A by adding 7 at the 
NW corner of A (we need p — p\). Similarly we define A1,A1 and 1A. We 
always orient 7 from outside to inside; see Fig. 5.2. We say that A and B are 
corner equivalent if and only if B can be got from A using finite numbers of 
moves of type A —-> 1A, A —> A1, A —> A1 and A —> 1A. 

A t 
the case of (px =p2=P3=P4) y = ^>\h2^B3 

Figure 5.2. 

LEMMA 5.4. (a) Let L be a link diagram composed of a 4-room A of type 
p (resp. 8 or r) with (2,2,2,2)-corners and its complement a p-parallel (resp. 
6 or r-parallel) 4-room A'. Then if A is corner equivalent to a p (resp. b or 
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T)-symmetric 4-room then A is an almost p (resp. 6 or r)-symmetric 4-room with 
. respect to A'. 

(b) Consider all 4-rooms A with (2,2,2,2)-corners. There is 7 • 5 • 3 = 105 
pairings of 8 inputs and outputs of A. 60 of them do not connect strings of the 
same corner. Then for each of these 60 connections there is a 4-room realizing 
the connection which is corner equivalent to a p,b and r-symmetric 4-room. 

Proof (a) If A is corner equivalent to p-symmetric 4-room then 

A - 7 3 Vl2 

where B is p-symmetric 4-room and 7i,72>73 and 74 are 2-braids. Then 

p(A) = £ B% 

and because A' is a p-parallel 4-room 

p ( L ) = £ £ £ U i 4 ' 

is regular isotopic to 

(we just transport twists from one corner to the other), so A is almost p-symmetric 
with respect to A'. A similar proof works for 8 and r. 

(b) Consider p,£ and r-symmetric rooms in Fig. 5.3. 

+v 

/ / 
(a) (b) 

V 
A 

Figure 5.3. 

Among 60 pairings of inputs and outputs which we have to consider, 4 are 
realized by 4-rooms corner equivalent to Fig. 5.3(a), 16 - Fig. 5.3(b), 4 - Fig. 
5.3(c), 16 - Fig. 5.3(d), 4 - Fig. 5.3(e) and the last 16 are realized by 4-rooms 
corner equivalent to Fig. 5.3(f). 

Now to prove Theorem 5.1 we use Theorem 3.5. For each pairing of inputs 
and outputs of A there is one possible leaf of binary skein (or trinary Kauffman) 
tree for L so it is sufficient to show that each pairing is represented by a reducible 
or almost symmetric 4-room. If we connect strings from the same corner then 
we get a room reducible with respect to A!\ If we do not connect strings from 
the same corner then by Lemma 5.4 we can always realize our pairing by a 
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4-room almost p (resp. 8 or r)-symmetric modulo A'. So we get the hypothesis 
of Theorem 3.5 for (puP2,P3,P*) = (2,2,2,2). For (puP2,P3,P*) < (2,2,2,2) 
the same proof works (in fact the shorter proof because there are less cases to 
check). Therefore all hypotheses of Theorem 3.5 are satisfied so the proof of 
Theorem 5.1 is completed. 

COROLLARY 5.5. Let L be a link and A its tangle with complementary tangle 
A'. Assume that the mutation p (resp. 8 or r) preserves components of L, that 
is if ao is any input or output of A then ao and p(tfo) (resp. <5(#o) or r(ao)) lie 
on the same component of L. Then for any satellite Ls of L such that for each 
component K of L which cuts the boundary of A, the wrapping number of the 
satellite of K is less or equal to 2 (see Definition 1.1) and the corresponding 
satellite (p(L))s (resp. (8(L))S or (T(L))S) one has that Ls and (p(L))s (resp. (8(L))S 

or (T(L))S) are skein and Kauffman equivalent. 

Proof. This is analogous to that of Corollary 4.2. 

COROLLARY 5.6. [19], [33] Let K\ and K2 be satellites of wrapping number 2 
(e.g. (2,q)-cables or doubles) of an oriented knot K and its mutant (constructed 
in the same way). Then K\ and K2 are skein and Kauffman equivalent. In partic
ular they have the same Jones-Conway and Kauffman polynomials and the same 
signature. They have also the same Tristram-Levine signature a(Q provided 

where P denotes the Jones-Conway polynomial. 

Proof. It is analogous to that of Corollaries 4.3 and 4.4. We use the fact that 
under assumption P(i, 2 — £ — Q ^ 0 the Tristram-Levine signature (a(0) is an 
invariant of skein equivalence classes of links (see [35] or [31]). 

6. New knot invariants of satellites of ^1 # K2 and K\ # — K2. 

THEOREM 6.1. Let L be a link diagram composed of an n-room A of type p 
with (n^^O^Oycorners and its complement p-parallel n-room A'. Then L and 
p(L) are skein and Kauffman equivalent. Similar results hold for 8 and r. 

Proof We use Theorem 3.5. We proceed as in the proofs of Theorems 4.1 
and 5.1. We have to show that for each pairing of In inputs and outputs there 
is always «-room which represents it and which is either reducible with respect 
to A' or is almost symmetric modulo A'. If a pairing joins two points from the 
same corner then one can easily find an «-room representing this pairing which is 
reducible with respect to A'. Now consider only pairings which join points from 
different corners. There are n\ of such pairings and they are in natural bijection 
with a group Sn of all permutations of n elements. Now consider an n braid 
7 going from NW corner to NE corner of an «-room. It represents an «-room 
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7 = ô,82ô IEfi3 

<|>(7) = (i3)ei?3 

Figure 6.1. 

with pairing given by (f)(1) where </> is the standard homomorphism <f> : Bn —+ Sn 

given by <j>(6i) = (/, / + 1); compare Fig. 6.1. 
Now observe that if an «-room B is filled by an «-braid 

then the «-room p(B) is filled by the braid 

So if 7 is conjugated to 7* in Bn then the diagrams B U A' and p(#) U A7 are 
regularly isotopic so B is almost p-symmetric. Therefore to complete the proof 
of Theorem 6.1 we need only the following lemma. 

LEMMA 6.2. Consider the natural homomorphis <j> : Bn —•+ Sn, then for each 
s G Sn there exists as G <j>~l(s) such that as and a* are conjugated in Bn where 
for 

a — hPx SPk 

S lk 1 1 l\ 

Proof. Step 1. If for a given s G Sn there exists c^ from Lemma 6.2. Then 
for s7 conjugated to s there exists o7. To see this let 

s' = tsC1 and a5 = (3a*f3~l 

where f G S„ and /? G £„. Let T G <£_1(0 then 

<j>(TasT-1) = WMaMW-1) = tst~l = sf. 

Now ay = TasT~l is conjugate to 

a* = T*-la*sT*. 
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Namely 

(Tf3T*)a*s1(T(3T*)-1 = Tf3(T*a*X-x)f3-xT-x 

= T((3a*B-x)T-x = TasT~x = ay. 

Step 2. Now we proceed by induction on n. For n = 1 Lemma 6.2 obviously 
holds. Assume it holds for 1,2,..., n — 1 and consider s E Sn. Now either 

(i) s is a composition of disjoint cycles of length less than n and then s is 
conjugated to 

s' = (1,2, ...,/i)(/i + l , . . . , / 2 ) . . . ( 4 - i + 1,...,/*). 

Now Lemma 6.2 holds for s' by inductive assumption and for s by Step 1. 
(ii) s is an «-cycle so s is conjugated to sf = (1 ,2 , . . . , n). Now consider 

as, =ë\ë2...6n-\ eBn. 

We have (j)(as>) = sf and ay is conjugated to a*, = <5„_i.. .61. Namely 

of*/ = A ay A - 1 where A = (6{.. .5„_i)(«i.. .6„_2).. • (Si62)Si 

(see [3, Lemma 2.5.2]). Therefore Lemma 6.2 holds for s' and by Step 1 for s 
too. This completes the proof of Lemma 6.2. 

COROLLARY 6.3. Consider an oriented composed link L\ # L2 and let —L2 

denote the link obtained from L2 by reversing orientations of all components 
of L2. L££ L\ # — L2 denote the connected sum of links which join the same 
components as L\ # L2. L^r L5 aw J Ẑ  &£ satellites of L\ # L2 aw J Li # — L2 

respectively (constructed in the same way). Then no new invariants of links can 
distinguish Ls from L's. 

Proof Consider the diagram of L\ #L2 consisting of two 2-rooms (Fig. 6.2) 

Figure 6.2. 

Now consider a diagram D of the satellite Ls of L\ # L2 such that it is 
composed of an w-room A of type p with (n, w, 0,0) corners (this room "covers" 
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L2), and p-parallel «-room A' (it "covers" L\). Now p(D) = p(A)UA' is a 
diagram of Lf

s and D and p(D) are skein and Kauffman equivalent by Theorem 
6.1. Therefore Corollary 6.3 follows. 

7. Further applications of Theorem 3.5; examples and open questions. 
We cannot expect that the hypothesis of Theorem 3.5 is satisfied for each 4-tuple 
(P\-)P2JP3IP4), that is we do not expect that for each pairing of In inputs and 
outputs there is an «-room with (pi,P2,P3iP4) corners which realizes the pairing 
and which is either reducible or almost symmetric. Consider for example the 
5-room of type p with (3, 3, 2, 2)-corners and 6-rooms of type p with (3, 3, 3, 
3)-corners shown in Fig. 7.1. 

Figure 7.1. 

However we can still slightly generalize Theorem 5.1. 

THEOREM 7.1. Let L be a link diagram composed of an n-room A of type p 
(resp. è or r) with (p\,p2,P3,P4)-corners and its complement a p (resp. 6 or 
r)-parallel n-room A. Then for n ^ 4 or n — 5 and (p\iP2iP3iP4) = (4,4,1,1) 
L and p(L) (resp. 6(L) or r{L)) are skein and Kauffman equivalent. 

Proof. For (/?i,/?2,/?3,/?4) = (2,2,2,2) this is Theorem 5.1. For/?/ = 0, for 
some / this is a special case of Theorem 6.1. Therefore if we limit ourselves 
to «-rooms; of type p we have to check additionally the cases (p\,P2->P3iP4) — 
(3,3,1,1) and (4,4,1,1). 

We use Theorem 3.5 and follow the proof of Theorem 5.1. We start from the 
case (p\,P2,P3,P4) = (3,3,1,1). There are 7 • 5 • 3 = 105 pairings of 8 inputs 
and outputs of 4-rooms. 63 of them join two strings from the same corner so 
they have reducible 4-rooms which represent them. So we have to show that the 
remaining 42 pairings have almost p-symmetric representatives. Each of these 
pairings is represented by a 4-room corner equivalent to one of the following 
three p-symmetric 4-rooms (Fig. 7.2). 

Figure 7.2. 
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There is no reason to expect that each 4-room corner equivalent to a p-symmetric 
one is almost p-symmetric but it is not difficult to check that one can find 18 
4-rooms corner equivalent to that of Fig. 7.2(a) which are almost p-symmetric 
and which represent 18 different pairings on inputs and outputs (similarly 6 
4-rooms are related to Fig. 7.2(b) and 18 to Fig. 7.2(c)). One example is shown 
on Fig. 7.3. 

using A' 
» 

using A' 
> 

Figure 7.3. 

Now we have to check the case of (P\,P2,PÎ,PA) = (4,4,1,1). There are 
9 • 7 • 5 • 3 = 945 possible pairings of 10 inputs and outputs of 5-rooms with 
(4,4,1, l)-corners and 729 of them contain a pair from the same comer so 
they have reducible 5-rooms which represent them. Therefore we have to show 
that the remaining 216 pairings have almost p-symmetric representatives. Each 
of these 216 pairings is realized by a 5-room corner equivalent to one of the 
following three p-symmetric 5-rooms of Fig. 7.5 (96 are corner equivalent to 
Fig. 7.5(a), 96 to Fig. 7.5(b) and 24 to Fig. 7.5(c)). 

f̂e^ 

Figure 7.5. 

24 pairings related to Fig. 7.5(c) are the special cases of pairings considered in 
Theorem 6.1 and pairings related to Fig. 7.5(a) and (b) are the same when the 

https://doi.org/10.4153/CJM-1989-013-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1989-013-1


CABLES OF MUTANTS OF KNOTS 271 

proof is considered so we can limit ourselves to 96 pairings realized by 5-rooms 
corner equivalent to Fig. 7.5(a). It is an easy but tedious task; one can shorten 
the calculation using a simple algebraic lemma similar to Lemma 6.2. We leave 
it to the reader. 

THEOREM 7.2. Let L be an oriented link diagram composed of n-room A of 
type p (resp. 6 or r) with (puP2,P3,P^-corners and its complement a p (resp. 
b or r)-parallel n-room A. Assume additionally that at each corner all strings 
have the same orientation. Then for n ^ 5,L and p(L) (resp. 8(L) or r{L)) are 
skein equivalent. 

Proof. By Theorems 6.1 and 7.1 if we limit ourselves to n- rooms of type p 
we have to check additionally the case (3, 3, 2, 2). 

There are 228 allowed pairings of 10 inputs and outputs of considered 5-
rooms. We will show that each such pairing is realized by an almost p-symmetric 
5-room. Each of these 228 pairings is realized by a 5-room corner equivalent 
to one of the following five p-symmetric 5-rooms of Fig. 7.4 (36 is corner 
equivalent to Fig. 7.4(a), 72 to Fig. 7.4(b), 12 to Fig. 7.4(c), 36 to Fig. 7.4(d) 
and 72 to Fig. 7.4(e). 

jara mm 
Figure 7.4. 

For 156 pairings realized by 5-rooms corner equivalent to Fig. 7.4(b), (c) or 
(e) the situation reduces essentially to that of (puP2,P3,P4) — (3,3,1,1). The 
situation described by Fig. 7.4(a) and (d) are essentially the same so we can 
limit ourselves to 36 pairings realized by 5-rooms corner equivalent to that of 
Fig. 7.4(a). It is an easy but tedious task and we omit it. 

COROLLARY 7.3. Let L be a link diagram and A its tangle with complementary 
tangle Af. Assume that L has exactly two components L\ and L^ which cut the 
boundary of A, and that the mutation p (resp. 6 or r) preserves L\ and L^. Then 

(i) For any satellite Ls of L such that the satellite for L\ has the wrapping 
number at most 4 and for L2 the wrapping number is one and the corresponding 
satellite (p(L))s (resp. (8(L))S or (r(L))s) of p(L) (resp. 6(L) or r{L)), one has 
that Ls and (p(L))s (resp. (8(L))S or (r(L))s) are skein and Kauffman equivalent 

(n) for any satellite Ls of L such that the satellites for L\ and L2 have the 
wrapping numbers 3 for L\ and 2 for L2, and the absolute values of winding 
numbers equal to 3 for L\ and 2 for L2 (see Definition 1.1), and the correspond
ing satellite (p(L)) (resp. (5(L))S or (r(L))s) one has that Ls and (p(L)s (resp. 
(fi(L))s or (T(L))J are skein equivalent. 
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Proof. This follows from Theorems 7.1 and 7.2 similarly as Corollaries 4.2, 
5.3 and 6.3 have followed from Theorems 4.1, 5.1 and 6.1. 

The starting points of all theorems considered previously were tangle and 
mutation. It has very nice generalization based on the Tutte's idea of rotors. It 
will be discussed in the forthcoming paper of R. Anstee, D. Rolfsen and the 
author [2]. 

Acknowledgements. I am grateful to H. Morton and P. Traczyk for useful 
conversations and to the University of British Columbia for the stimulating 
atmosphere in which a part of the results herein was developed. 

REFERENCES 

1. J. W. Alexander, Topological invariants of knots and links, Trans. Amer. Math. Soc. 30 (1928), 
275-306. 

2. R. P. Anstee, J. H. Przytycki and D. Rolfsen, Knot polynomials and generalized mutation, 
Topology and its appl., to appear. 

3. J. S. Birman, Braids, links and mapping class groups, Ann. Math. Studies 82 (Princeton Univ. 
Press, 1974). 

4. On the Jones polynomial of closed 3-braids, Invent. Math. 81 (1985), 287-294. 
5. W. Burau, Kennzeichnung der Schlauchknoten, Abh. Math. Sem. Univ. Hamburg 9 (1933), 

125-133. 
6. G. Burde and H. Zieschang, Knots, De Gruyter studies in Math. 5 (Berlin, New York, 1985). 
7. J. H. Conway, An enumeration of knots and links, and some of their algebraic properties, 

Computational problems in abstract algebra (Pergamon, Oxford and New York, 1969), 329-
358. 

8. R. H. Fox, Free differential calculus, V. The Alexander matrices reexamined, Ann. of Math. 71 
(1960), 408-422. 

9. P. Freyd and D. Yetter, A new invariant for knots and links (to appear). 
10. P. Freyd, D. Yetter, J. Hoste, W. B. R. Lickorish, K. Millett, and A. Ocneanu, A new polynomial 

invariant of knots and links, Bull. Amer. Math. Soc. 12 (1985), 239-246. 
11. C. A. Giller, A family of links and the Conway calculus, Trans. Amer. Math. Soc. 270 (1982), 

75-109. 
12. J. Hoste, A polynomial invariant of knots and links, Pacific J. Math. 124 (1986), 295-320. 
13. V. F. R. Jones, A polynomial invariant for knots via von Neumann algebras, Bull. Amer. Math. 

Soc. 12 (1985), 103-111. 
14. Hecke algebra representations of braid groups and link polynomials, Ann. of Math. 

126 (1987), 335-388. 
15. L. H. Kauffman, A geometric interpretation of the generalised polynomial, preprint (1985). 
16. An invariant of regular isotopy, preprint (1985). 
17. State models for knot polynomials, preprint (1985). 
18. W. B. R. Lickorish, The panorama of polynomials for knots, links and skeins, Proceedings of 

the Santa Cruz Conference on Braid Groups, July 1986, Contemporary Math. 78 (1988), 
399-414. 

19. W. B. R. Lickorish and A. S. Lipson, Polynomials of 2-cable-like links, Proc. Amer. Math. Soc. 
100 (1987), 355-361. 

20. W. B. R. Lickorish and K. C. Millett, A polynomial invariant of oriented links, Topology 26 
(1987), 115-139. 

21. The reversing result for the Jones polynomial, Pacific J. Math. 124 (1986), 173-176. 
22. M. T. Lozano, H. R. Morton, Pairs of closed 3-braids with the same Alexander polynomial, 

Publicationes del Seminario Matematico Garcia de Galdeano 19 Universidad de Zaragoza 
(1988). 

https://doi.org/10.4153/CJM-1989-013-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1989-013-1


CABLES OF MUTANTS OF KNOTS 273 

23. H. R. Morton, Polynomials from braids, Proceedings of the Santa Cruz Conference on Braid 
Groups, July 1986, Contemporary Math. 78 (1988), 575-585. 

24. H. R. Morton and H. B. Short, The 2-variable polynomial of cable knots, Math. Proc. Camb. 
Phil. Soc. 101 (1987), 267-278. 

25. Calculating the 2-variable polynomial of knots presented as closed braids, Preprint, 
Liverpool University, (1986). 

26. H. R. Morton and P. Traczyk, The Jones polynomial of satellite links around mutants, Proceed
ings of the Santa Cruz Conference on Braid Groups, July 1986, Contemporary Math. 78 
(1988), 587-592. 

27. Knots, skeins and algebras, Preprint, (1987). 
28. K. Murasugi, Jones polynomial of periodic links, Pacific J. Math. 131 (1988), 319-329. 
29. On the signature of links, Topology 9 (1970), 283-298. 
30. A. Ocneanu, A polynomial invariant for knots: a combinatorial and an algebraic approach. 
31. J. H. Przytycki, Survey on recent invariants in classical knot theory, preprint, Warsaw University, 

(1986). 
32. tfr moves on links, Proceedings of the Santa Cruz Conference on Braid Groups, July 

1986, Contemporary Math. 78 (1988), 615-656. 
33. Skein equivalence of (2, k)-cables of mutants of knots, Abstract of AMS 7 (1986), 263. 
34. J. H. Przytycki and P. Traczyk, Invariants of links of Conway type, Kobe J. Math. 4 (1987), 

115-139. 
35. Conway algebras and skein equivalence of links, Preprint (1985). 
36. K. Reidemeister, Knotentheorie, Ergebn, Math. Grenzgeb. Bd. / , (Berlin: Springer-Verlag, 

1932). 
37. D. Rolfsen, Knots and links, Publish or Perish, Inc. Berkeley (1976), Math. Lect. Series 7. 
38. H. Seifert, On the homology invariants of knots, Quart. J. Math. Oxford 1 (1950), 23-32. 
39. B. Trace, On the Reidemeister moves of a classical knot, Proc. Amer. Math. Soc. 89 (1983), 

722-724. 
40. J. H. C. Whitehead, On doubled knots, J. London Math. Soc. 12 (1937), 67-71. 

Warsaw University, 
Warszawa, Poland 

https://doi.org/10.4153/CJM-1989-013-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1989-013-1

