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ABSTRACT

Approximations have been removed from the derivation of the coef-
ficients in the binomial expansion for astronomical refraction, Az) =
tan z1(Ygy - %—Ylseczz1 + §-Y25ec“zl - ...), allowing the calculation of
any number of terms to any precision desired. The range of the refrac-
tion formula has been extended to greater zenith distances (<90°) by
inserting a damping factor into the binomial formula, truncating the
expansion at a proper point, and rearranging the terms. Another,
computer-manipulated series has been developed for zenith distances at
or near the horizon. Further applications include the calculation of
photogrammetric and parallactic refractions, as well as range correc-
tions in satellite geodesy.

NOTATION

The notation has been taken from an earlier work (Saastamoinen,
1972-73) on the same subject matter, although important changes and
additions have been made to facilitate the derivation of general
formulas not presented before. The following symbols appear in the text
without explanation:

vertical gradient of temperature
base of natural logarithms
intensity of gravity

0, 1, 2, ...

1, 2, 3, ...

refractive index

radius vector

gas constant of dry air

absolute temperature

zenith distance

values at the point of observation
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ra, rb, etc. values at the lower and upper limits, respec-
tively, of an atmospheric layer with B const.

The same symbol may occasionally be used in different meanings (e also
for partial pressure of water vapor) if confusion is unlikely and the
notation is familiar from geodetic and meteorological literature .
1. ASTRONOMICAL REFRACTION
1.1 Introduction.
For the evaluation of astronomical refraction
n
loge 1

bz, = tan z dlogen (1)
0

in a spherically symmetric model atmosphere, the law of refraction

y sin z = sin 2z, (2)
where

y = nr/(njry)
gives

1
tan z = tan zj[l + (y2-1)sec?z,] °

= tan Zl[l + (-)F ) ;'3.2...(?g;%)(yz-l)ksecgkzl]. (3)

Binomial series (3) is convergent if (yz-l)seczzl < 1.

Providing that the condition for convergence is satisfied, the con-
tribution to the astronomical refraction of a layer of air between radii
vectors r, and r. is consequently

b
b)) = 1 2 3 u 2 6
Azy(a3b) = tan z(Yg - 5 Yisec®z, +3 Yosec'zy -7 Yisec®zi+ ...)
where the coefficients (1)
logena , .
Y, = (y¢ - 1) dlogen (5)

%8eMp

are functions of the model atmosphere employed. Total astronomical
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refraction (1) is the sum of the contributions from all the layers between
the point of observation and the top of the atmosphere.

Power series (U4), or the variant
- v Loy 9 3 yr 2 ylio 6 )
Az, (a;b) = tan z1(Yg -5 Yytan z1 +3 Yptan'z) -7 Ystan zy+...) (L)
for which binomial series

1 1 2 2 -2
tan z = — tan z [l + = -1)tan‘z ]
y 1 y2 (y 1

~ 1 kv 1.3.5...(2k-1) 1 , , .k, 2k ] ,
= tan Zl[y+(_) kzl 2.4.6... (2k) y2k+l<y -1)"tan "2y (31)

gives the coefficients

logena

y! = (1/y)7% L

logen

k
y?-1)"dlog n, (5')
b
is the common foundation of most formulas proposed for the calculation
of astronomical refraction (Teleki, 1974). Essential differences are
found, however, in the way of calculation of the coefficients.

1.2 Calculation of coefficients Y, in terms of atmospheric integrals.

Multiplication of the identity,

2.4 - 2 _ - 1 R
ye-1 m(r ry) nl(nl n)+m(r ry)
+—%%ﬂn-lﬂr-r>+;%ﬁl—nﬂ-*—%—ym-lﬂr—r)z
nyry Vom 2 npr) !
+ —%—(n-l)z(r—rl) + —lrz-(n-l)z(r—rl)2
niTry n) r >
by
dlogn = dn/n = dn - (n-1)dn + (n-1)2dn - (n-1)3%an +
gives

2 R e 2l -
(y l)dlogen ET?;T(r ri)dn nl(nl n)dlogen

1 2 1
+ - 2 + -1 - + -n)?
;Ig;zz{r r1)2dn EIQ;T(n 1)(r-r;)dn ;;Z(nl n) dlogen
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1 2
+ - - .
_TZ_TT(H 1)(r-r;)%dn (6)

It is easy to verify that equation (6) is also a mathematical identity.

We can now write, in terms of atmosphefic integrals given by the

definitions
n
a
P(i,4) = = f (n-1)"(r-r;)an (1)
I‘IJ nb
P'(i,5) = P(i,)) + 47 P(J-1,1+1) (1)
and
logena
Q(i) = (nI-n)ldlogen 5 (8)
logenb
the formulas
Yo = Q(Q) ) (9)
n%y; = 2 P(b,l) - 2nyQ(1) + P'(0,2) + Q(2) + P(1,2) (10)

for the calculation of the first two coefficients in series expansion

(4).

Similarly, by actual multiplication; is obtained the identity

h 2 .
(yz—l)zdlogen = Ezn;q{l-nlz)(r-—rl)dn + HTE;;Z(ﬁ"nlz)(r"rl)2dﬂ

L
+ —ur(B— n12)(n-1)(r-r;)dn +£2-(n1 - n)zdlogen+m(r— ry)3dn

ny rj
b2 (9-n2)(n-1)(r-7r1)20n+ —2(n-1)2(r-r,)dn
nl I’l 1 1 nl I’l 1

N 3 1 N 12 3
_ _ |+ _ + - _
;Ty(nl n) dlog n HIE;TE(r ry)tdn H:ﬁ;;g(n 1)(r-r;)%dn

18 2 2 L 3 1 Y
+ ;TK;IZ(H.-I) (r-rp;)%dn+ H:ﬁ;:(n;-l) (r-—rl)dn-fain(nl n)*dlog n
+ —B—{n=1)(r - r)%n + —ie—(n - 1)2(r - r,)3an
nyry nytry L
2 3 2 3 2 4
+ _ _ . _ _ g
it (n-1)3(r-r;)%n ;Tn;In(n 1)%(r -ry)*dn
L 3 3 1 3 4
+ Ezn?Tg(n-l) (r-ry) dn-+5:n;zﬁ(n-l) (r-r;)*dn (11)
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which gives the formula
n1*Yy = b(1-n,2)P(0,1) +2(3-n;2)P'(0,2) + kn;y 2Q(2)
+ 4P'(0,3) + 2(9 - ny2)P(1,2) - hnyQ(3) +P'(0,4)
+12P(g3)+%h)+3P%lﬂ)+lﬂ%23)
+ 3P'(2,4) +P(3,k) (12)

for the third coefficient in series expansion (k).

It can be shown that, for any positive integer k, coefficient n12kYk
formed in this way will consist of a sum of 1+2k(1+k) terms, as follows:

i. The terms containing integrals Q{i) are

(-)k[(znl)kQ(k)-k<2n1>k"lQ<k+1)~+5—é%:il(2n1>k'2Q(k+2>

- 5i5:5%§51§l<2n1)k’3Q(k+3) + (%K),

The total number of these terms is k+1.
. .. 2k . .
ii. Each coefficient n; "Yi contains the odd integrals

k(k—l)...(k-j+2)(k—j+l)[75%%37%2k—1)(2k—3)...(2k-2j+5)(2k-2j+3)

(
pd-1
- 17753:577(2k-3)(2k—5)...(2k-2j+5)§2k-23+3)n12
2J-2

* ETT§E:§TT(QK_5)(QK'7)"'(2k'23+5)(2k-23+3)n1q

=3
- ﬁm(Ek—T)(gk—Q)...(2k-2j+5)(2k—2j+3)n16
- 1 . Iy
+ ...(-)J . (J——i)'_l'_ anJ 2](1—012)k 2J+1P(O,2j—l)

and the even integrals

k(k-l)...(k—j+2)(k—j+l)[(é?%T(Zk—l)(2k—3)...(2k-2j+3)(2k—2j+1)

J-1 :
- ET%EE:ETT(2k-3)(2k—5)...(2k-2j+3)(2k—2j+1)n12

2J-2

+ ETTEE:HTT(2k—5)(2k—7)...(2k—2j+3)(2k-2j+l)n1“

J-3
- 3!?23_677*2k-7)(2k-9)--.(2k—2j+3)(2k-23+1)n16

j 20 23 k-2j .
(5 S 3](1-n12) Ip(0,23).
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There will be k terms of each kind, or a total of 2k
terms.

If the multipliers of integrals P(0,2j) and P(0,2j-1) are written
out as polynomials, in ascending powers of n12, it will be found that
their corresponding terms, taken in the order from left to right, have
the ratios (1/2j)(2k-2j+1), (1/2§)(2k-2j-1), ..., (3/2j), and (1/2j),
respectively. This will be shown by the symbolic notation

. 1 . . . .
P(0,23) = 57(2k-2j+1,2k-2j-1,...,3,1)P(0,2j-1) (k > 3)
2]

the numbers in parentheses indicating term-by-term multiplication of the
polynomial coefficient of P(0,2j-1) in order to form that of P(0,2j).
As also holds

P(092J+l) = ( )(k—j,k-j-l,---,l,O)P(O,2j) (k > j)

2j+1
all the terms given by the direct formulas can be calculated in succes—
sion from the first one, 2k(l-—n12)k‘lP(O,l), the latter developed into
a polynomial by the aid of the binomial theorem.

iii. As y is a symmetric function of n and r, numerous relationships
exist that aid the calculation of further terms. Using the symbolic

notation, previously introduced, we have

for k 2 j > i, a total of 3k(k+l) terms

P(2i+1,23) = ( )(2k—2i-l,2k-2i—3,...,2j-2i+l,2j-2i—l)P(2i,2j)

2i+1
for k > j > 1, a total of 3k(k-1) terms

1
2i+1

P(2i+l,2j+1) = ( )(2k=-2i-1,2k-2i-3,...,2j-21+1)P(21,2j+1)
for k 2 j > 1 > 0, a total of 3k(k-1) terms

P(2i,23) = %{k—i,k-i—l,...,j—i+l,j—i)P(2i—l,23)
and for k 2 j+1 > i > 0, a total of 3k(k-1) terms

P(2i,25+1)

F(kei, ko1, ..., J=i42,§-i+1)P(2i-1,20+1 )
which altogether add k(2k-1) terms to those previously determined.

iv. All the remaining terms are combinative; they will be included
simply by priming the integrals P(i,j), excepting those of the form
P(i,i+1), which do not possess a counterpart.

We shall not dwell with all the arguments needed in a rigorous

proof of these rules by double induction; let it suffice here to show
their general validity in a single instance, say, for integral P(2,3).
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Successive application of the symbolic equations, starting from the
last one, gives

1
P(2,3) = 5{(ek-l)z(k-l)z,(2k-3)2(k-2)2,...,9,0]P(o,1).
We know already, from equation (12), that this equality is true if k =2.
It remains to be shown that if the equality is true for k=p, it is also

true for k=p+1.

To form the polynomial multiplier of P(2,3) in the coefficient

11°P*2y it is convenient to use a scheme

p+l ny2(y2-1) =
P(2,2) =21 (2p-1)2(p-1), (2p-3)2(p-2) ,. .. ,9,01P(0,1) (2/r)(r-r1)
P(2,1) = [(2p-1)(p-1),(2p-3)(p-2),..,3,0]P(0,1) +(1/r;2) (r-ry)?
P(1,2) =21 (2p-1)2,(2p-3)2,...,9,11P(0,1) +(4/ry) (n=1) (rery)
P(1,1) = (2p-1,2p-3,...,3,1)P(0,1) +(2/r12)(n-1)(r-ry)?
P(0,2) =%{2p-1,2p-3,...,3,1)?(0,1) +(2/r1)(n-1)%(r-ry)
P(0,1)=(1,1,...,1,1)P(0,1) +(1/r12)(n-1)?%(r-r,)?
P(0,3) =3[ (2p-1)(p-1), (20-3) (p=2),. .. ,3,0]P(0,1) +(n-1)2
P(l,3)=-§[(2p-l,2(1 1, (ep=3,2{p-2),...,9,0|P(0,1) +2(n-1)
P(2,3) =31 (20-1)2 (p-1)2,(2p-3)2(p-2)2,...,100,9,0]P(0,1)  +(1-n;?)

which displays the identity for yz-l, slightly modified from the form
given previously, together with a set of symbolic equations derived by
the rules we assume valid. It is now easy to comprehend that the re-
quired polynomial is obtained by multiplying each term of the identity
into the equation on the left, and adding up the results. These calcu-
lations, shown in a separate table, establish the polynomial in the form

-1

P(2,3) = < p(p+1)[p(2p+1)2,(p-1)(2p-1)2,...,50,91(1-n,2)P

w |

which is found equivalent to
1
P(2,3) = §{p2(2p+1)2,<p-1>2(2p-1)2,...,9,01(2p+2)(1-n12)P

if both formulas are expanded using the binomial theorem. Consequently,
the original equality is true for k = p+l.

1.3 Calculation of atmospheric integrals P(i,j) and Q(i).
The concept of the atmospheric integrals was introduced in an

lier work (Saastamoinen, 1972-73), where formulas for some of the
egrals P(i,3) have been derived on the basis of equations
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Table 1-1. Calculation of the multiplier of integral P(2,3) in n12p+2Y

p+l.

(2p-1)2(p-1),  (2p=3)2(D=2) ) eeerereneeennnn.. .9, 0
(2p-1)(p-1), (2P=3)(DP=2) e eeeee i, ,3, 0

2(2p-1)2, 2(2P=3)2 ,18, 2

2(2p-1), 2(2D=3) ye e e ,6, 2

2p-1, N .3, 1

1, R 1, 1
$2p-1)(p-1),  H2p=3)(p-2),.0enniiiii 1,0
%(2p_1)2(p-1), %(2p—3)2(p—?), .................. ,6, 0
$2p-1)2(p-1)2, £(20-3)2(p-2)%,.. oo 3,0

0, $@e-D2p-1)2 () R 3B

Sum {%P(pﬂ)(Zp*l)z, %(p-l)(p+l)(2p—l)2, ....... ,%J-(p+l), 3(r+1)} P(0,1)
n-1= (na-JJ(E—) (g #0) (13a)
a
n-1-= (“a"l)e— Rl (g =0) (13b)

in an atmosphere consisting of two layers, the troposthere and the strat-
osphere. We shall no longer restrict the number of layers that may be
taken into the atmospheric model, otherwise retaining the various assump-
tions implicit in equations (13a) and (13b).

In the derivation of a general formula for ihtegréls P(i,J) it is
best to take either .

H

RT/g
or

h

r-r;

as the independent variable in terms of which all the other gquantitiec
are expressed. Setting for brevity
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= _ £
m' = - -1
RB
we have then, for B # O,

m' _ -m'

n-1=(n - DE T H = (a, -1+ 1) H T [ 4 - )™

- A} v _ - 1 - ]
dn=(n -DmE "5 Tap=c(n cDm' ' +1)™ B T [h +(m'+1)H -n]™ Lan
a a a a a a
= ] - = - ' - =
r-r ha+(m +l)(Ha H) hb (m'+1)(H Hb) h
and
H
ra
, N
r9P(i-1,3) = (0. -1)'m'm " J [ha+(m'+l)Ha-(m'+l)H]JH1m Lan
H
b .
(i #0)
N -im'  -im’ Al im'-1_J
= (n -1)m"(m"+1) H [h +(m"+1)H -nh] h“dh
a a h a a
The solution of either integral is given by the formula
n
Jors . i-1 J
ri°P(i-1,3) =. (n-1) (r-ry)Ydn
n
b (1 #0)
= J! ' + __Aj!__ 1 J 1 J l
O!ij(lm Hb B - l(1m ) —l(H h, H th
j! ' J-2 j-2. 2
+
2'.3_2(1m ) 2(H h A Hb hb B
<1
Jd J-1 J J )
+ + “(im")1(H n Ay anb ) + h YA h °B (14)
where
-1 i - L
Ay = 3(n, -1) B; = $(n,-1)
and
im'+i _ im'+i . im'+1 . (o
recrea (im")q, (lm.+2)(1m )1 = (im' )y, R (1m'+,3)( m') 1 (im")
Because
lim (im'), = 1,
80 J
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it is evident that equation (14) is also valid if B =0, in which case
the factors containing m' are simply left out.

For integrals Q(i), the immediate solution is

n
a
Qi) = [ %(n1 -n)%an

b
= mylog_(n_/ny) - i) H(n -ny) ¢ AR 172 2 2
JLali=n)Gep) 3 sy 3y, L T 1),

3 3! b U i'a b
This expression may be transformed, setting
A=n - C=£(n+n)
a~ ™ 2" "y
and
log (n_/n_) = (A/C) + —fL—%A/C)3 + —fL—(A/C)S + o
e a'"b 2.3 27.5 ?
into the followiﬂg formula suitable for numerical evaluation,

Q(i) = (n; -c)(asc)

+ o=l + (1-2)n1C + 2H(1-1) (1-2)02 ] (ny=0) 1P (a/0)

22.3
* 51}.—5[n1“ * (i-h)n13c+§(i—3)(i-h)n12c2 + —31—!(i—2)(i—3)(i-h)rlc3
+ h—l!(i-l)(i-2)(i-3)(i-h)c‘*](nl-c)l‘h(A/c)S
+ 55%7-n16 + (i-6)ny°C+ . .+ g%%i-l)(i-z)...(1-6)06](n1-c)i'6(A/c)7
o, (15)

where i may take any value (i =0, 1, 2, ...).
1.4 Extension of the range of the refraction formula.

We shall now go back to the binomial expansion for tan z, and
replace equation (3) by

;
tan z = f tan z;[1 + f2(y2-l)seczzl - (1-r2)]72

= f tan zl{l-f(—)k ) l'3'5’"(2k-l)rf2(y2—l)seczzl--(l—fz))k}
k=1

L
2.L.6... (2k) (16)

where f stands for a positive number less than 1. This series is con-

vergent if |f2(y2-1)sec?z - (1-f2)| <1; consequently, it can be made con-
vergent for any zenith distance 2z, <90° by taking f sufficiently small.
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The idea behind this arrangement is to truncate series (16), after
k+l terms, whereupon it is permissible to restore the original order of
terms in ascending powers of y2~l. The contribution to the astronomical
refraction of a layer of air between radii vectors T, and Ty then becomes

1
Az (a;b) = tan Zl[FoYO -5 FlYlseczzl +% F2stec“zl —% F3Y3sec621
k 1.3...(2k-1)

+ ... (=) WF Y. sec Zl] + Rk+l (17)

where
1.3...(2kx-1) k
= += I R A a4
Fo = £{1+30-52) 5do(en) L
- 3 3(1_¢2) 4 3.5...(2k-1) 2 k-1
P o= £H14501-07) L4 A (e s
= #5017 +2(1_72) 4 b 2.7 .(2k-1) 2\k-2
Fpo= £9{1ag(1-e2) ¢ 2.h...(2k-h)(l £
......... R (18)
2k-1 2k-1 2
F =f + f
1 {1 (1-r2)},
2k+1
Fk f
Formula (17) is valid if
2 . .2
(ybz—l)seczzl + 1
but in order to keep remainder Rk+l small, without the necessity of
including an excessive number of terms, f should be chosen so that
|£2 - = = min. (19)

(y®-1)sec?z; + ll
considering all the values of y and z; involved.
With given numerical values of f and k, equations (18) provide a

set of damping factors, Fg, F;, ..., Fx, by which the coefficients of
the first k+1 terms of refraction formula (4) are multiplied.

Upon truncation of series (16), the remaining terms of tan z are

(LKt 1.3.5...(2k+1) 2k+3 (2k+3) (2k+5)
- 2.h.6...(2k+2) 2k+h (2x+L) (2k+6)

(2k+3) (2k+5) (2k+T) K+l
- o) (o 6) (o) VY ] v

v2

W+

f tan zl[l -

where
V = £2(y2-1)sec?z; - (1-f2).

This gives the approximate formuia
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n
a
k+1
k+l 1.3.5 (2k+1) J \

T - (oxrz) [ tan 21 s dn (20)

Oy Ok+k
with
dn = - (_El_)(ﬁ;;l)dr

m'+1 H

for the evaluation of the magnitude of remainder R by numerical inte-

k+1 ]
gration. This evaluation is necessary because the (k+1l)th term of
formula (17), unlike that of equation (L4), does not give an indication
of the accuracy achieved.

If tan z; is numerically large, we may choose to substitute f cos z;
for f in equation (16), and consider the series

nI=

tan z = £ sin z)[1 + £2(y2-1) - (1-f2cos?z;)]” (16')
(o]
= f sin z,{1 + (<)% ) l'3'5"’(2k_l)[f2(y2-1) —(l-—fzcoszzl)]k}
ko 2 k6. (2k)
where f now stands for a positive number greater than 1. The contribu-
tion to the astronomical refraction of a layer of air between radii
vectors r, and rb then becomes

Azl(a;b) = sin Z]_[F()YO - ‘]2; F].Yl +% F2Y2 —% F3Y3

k 1.3.5...(2k-1) '
MR SR v v S €0 el Y ]+ 1 7'

where the damping factors

1 2 2 1.3...(2k-1) 2 2 1
= +=(1- S et
Fo = £{1 5(1-f2cos?z1) + e on) (1-f2cos?zy) )
= £3{1 +3(1-f2c0s2 3.5...(2k=1) 0 2 2 k-1
F1 = £3{1+3(1-r2cos?z;) + ... + ST ey (L - fPeos?zy)
o #5071 42(1_f2ana2 5.7...(2k=1) = 5 5 2
F, = £3{1 +2(l-f cos®zy) + ... + AT (2k—h)(l f2cos?z; )"}
.......... (18")
2k-1 2k-1 \
Fo, = f {1+ —Z?—(l-fzcoszzl)}
_ _2k+1
Fk =7
may be written out as polynomials of coszzl. Series (16') is convergent

if
2

2 <y
¥y, - sin‘zy
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but again, f should be chosen so that

~2 1 - s '
b ml min. (19")
for all the values of y and zj involved. Remainder R is evaluated by

. . . R k+1
numerical integration using the formulas

W= f2(y?-1) - (1-rf2cos?zy)

_ n' n-1
dn = - (;T:I)(—E;—)dr
and
n
a
k+1
k+1 1.3.5...(2k+1) ) J W
R V(- ————— . 1
e N N e B ks (20)
Ty ok+L

If z; = 90°, equation (17) can not be applied unless the point of
observation is moved along the light ray to the base (ra) of a higher
layer, where .

1
_ . V12 _ 412
tan z_ {[nara/(nlrlsln z1)] 1}

has a suitable value. The refraction component for the nearly horizontal
section of the light ray may be calculated using the series expansions
in 1.5.

1.5 Calculation of astronomical refraction at or near the horizon.

We shall now consider the integral

logena

1
fon) = a 2 ai2. =3
Azy(a3b) = sin Z, (n¢ -sin za) dlog n (1)

logenb
where

n=1wﬂnga)

in the calculation of astronomical refraction for any zenith distance
0° < z, < 90°, especially for zZ, = 90°. In the solution given below,

the integrand will be expressed in the form of a convergent series, and
integrated term by term.

Let
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be chosen as the independent variable. We have then, from equation (13a),

(n- 1)/, - 1) = (1 - Z

1 - mx + m1m2x2 - m1m2m3x3 + ...

and

n/na =1 - agmx + agmympx? - agmimpmzx3 + ... (22)
with

-1 1 =L _

ag = (na-l)/na, mo= - (or mo= T if B = 0).

The derivative of series (22)

dn 2

= = - + - +

' s agm) 2agmimoX 3agmmom3x
divided by the series itself gives

dlogen = - agmy[1 - (2mp —agm;)x + (3mpm3 - 3agmm, +ag?m; 2)x?

- (bmymgmy - bagmimems - 2agmymy? + bag?m  Zmy - ag3m; 3)x3 + ... Jax. (23)
Multiplication of series (22) by the binom
= ] = + D
r/ra _-+(Ha/ra)x 1 + bpx
further gives

n = 1+(bg-agm)x+agm (my-bg)x?-agmm,(m3-Dbg)x> +

whence
2 s 2 .2
n® - sin‘z_ = cos za~+2(b0-aoml)x-+2(a0m1m2-2aom1b0
1 1
* 3 a0 mlz-*g b?)x? - 2agmy (mym3 - 2bgmy +agmmy - agmibg +bg2)x3 + ...
= coszza +cpx + cpx? - caxd 4 ... (24)

The remaining part of the calculation consists of the extraction of
the inverse square root of series (24), multiplication by differential
(23), and integration of thé product according to equation (21).

If z_ = 90°, we have sin?z_ = 1, cos?z_ = 0
a a a

2 _ 9 = 2 %3 2 _
n 1=cx(1 + G X~ + ...) = cx(1+X)
1 1
(2 _qy-z - 1 -2 1 3 v2_2 v3
(n 1) x (l-5 X+5X 7z X + ...) (x<1)

ey
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The integrand is obtained in the form

g, 2
x “(l-dyx+dyx?-...)dx

VP

1
(nz-l)-zdlogen = -

2

with

1
dy = 2my - agmy +=(cy/cy)

2
1
d2 = 3m2(m3-a0m1)+§1-(2c2m2+C3—a002m1) +§(C2/C1)2+302m12
which gives
cagmy 1 1
Azl(a;b) = /—(1——d1 +“d2 2 _ ) (25)
/ET % 3 % 5 %

as the final result.

If cos?z is numerically small, the extraction of the inverse
square root succeeds similarly if we first find (by iteration) a number,
Xp, such that

coszza - c1xg * 02x02 + C3x03 + ... =0
and substitute a new variable w = x +Xx( that eliminates the constant
term in equation (24). This procedure, which is equivalent to extending
the light ray to its lowest point where the tangent line is horizontal,
also finds application in the calculation of refraction if zai>900.

(to be continued)
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APPENDIX A

Numerical applications

A few illustrative samples are given on the calculation of astro-
nomical refraction in a spherically symmetric model (Atmosvheric Model
Ho. 2, (Saastamoinen, 1972-73)) specificd as follows:
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r; = 6380 km T; = 285.08 K n; = 1.000280868

1 1

(2.8704/98) km.K~

Troposphere 0 - 10.4 km: B = - 6.L45 K.xm - R/g

(2.8704/98) km.K !

1}
]

Stratosphere 10.4 - © km: B8 = 0 R/g

The diminution of the refractive index with height is given by
equations (13a) and (13b); for the purpose of calculation, the specified

values are assumed to be exact.

1. Coefficients Y, .

k

Layer: O - 10.4 km 10.4 - 2k km 2 - © km  Rinomial
multiplier
Yo 397614630 16713k229 2U176190 1

102Y, L. 768940 6.82183L 1.956960 -1/2
10%Y,  0.83k121 3.0673R3 1.8k7hh9  3/8
108Y5  0.170238 1.466399 1.85436L -5/16
108y, 0.037758 o.7h219é 2.007800  35/128
1010y 0.008818 0.394937 2.379461 -63/256
1012y, 0.002132 0.219156 3.124625  231/102k
101%Y,  0.000529 0.125831 L.581027 -429/2048
1016v5  0.000133 0.07k2L6 T.511767  6k35/32768
1018yq  0.00003k 0.0LUT7T2  13.7317h3  -12155/65536

2. Examples of formulas for astronomical refraction.
s = 10 %sec’z,
Zenith distances 0° < z; < 80°. : (r=1)
Azy = tan z1(57?92505-6?77387s-+291558652-1?0909hs3
+ 0U76228s" - 016814935 + 0V 754795 - 0198607’

+ 1"48977s8 — 2U's5514s9). max Rig Vv 070003
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Zenith distances 0° < z; < 82°. (f = 0.9)
Azy = tan z1(57V92505 - 6773865 + 271558052 - 1090525 3
+0U75966s" - 0'67073s° + 06885156 - 07259557

+0"64970s® - 0V3L51659). max Rjo ~ 00001

Zenith distances 82° < z; < 8L°, (f = 0.9, 0 - 10.4 km;

£ =0.75, 10.4 - « km)

Az) = tan z1(57792398 - 6" 76680s + 2''13081s2 - 1025705 3

+0"619Ths" - 0"LOT2LsS + 0"25657s6 - 0111368857

© +0"05285s8 - 0"01080s9). max Ryo v 070001
Zenith distances 8L4° < z; < 86°. (f =0.9, 0 - 10.4 km;
£ =0.75, 10.4 = 24 km; £ = 0.56, 24 - » km)

bz, = tan 2)(57"909L80 - 61696L8Ts + 1196257352 - 075851553
+0"3019568s" - 0"1082585s° + 00319735085 - 0"1007131299s 7

+0"001056695s8 - 0'000077801s9). max Ryg v 09001
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3. Contributions of the atmospheric integrals to the coefficients

Inte-

gral k=0 k=1 k=2 k=3 k = 4

Q(0) 57"9250L4 93

P(0,1) 7757784 80 -0"6382L 36 0"oLLT79 67 -0V00293 L6
Q(1) -0.81327 43
P'(0,2) 0.00921 6k
Q(2) 0.00007 61
P'(0,3)

P(1,2) 0.00000 Ok
Q(3) -
P'(0,b4)

P'(1,3)

QL)

P'(0,5)

P'(1,4)

P(2,3)

Q(5)

P'(0.6)

P'(1,5)

P'(2,L)

Q(6)

P(0.7) 0.00000 01
P'(1,6)

P'(2,5)

P(3,4)

p(0,8)

P(1,7)

P(2,6)

P'(3,5)

P(0,9)

P(1,8)

P(2,7)

P(3,6)

P(k4,5)

P(0,10)

P(1,9)

P(2,8)

P(0,11)

P(1,10)

P(0,12)

P(0,13)

.76257 89 -0.38785 11 0.03811 30
.02283 6k
.00823 12
.000ks 03
.00000 L8 -
.00000 8L
.00000 06

.36993 73 -0.2693L 02
.05619 56 -0.01105 00
.00080 15
.00835 36
.00028 5bL
.00000 03
.00002 10
.00000 06

.97252 9k
.02490 88
.00003 15
.00979 T3
.00016 61
.00001 09

O O|]O O Ojo N

O Ojo O Oo|jlo O+
O O O|j0 O O

.0000L L2
.00000 06

[oNe]

Totals 579250k 93 6"77386 66 2715585 T4 1709093 79 0VT622T7 T1
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91

Q(0)

0"00018 s4 -0"00001 1L 0700000 OT P(0,1)
Q1)

-0.00321 01  0.00024 78 -0.00001 81  0"00000 13 -0"00000 01 P'(0,2)
Q(2)

0.03403 25 -0.00350 36  0.00031 97 -0.00002 69  0.00000 21 P'(0,3)
0.00139 63 -0.0001k 38 0.00001 31 =-0.00000 11  0.00000 01 P(1,2)
Q(3)

-0.2459L4 10  0.03798 70 -0.00k62 21  0.00048 67 -0.0000k 65 P'(0,L)
-0.00630 09  0.00097 33 -0.00011 84 0.00001 25 =-0.00000 12 P'(1,3)
QL)

0.87915 29 -0.27188 64  0.04963 91 -0.00696 97  0.00083 17 P'(0,5)
0.01146 23 -0.0035Lk 63  0.00064 76 -0.00009 09  0.00001 09 P'(1,4)
0.00069 95 -0.00021 64  0.00003 95 -0.00000 55  0.00000 OT P(2,3)
-0.00000 13 Q(s)
0.0132k 24 0.96729 38 -0.35378 L2 0.07Ls5k 60. -0.01186 38 P'(0,6)
0.00011 L1  0.00657 48 -0.00240 61  0.00050 71 -0.00008 O7 P'(1,5)
0.00000 64  0.00033 15 -0.00012 13  0.00002 56 -0.00000 41 P'(2,L4)
0.00000 01 (6)

0.00009 29  0.02039 33 1.25605 98 -0.53052 56 0.12672 79 P(0,7T)
0.00000 06 0.00008 78  0.00436 L2 -0.0018L4 46  0.0004Lk 07 P'(1,6)
0.00000 34  0.00015 02 -0.00006 35 0.00001 52 P'(2,5)

0.00000 02  0.00001 06 -0.00000 45 0.00000 11 P(3,kL)

0.00000 O4  0.00020 L3  0.03533 45 1.88095 Lk -0.90128 51 P(0,8)
0.00000 06  0.00007 53 0.00329 85 -0.00158 19 P(1,7)

0.00000 20  0.00008 03 -0.00003 85 P(2,6)

0.00000 01  0.00000 52 -0.00000 25 P'(3,5)

0.00000 12  0.00047 80 0.06810 53 3.19123 05 P(0,9)

0.00000 06  0.00007 17 0.00280 77 ©P(1,8)

0.00000 1Lk  0.00004 T4 P(2,7)

0.00000 01  0.00000 23 P(3,6)

0.00000 01 P(L4,5)

0.00000 L0  0.00119 47  0.1L4L61 76 P(0,10)

0.00000 08  0.00007 51 P(1,9)

0.00000 10 P(2,8)

0.00001 32  0.00319 04 P(0,11)

0.00000 10 P(1,10)

0.00000 01  0.00004 L7 P(0,12)

0.00000 0L P(0,13)

0"68L93 24  0o'Ts5L79 12 0V98606 88  1"L89TT 26  2'5551L L2 Totals
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L, s 1 lati f R .
ample calculation o K+1

h, km -10° %% 10%(y2 - 1) v —OThlSh(%%)f vi0/(1 + %% V)

0 27.28 0.0000 -0.1900 o764 x 107°

2.6 22.3k 0.0686 -0.1168 0.00h

5.2 18.07 0.1397 -0.0410 0.000 f=0.9

7.8 14.39 0.2128 0.0369 0.000
10.4 11.28 0.2878 0.1168 0.002
10.L 13.90 0.2878 -0.22kl 1.786
13.8 8.163 0.3871 -0.1508 0.018
17.2 L.793 0.4896 -0.07k9 0.000 £ =0.75
20.6 2.81k 0.5939 0.0023 0.000
2l 1.652 0.6993 0.080k 0.000
2L 1.6523 0.6993 -0.3977 . 61.31
36 0.2523 1.075 -0.2h2 0.05
48 0.0385 1.453 -0.086 0.00 £ = 0.5
60 0.0059 1.833 0.070 0.00
72 0.0009 2.212 0.227 0.00

Integrals; 0 - 10.k4 km: ovs
10.4 - 24 km: o" 1t x 1078
2h - 72 km: 195" Rig v 070002

5. Astronomical refraction in the troposphere at z; = 90°.

x = 0.11976 14110 n (h in knm)

202053687 vx (1 - 0.21827 81k x + 0.03226 0119 x?

i

Az (rqsr)
- 0.00286 L275 x3 + 0.00021 7379 x“ - 0.00002 3471 x> + 0.00000 2731 x5
- 0.00000 0321 x7 + 0.00000 0040 x® - 0.00000 0005 x?).

(Total 17L3"330).
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APPENDIX B

Coefficients Yk

s s . N 2k
1. Polynomial multipliers of integrals P(i,j) in n; Yk.

k(k-1). .. (e-p+1) (k-p) (P (3,001 =) 2) 7 Ip(a, )

where
p = 2(j-2) if j is even, or
p = 3(j-1) if j is odd.
P (0,1) =2
n
Pn(o,z) = (2k-1) - n;?
28 (0,3) = (ek=1) - 3n,?

P (1,2) = (Pr=1)% - (8k=6)n? + n*

(Pr-1)(2k=3) - 6(2k=3)n12 + 3n,;"

(oY
=
(@]
T
1}

(2k-1)2 = 2(8k=T)m? + 9ny*

ASRTEN)

o

—_

Lo

M

w

N
1]

15 P, 10,5) = (2k=1)(2%=3) - 5(kk=6)n;? + 15n*
Gor ol = (2e=1)7(0k=3) = (Pk=3)(26x=25)n 7 + 3(22k=35)u % - 9n;®

% P,z = (emn)(Pr=1)? o (28K7-98k+21 )m 2 + (h1k=55)np - 9n®

2r=1)7(2r=3) = (2k=3)(30k=39)n 2 + 5(3hk-57)ny * - 751, ®
%(k—l)(?k-l)2(2k—3) = (2k-3)(14k2-31k+18)n,?
+ (Thk2-220k+180)n;"* - (47k-82)n,® + 3n;®

3 E_(0,7) =-;%§<2k—1)<2k-3><2k-5>-%(2k—3)(2k-5)n12 + (2k=5)n;% - n,®
32 (1,6) = g%(zk-z)2<2g—3>(2k-5)-{%(2k—3)(2k-5)(13k-1u)n12

+ (67-15)(hk=T)r " - (22k-56)n1°% + 25n,8
5 E (2,5) = 1{k-1><2k-1)2(2k-3>-—%(2k-3)(58k2-135k+83)n12

YL ?

+ (158k2-520 v+t )ng " - 5(39k=TT)n,® + 50n;8
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1

3P (3,4) = %(k-l)(2k—l)2(2k-3)2-w§(2k-3)2(20k2—h8k+31)nlz-+(172k3
-852k2+1h33k-819)n1“-(232k2-866k+819)n16-+§(h9k-93)n18
_%nﬁo
1 1
6 Pn(0,8) = 556(2k-1)(2k-3)(2k-5)(2k—7) - i;(Ek—B)(2k—5)(2k-7)n12

+ 2(2k-5)(2k-T)ny* = (2k=T)n;® + £ n; ®

n

%(2k-1)2(2k—3)(2k-5) - %(2k-3)(2k-5)(l7k-19)n12
+ 1L(2k-5)(16k-29)n; " - 20(35k-91)n;® + 2h5n,8

105 P (1,7) =

90 P _(2,6) = (k-1)(2k-1)?(2k-3)(2k-5) - 2(2k-3)(2k-5)(38k?-92k+59)n; 2
+ 10(2k-5)(88k2-305k+273)n; " - 60(59%2-276k+322)n, °
+ 15(137Tk-361)n,% - 150n; 10
15 P (3,5) = %(k-l)(Qk-l)z(Ek-3)2 - %(2k-3)2(h0k2—102k+71)nlz
+ 2(332k3-1740K?+3121k-1917 )n, * - 4(37hk2-1543k+1638)n,®
+ 25(43%k-99)n,® - 150n; 10
DISCUSSICH
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