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On convergence in capacity

Burnett Meyer

The (logarithmic) capacity or transfinite diameter is originally
defined for compact sets in the complex plane. An extension may
be made by defining the capacity of a given arbitrary set in the
plane as the supremum of the capacities of all compact sets
contained in the given set. Convergence in capacity is defined
analogously to convergence in measure. It is shown in this paper
that properties of convergence in capacity are also analogous to

those of convergence in measure.

Recently it has been shown that certain sequences of Padé approximants
converge in capacity [3, 4, 5]. The definition of convergence in capacity
is analogous to that of convergence in measure. We shall show that the

properties of these two kinds of convergence are also analogous.

1. Preliminaries

For the definition and properties of the (logarithmic) capacity or
transfinite diameter, C(F) , of a compact set in the complex plane, see
[7, pp. 293-314] or [2, pp. 264-289]. Following Tsuji [§, pp. 53-89] we
define as follows the ecapacity of an arbitrary set S in the complex
plane:

¢(8) = sup C(F) ,
FeF
where F is the set of all compact sets F contained in S . ((S) is
cometimes called the immer capacity of S , since it is defined analogously
to the inner Lebesgue measure. (An outer capacity can also be defined, but

we shall not use it.) A property which holds everywhere except on a set of
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capacity zero will'be said to hold approximately everywhere.
An important property of capacity is given in the following theorem.

Let 5, (n=1, 2, ...) be Borel sets contained in |z| =R , and

let S= U S . Then

(1) {10g[28/¢($)1} ™ = T {108[2r/c(s,)]} " .

n=1

This is an easy generalization of Theorem III.17 on page 63 of [§].

2. Definition and properties of convergence in capacity
DEFINITION. ©Let fh (n =1, 2, ...) be complex Borel-measurable
functions on a bounded domain 2 . The sequence {fh} is said to converge

in capacity to a Borel-measurable function f on D if and only if for

every € >0 , lim C({z €D : Ifh(z)—f(z)] > e}) = 0 . The sequence {fh}

71>
is said to be a Cauchy sequence in capacity on D if and only if for every

e>0, lim C({z €D : |f (a)-f,(a)| 2 €}) =0 .
m,n->e

The collection of complex Borel-measurable functions is closed under
addition, multiplication, and pointwise limits. Padé approximants, being

meromorphic in any bounded domain, are Borel-measurable functions.

Convergence in capacity has properties which are analogous to those of

convergence in measure, as is seen in the following theorems.
THEOREM 1. Let f, g, 1 fé, ... be complex Borel-measurable

funetions on a bounded domain D , each function finite approximately

everywhere.

(a) If {fh} converges to f in capacity on D and f(z) = g(z)
approximately everywhere on D , then {fh} converges to g 1in capacity
on D.

(b) If {fh} converges to f in capacity on D and ({f,}

converges to g 1in capacity on D , then f(z) = g(z) approximately
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everywhere on D .
(c) If {fn} converges to f 1in capacity on D , then {_fn} is a
Cauchy sequence in capacity on D .

The proof is omitted, since it is similar to the proof of the

analogous theorem for convergence in measure [7, pp. 265-268].
THEOREM 2. Let D be a bounded domain and {fn} a Cauchy sequence

in eapacity of Borel-measurable functions, finite approximately everywhere
on D . Then there exists a Borel-measurable function f , which is finite

everywhere on D , such that {fn} converges to f 1in capacity and such
that a subsequence of {fn(z)} converges to f(z) approximately every-

where on D . For each € > 0 there exists a set E c D such that

C(E) < € and such that a subsequence of {fn(z)} converges uniformly on
D-FE.,
Proof. Let DC {z : |z] =R} . Choose integers Nj (d=1,2, ...}

such that
C[{z €D : lf‘n(z)-fm(z)| > 2’j}] < 2R exp(-ej) ,

> > =
for mz ¥, , n_IVJ.. Let 9; fIVJ.’

Then C'(GJ.) < 2R exp(—ej) . Let Xx.={z¢€D: fn(z) = © for some n} ;

then C¢{x;) =0 .

o]

Let E =X, v jgk Gj (k=1,2, ...) . Then, by (1),

1A

tos(er/c ()11 = oslemioli)]}™ + 3 fosleric(c)])™
A

e <175t

8

=0 +
k

k—l)

J
From this it follows that C(E’k) < 2R exp(—e , and C(Ek] + 0 as
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(o]

Now suppose 3 ¢ D—Ek . Then 2z € N (D—Gy) , and
J=k

|gj(z)—gj+l(z)| < 2™ (=1, 2, ...) . Hence, if k=j<m,

m=-1 o - —g+1
lg;(2)-g,(a)| = ¥ lg,(2)-g,, (2)] < ¥ 27" =2 .
n=g n=yg

Thus, the sequence {gj(z)} is uniformly convergent (to a finite limit) on

D - Ek
[«
Let F= N Ek . Since C(F) = C(Ek) for every k , C(F) must be
k=1
zero. We see that {gj(z)} converges to a finite limit for =z € D-F
<o
because D - F= U (D—Ek) . Thus {gn} converges approximately every-
k=1

where on D .

Let f(z) lnu%@) for gz €D-F, f(z) =0 for z € F . The

function f is Borel-measurable and is finite everywhere on D [6,

pp. 11-14]. We wish to prove that {fh} converges to f 1in capacity.
Let € >0 and 6 >0 . Choose k so that C(Ek) < § , and choose m so

that |gj(z)—f(z)| <eg for gzm, zc¢€ D-E; .

Then, if J =2 m ,
c({z €D : Igj(z)-f(z)l = el) = C[Ek) <§ .
Hence {gj} converges to f 1in capacity.
Since |fh(z)-f(z)| = |fn(z)—gj(z)| + |gj(z)—f(z)| s
{z €D : |f(2)-f(z)| ze}c{z €D : |f£(z)—gj(z)| = e/2} v
{z ¢D: |gj(z)—f(z)l > ¢/2}

By choosing »n and J sufficiently large, the capacity of each of the
sets on the right may be made arbitrarily small. Applying (1), we conclude
that {jh} converges to f in capacity on D . This completes the proof of
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Theorem 2.
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