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Abstract
Let 7 x be the full transformation semigroup on a set X and E be a nontrivial equivalence on X. Write
TeEX)={feTx|IV(x,y) €E, (f(x), f() € E},

then Tg(X) is a subsemigroup of Zx. In this paper, we endow Tg(X) with the so-called natural order
and determine when two elements of Tz (X) are related under this order, then find out elements of Tg (X)
which are compatible with < on Tg(X). Also, the maximal and minimal elements and the covering
elements are described.
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1. Introduction

Order-theoretic considerations can be used in the algebraic study of semigroups, even
when the order is not compatible with the multiplication. Such a natural order is
well known for the class of inverse semigroup S. Denote by Eg the set of all the
idempotents of S. This is defined by

a<bifandonlyifa=eb forsomeeec Eg. €))

This order is compatible on both sides with multiplication. It took about 30 years
before this order was generalized to the much larger class of regular semigroups. The
most commonly used definition for regular semigroups is the following:

a<bifandonlyifa=eb=>bf forsomee, f € Eg. 2

However, the order is no longer compatible with multiplication on either side. For an
inverse semigroup S this relation is just the natural partial order (1).
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In [3], the natural order on a regular semigroup was further extended to any
semigroup S as

a<bifandonlyifa=xb=>by,a=xa forsomex,ye st 3)

This natural partial order coincides with the relation (2) if the semigroup S is regular.
A characterization of this natural partial order was derived.

LEMMA 1.1 [3]. For any semigroup S and its natural partial order the following
conditions are equivalent:

) a=b

(>i1) a:wb:bz,az:aforsomew,zeSl;

(ili) a=xb=by, xa=ay=a for somex,ye S

Let 7x be the full transformation semigroup on a set X. In [1], the naturally ordered
semigroup 7Tx endowed with the natural order (2) was studied. A characterization of
this order in terms of images and kernels was given, and the maximal and minimal
elements and the covering elements were described. In [2], this work was extended
to the semigroup Px of all partial transformations on X. Sullivan [11] considered
the minimal or maximal elements with respect to the natural order in the linear
transformation semigroup P(V), where V was any vector space.

Let E be an equivalence on X. Write

Tp(X)={f €Tx |¥(x,y) € E, (f(x), f(y)) € E}.

Clearly, Tg(X) is a subsemigroup of 7x and if £ = {(x,x) |[x € X} or E =X x X,
then Tg(X) = 7Tx. Some interesting properties of T (X) were studied in [4-10]. For
example, in [4, 9], some special congruences on Tg(X) were investigated. In [5, 6],
some subsemigroups of Tg(X) inducing certain lattices were described. Regularity
and Green’s relations on T (X) were investigated in [7].

For the nontrivial equivalence E, from [7, Proposition 2.4], Tg(X) is not a regular
semigroup. In this paper, we study the natural order on Tg (X). The naturally ordered
semigroup T (X) is endowed with the order (3), that is, for f, g € Tg(X), the order
on Tr(X) can be written as

f<gifandonlyif f =kg=gh, f =kf forsomeh, ke Tg(X).

The paper is organized as follows. In Section 2, a characterization of the naturally
ordered semigroup Tr(X) is given. In Section 3, the compatibility of multiplication
is considered and the elements satisfying the compatibility will be investigated. In
Section 4, we describe the maximal, minimal and the covering elements with respect
to the order.

We now recall some notation which will be useful later. Throughout the paper, the
equivalence FE is nontrivial. Let X/E denote the quotient set of X and 7 (f) denote
the partition of X induced by f € Tx, namely,

() ={f1ye fFX)
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Also, for a subset A C X, we write
TA(f)={Men(f)|MnNA#0}.

The following result comes from [9].

LEMMA 1.2. Let f € Tg(X). Then, for each B € X/E, there exists B' € X/E such
that f(B) C B'. Consequently, for each A € X/E, the set f~'(A) is either §) or a
union of some E-classes.

For each f € Tg(X), let
E(f)={f""(A)|AeX/E and f~1(A) #0}.

Then E(f) is also a partition of X. It is clear that x, y are contained in the same
U € E(f) if and only if (f(x), f(¥)) € E.

LEMMA 1.3 [7]. f € Te(X) is regular if and only if for each E-class A, there exists
an E-class B such that AN f(X) C f(B).

2. Characterization

In this section, we investigate the condition under which f < g for two elements

1 g € Te(X).
Let A, B be two collections of subset of X. If for each A € A, there exists B € B
such that A C B, then A is said to refine 3.

THEOREM 2.1. Let f, g € Tg(X). Then f < g if and only if the following statements
hold:

(1) E(g) refines E(f) and 7 (g) refines w(f);
(2) forx € X, ifg(x) € f(X), then f(x) =g(x);
(3) foreach E-class A, there exists an E-class B such that f(A) C g(B).

PROOF. Suppose that f < g, then there exist k, & € Tg(X) such that
f=kg=gh, [f=kf
For U € E(g),let g(U) C C, k(C) C D for some C, D € X/E. Thus
fWU)=kg(U) Sk(C) <D,

and so U C f~1(D) € E(f), which implies that E(g) refines E(f). It follows from
f = kg that w(g) refines w(f). Now for each x € X, if g(x) € f(X), then there exists
y € X such that g(x) = f(y). So

J@) =kgx) =kf(y) = f(y) =gx).

Condition (3) is obvious and the necessity follows.
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To show the sufficiency, we shall construct some k, h € Tg(X) such that

f=kg=gh, [f=kf.

It is clear that condition (3) implies f(X) C g(X). We define k on each E-class A.
There are two cases to consider.

CASE 1. ANg(X)=4¢@. Foreachz € A, letk(z) =z.

CASE 2. ANg(X)#@. Foreach z € AN g(X), take x € X such that z = g(x) and
define k(z) = f(x). Fixzo € AN g(X) and let k(z) = k(zo) foreachz € A — g(X). If
some x’ € X satisfies z = g(x") = g(x), then f(x) = f(x) since 7 (g) refines 7 (f).
Thus k is well defined on A. Consequently, k is well defined on all of X.

Now we verify k € Te(X). Letx, y € A € X/E. We discuss two cases.

If case 1 happens, that is, A N g(X) = @, then it is clear that (k(x), k(y)) = (x, y)
eE.

If case 2 happens, that is, AN g(X) # @, then there are three possibilities to
consider.

(1) x,yeANng(X). Let x’, y € X be such that x = g(x"), y = g(y’), and there
exists some U € E(g) such that x’, y' € U. Since E(g) refines E( f), we have
(f(x"), f(y) € E. Hence (k(x), k(y)) = (f(x"), f(y') € E.

2) xeANng(X)and ye A — g(X). Then (k(x), k(y)) = (k(x), k(zp)), where zg
is a fixed point in A N g(X). As in the previous case, we have (k(x), k(zg)) € E
and so (k(x), k(y)) € E.

(3) x,y€A—g(X). Then (k(x), k(y)) = (k(z0), k(z0)) € E.

In both cases k € Tg(X). Itis clear that f = kg. To see f =kf, for each x € X,
there exists y € X such that f(x) = g(y) and it follows from (2) that f(y) = g(y). So

kf(x) =kg(y) = f(y) = f(x).

Finally, we define 7 on X. For each A € X/E, let B € X/E be such that f(A) C
g(B). So, for each x € A, there exists some z € B such that f(x) = g(z), and we
define h(x) = z. It is easy to show that 4 € Tg(X) and f = gh. Therefore, f <g. O

REMARK. Obviously, if f, g € Te(X) and f < g, then f(X) C g(X).
As an immediate consequence of Theorem 2.1, we have the following result.

COROLLARY 2.2. Let f, g € Tg(X) and f < g. Then the following statements hold:
(D) if f(X) =g(X), then [ =g;
(2) foreach P € w(f), there exists P’ € w(g) such that P’ C P and f(P) = g(P’);
() ifn(f)=m(g), then f =g;
4) foreach U = f’l(A) € E(f) with A € X/E, there exists some V € E(g) such
that V C U and
FW)=fvV)cglV)y=Ang(X).
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PROOF. The verification of (1) is clear. The proof of (2) is similar to that of (4), while
(3) is an immediate consequence of (2). So we only show (4). By Theorem 2.1, U is a
union of some elements in E(g) and f(X) C g(X). So

FW)y=AnN f(X) S ANgX)(F9).

Let V = g_l(A) € E(g). Then, for each y € f(U), there exists some x € V such
that y = g(x). By Theorem 2.1 again, f(x) =g(x)=ye€ f(U) and x € U. Thus
VNU#® and so V C U. Moreover, f(U)= f(V) < g(V). Notice that g(V) =
A N g(X), the conclusion follows. O

3. Compatibility

Let p be a partial order on a semigroup S. An element ¢ € S is said to be
left compatible with p if (ca, cb) for all (a, b) € S. Right compatibility with p is
defined dually.

LEMMA 3.1 [10]. Let f € Tg(X) be a regular element. Then, for each U € E(f),
there exists an E-class C C U such that f(C) = f(U).

LEMMA 3.2. If h € TE(X) is both regular and surjective, then h is right compatible
with < on Tg(X).

PROOF. Let f, g € Te(X) and f <g. We only need to show that fh, gh satisfy
conditions (1)—(3) in Theorem 2.1. For each U € E(gh), let A € X/E be such
that gh(U) = AN gh(X). So h(U) C g~ '(A) € E(g). Since f <g, E(g) refines
E(f). Thus there exists B € X/E such that fh(U) < f(g~'(A)) € B and so
U C (fh)’l(B) € E(fh), which implies that E(gh) refines E(fh). It is clear that
7 (gh) refines  ( fh) and condition (2) holds. For each A € X/E,let C, D € X/E be
such that fh(A) C f(C) € g(D). Noting that & is surjective, there exists some V €
E(h) such that h(V) = D. Thus fh(A) C gh(V). By the hypothesis that & € Tg(X)
is a regular element, there exists an E-class B C V such that h(V) = h(B). Hence
fh(A) € gh(B) and condition (3) holds. Therefore, by Theorem 2.1, fh < gh. d

The following lemma follows immediately from Lemma 3.1.

LEMMA 3.3. Let f € Te(X) be a regular element. If f is injective, then each
U € E(f) contains only one E-class. Consequently, if f € Tg(X) is both regular
and injective, then E(f) = X/E.

LEMMA 3.4. Ifh € Tg(X) is both regular and injective, then h is left compatible with
<on Tg(X).

PROOF. Let f, g€ Teg(X) and f <g. We show that Af, hg satisfy conditions
(1)-(3) in Theorem 2.1. For each U € E(hg), let A € X/E be such that hg(U) =
ANhg(X). Thus g(U) C h=1(A) € E(h). Since the regular element & € Tg(X)
is injective, it follows from Lemma 3.3 that g(U) C A =Ce X/E and so
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U C g‘l(C) € E(g). By f <g, E(g) refines E(f). Then there exist B, D € X/E
such that hf(U) € h(D) € B. Thus U C (hf)~'(B) € E(hf), which implies that
E(hg) refines E(hf). One may routinely verify the remaining conclusion. By
Theorem 2.1 again, hf < hg. O

From Lemmas 3.2 and 3.4, we have the following result.

THEOREM 3.5. If h € TE(X) is both regular and bijective, then h is right and left
compatible with < on Tg(X).

REMARK. (1) In the semigroup Tg(X), a bijection f € Tg(X) need not be a regular
element, in general. For example, let

o0
X={12,...}, E=[JAxA),
i=1

where

A =1{1,2}, Ay={3,4}, A3=1{5,6,7,8]},
As =19, 10}, As={11,12}, A¢={13, 14,15, 16},
A7 ={17,18), Ag={19,20}, A¢={21,22,23,24},....

Let f € Tg(X) be such that

f(AD) =1{5,6} C A3, f(A)={7,8CAs3, [f(A3)=As,
f(Ay) = A1, f(As)=Az, f(Ae) =Ag, [f(A7)=A4, [f(Ag)=As,
f(Ag) = A, f(A10)=A4A7, [f(An)=A4s, [f(An)=A,....

It is clear that f is bijective. Since
fFX)NA3=As3, f(A) CAs, [f(A2) CAs,

there is no E-class B such that A3 N f(X) € f(B). Therefore, by Lemma 1.3, f is
not a regular element.

(2) We know from [1] that, in the naturally ordered semigroup 7x, f < g implies
that fh < gh for each surjection h € Tx and that kf < kg for each injection k € 7.
However, this conclusion does not hold for the naturally ordered semigroup Tg(X).
For example, let

o0
X={1,2,...}, E=| J(Ai x A),
i=1

where A1 =1{1,2,3,4}, A2=1{5,6,7,8}, ..., Aip1 ={4i +1,4i +2,4i +3,
4i +4), ... Let

https://doi.org/10.1017/5S0004972708000543 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708000543

[7] Naturally ordered transformation semigroups preserving an equivalence 123

(1 2345678910 11 12 ...
=1 332131910 11 12 -..)
(1 2345678910 11 12 -
§8=\s5 6 7 8213 4 9 10 11 12 ’

and

h_12345678910111213141516---
"\l 23 45566 77 8 8 9 10 11 12

Then one can easily verify that f, g, h € Te(X), f < g and h is surjective. Since
A> N h(X) = A, and there is no E-class B such that A, N A(X) C h(B), it follows
from Lemma 1.3 that & is not regular in Tg(X). It is clear that fh(A1) = {1, 2, 3}.
However,

gh(A1) = Az, gh(A2) ={1,2}, gh(A3)={3.4}, gh(Ay)=4s,...,

which implies that there is no E-class B such that fh(A{) C gh(B). So, by
Theorem 2.1, fh < gh does not hold. Therefore, the natural order on Tg(X) is not
right compatible with multiplication.

The following example shows that the natural order on Tg (X) is not left compatible
with multiplication. Let

4
X={1,2,..}, E=[]JxAa,
i=1

1

~
Il
N
N =
—_ N
—_
—

and
(1 2 3456 7 8 9 )
k= 1 N

Then, clearly, f, g, k € Tg(X), f < g and k is injective. Since A4 Nk(X) = A4 and
there is no E-class B such that A4 N k(X) C k(B), it follows from Lemma 1.3 that k
is not regular in 7 (X). Obviously, kg(Ay U A3 U Ag) C Ay, kg(A1) € Aj. So

Ay UA3U Ay = (kg)~' (Ag) € E(kg).
However,
kf(Ay UA3U Ay) CA4U({1}, 1¢ Ay,

which implies that E (kg) does not refine E (kf) and kf < kg does not hold. Therefore,
the regularity condition in Theorem 3.5 cannot be omitted.
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4. Maximal, minimal and covering elements

An element g € Tg(X) is called an upper cover for f € Tg(X) if f < g and there
exists no h € Tg(X) such that f <h < g. Lower cover is defined dually. In this
section, we describe the maximal, minimal and covering elements in Tg (X).

The next result is routinely verified.

LEMMA 4.1. Let f € TE(X). Then the following statements hold:
(1) if f is surjective, then f is maximal;
(2) if f is injective, then f is maximal.

REMARK. In view of [1, Theorem 3.1], f € Tx is maximal if and only if f is either
surjective or injective. From Lemma 4.1, if f € Tg(X) is either surjective or injective,
then f is maximal. However, the converse is not true, in general. For example, let

X={12,...}, E=(A1x A1) U(A2 x Az),

where A1 ={1,3,5,...}, A, ={2,4,6,...}. Let
f_123456789~-
“\23 2547698 )
Then f(A1)= Az, f(A2)={3,5,...} C A;. Itis clear that f € Tg(X) and f is
neither surjective nor injective. However, f is maximal in the naturally ordered
semigroup Tg(X). In fact, if there exists g € Tg(X) such that f < g, then g(X) =

f(X)org(X)=X.If g(X) = f(X), then, by Corollary 2.2(1), g = f. If g(X) = X,
then, by Theorem 2.1, it must be the case that

(1 23456789 ...
§=\1 32547698 ...)

(1 2 3 78 9 ...
=12 31 6 9 8 ---)°
However, it is clear that, in both cases, g ¢ Tg(X). Therefore, f is maximal.

DEFINITION 4.2. Let f € Te(X). U € E(f) is said to be saturated if f(U) is just
an E-class, thatis, f(U)=A € X/E.

LEMMA 4.3. Let f € Tg(X). If there exists U € E(f) such that U is not saturated
and f|y is not injective, then f is not maximal.

or

(O TN
&~ O
N

PROOF. Let f(U) C A€ X/E. By the hypothesis, there exist a, b € U such that
a#band f(a) = f(b). Take c € A — f(X) and define g : X — X as follows:

c x=b,
f(x) otherwise.

glx) = {

Then one can easily see that g € Tg(X) and f < g. Thus, f is not maximal. O
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DEFINITION 4.4. Let f € Tp(X). U € E(f) is said to be divisible if there exist
A, BeX/Esuchthat ACU, f(U)=f(U—A),BN f(X)=0and |B| > |f(A)].

Obviously, if U € E(f) is divisible, then f|y is not injective.

LEMMA 4.5. Let f € Tg(X). If there exists U € E(f) such that U is divisible, then
f is not maximal.

PROOF. Let A, B be as in Definition 4.4 and ¢ : f(A) — B be an arbitrary injection
from f(A) into B. Define g : X — X by

_Jorx) xeA,
8 = :f(x) otherwise.

Then one can routinely verify that g € Tg(X). Moreover, it is clear that
E(g) =(E(f) —{Uh U{A, U — A}
and
m(g) =U Ul UlLs,

where Uy ={P —A|Pema(f)}, b ={PNA|Pems(f)} and Us=n(f) —
mwa(f). Notice that f(U — A)= f(U); each P ema(f) is divided exactly
into two elements Py, P, e m(g) where Pi=P —Acl; and P,=P N A e€lh,.
Consequently, E(g) refines E(f) and 7 (g) refines w(f), that is, Theorem 2.1(1)
holds. It is a routine matter to verify that Theorem 2.1(2) and 2.1(3) also hold. So
f < g. By the definition of g, we have f(X) C g(X) and f < g. Therefore, f is not
maximal. O

Now we can characterize the maximal elements of Tg (X).

THEOREM 4.6. Let f € Tg(X). Then f is maximal if and only if one of the following
conditions holds:

(1)  f is surjective;

(2) foreach U € E(f), either f|y is injective, or U is saturated and not divisible.

PROOF. Suppose that f is maximal and not surjective. For each U € E(f), if f|y is
not injective, then, by Lemmas 4.3 and 4.5, U is saturated and not divisible.
Conversely, if f is surjective, then, by Lemma 4.1, f is maximal. Now suppose
f 1is not surjective and condition (2) holds. Let g € Te(X) and f <g. Then, by
Theorem 2.1(1), E(g) refines E(f). For each U € E(f) such that f|y is injective,
we assert that U € E(g) and f(U) = g(U). In fact, by Corollary 2.2(4), there is some
Ve E(g) suchthat V C U and f(U) C g(V)=AnNg(X) for some A € X/E. For
eachx e U, f(x) € f(U) C g(V) and there exists x’ € V such that f(x) = g(x"). By
Theorem 2.1(2), f(x") =g(x") and so f(x) = f(x’). Notice that f|y is injective,
x=x'andU CV.Thus U =V € E(g) and f(U) = g(U) and the assertion holds.
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For the remaining U € E(f), namely, U is saturated and not divisible, we shall
show that f(U) = g(U) holds as well. There are two cases to consider.

CASE 1. U € E(g). By Corollary 2.2(4), we have
A=fU)cglU)=ANgX)cAeX/E.

Hence f(U) =g(U) = A.

CASE 2. U ¢ E(g). By Corollary 2.2(4) again, there exists V € E(g) suchthat V C U
and

A=fU)CSg(V)=ANg(X)C AeX/E,

that is, f(U) = g(V) = A. Moreover, by Theorem 2.1(2), f(V) = g(V) = A. Notice
that E(g) refines E(f) and U ¢ E(g); there exists W € E(g) such that W # V
and W CU. Let Be X/E be such that g='(B)=W. If BN f(X)#¥, then
U' = f~1(B) € E(f). As in proving Corollary 2.2(4), one can see that W C U’ and
U’ = U. Consequently, B= A = g(V), contradicting the choice that W = V. Hence
BN f(X)=@. Take D € X/E such that D C W. Since g(W) C B and 7 (g) refines
(f),

|B| > |g(W)| = |g(D)| = | f(D)|
and
A=f(V)C f(U-W)C f(U-D)C f(U)=A.

So f(U — D) = f(U) which implies that U is divisible, contradicting the hypothesis.
Consequently, case 2 can not happen. Therefore, f(U) = g(U) for each U € E(f).
By Corollary 2.2(1), g = f and f is maximal. O

The following theorem whose proof is omitted describes the minimal elements of
Te(X).

THEOREM 4.7. Let f € Tg(X), then f is minimal if and only if f is a constant map.
THEOREM 4.8. Let f € Tg(X) be not maximal. Then f has an upper cover.

PROOF. By Theorem 4.6, f is not surjective. There are two cases to consider.

CASE 1. There exists U € E(f) such that U is not saturated and f|y is not injective.
We can define g as in proving Lemma 4.3. It is clear that g € Tg(X) and g is an upper
cover of f.

CASE 2. There exists U € E(f) such that U is divisible. Suppose that A, B € X/E
satisfy the conditions in Definition 4.4. Let g be defined as in Lemma 4.5. In what
follows, we verify that g is an upper cover of f. Suppose that f <h < g holds for
some h € Tg(X). Then E(g) refines E(h) and E(h) refines E(f). Notice that there
is only one element U € E(f) which is divided into two elements A, U — A € E(g),
so either E(h) = E(f) or E(h) = E(g).
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If E(h)=E(f) happens, we assert that 7(X) N B={. Otherwise, let W =
h=Y(B) € E(h) = E(f). Suppose that f(W)=C'=C N f(X) for some C € X/E.
By Corollary 2.2(4), there exists V € E(h)(= E(f)) such that V € W and

FW) S h(V)=CnNh(X),

which implies that V =W and B = C, contradicting the fact that BN f(X) =0,
and the assertion holds. Since f <h < g, we have f(X) C h(X) C g(X). By the
definition of g, g(X) — f(X) € B, which together with 2(X) N B =) implies that
h(X) = f(X). Thus, by Corollary 2.2(1), f = h.

If E(h) = E(g) happens, we assert that w(h) = mw(g), which implies that 7 = g.
Otherwise, since 7 (g) refines 7 (h), there exist P, Q € w(g) such that h(P) = h(Q).
Then f(P)= f(Q) since m(h) refines w(f). Recall that w(g) =U; Ul Uls, if
P, Qecl; (i=1,2,3), which leads to a contradiction that two distinct elements of
7(f) have the same image under f. Similarly, it is also impossible that P € U,
Qellz,and P elh, Q ez, and P ey, Q elUp, P U Q ¢ m(f). Therefore, it must
be the case that

P=R—-—Acl; and Q=RNAely
for some R e mo(f). Let f(R) =c € C € X/E. Then, by the definition of g,

gP)=f(R)=c and g(Q)=¢f(Q)=¢(c)=beB,

say. Thus, by Corollary 2.2(2), h(P) = h(Q) = f(R) = ¢, which implies h(A) C C
(since Q C A and h € Tg(X)) and h(X) N B =0. As above, we can deduce that
f=hand E(f) = E(h) = E(g), a contradiction. Hence, w(h) =n(g) andsoh =g
by Corollary 2.2(3). Consequently, there exists no & € Tg(X) such that f <h < g.
Therefore, g is an upper cover of f. O

The following theorem is concerned with the existence of a lower cover of f.
THEOREM 4.9. Let f € Tg(X) be not minimal. Then f has a lower cover.

PROOF. Suppose that f € Tg(X) is not minimal. Then, by Theorem 4.7, f is
not a constant map. So there exist distinct a, b € f(X). Let M, = f_l(a) and
My, = f~1(b). There are two cases to consider.
CASE 1. (a, b) € E. Then there exists some U € E(f) such that M, UM, C U.
Define g as follows:
f&x), x¢ MU My,

g(x) = {a, xeM,UM,.
Then g is a map from X into itself. To see g € Te(X), take (x, y) € E. Suppose that
x,yeAeX/E.If ANU =0,then (g(x), g))=(f(x), fO) e E.IfANU #0,
then A C U. Assume that f(U) € B € X/E. It is clear that g(x), g(y) € B and so
(g(x), g(y)) € E. Consequently, we have g € Tg(X).
CASE 2. (a,b) ¢ E. Let U, V € E(f) be such that M, C U and M, C V. There are
two possibilities.
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M 1fW)=|f(V)|=1. Itis clear that U = M, and V = Mj, in this case. Define
g just as in case 1. And one can easily verify that g € Tg(X) as well.

2) |fWW)|>1lor|f(V)| > 1. Without loss of generality, we may assume | f (U)| >
1. Take b’ € f(U) with b’ £ a.

One may routinely verify that, in both cases, E(f) refines E(g), pi(f) refines 7 (g)
and the other conditions in Theorem 2.1 hold. Hence g < f. Moreover, it is clear that
there is no & € Tg(X) such that g <h < f. So g is a lower cover of f. The proof is
complete. O
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