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Integrability of trigonometric series 111

Masako Izumi and Shin-ichi Izumi

Ralph P. Boas, Jr, proved the following theorem: Let g be an

odd function, integrable on (0, IT) and periodic with period

2TT , and its Fourier series be \ h sinnt . If 0 < r < 1 and

t~Tb 2 0 for all n , then t~Tg{t) i L(0, IT) if and only if theb

series \b In converges. Philip Heywood asked whether the

conditions g(t) t L(0, IT) and b 2 0 can be replaced by

tg{t) € £(0, TT) and b 2 -A/n or not. We prove this problem

affirmatively.

1.

Our object is to prove the following

THEOREM 1. Let 0 < r < 1 and let g be an odd function satisfying

the conditions:

(i) tg(t) £ L(0, IT) , and

(ii) bn(d) - -o/n for all n Z. X and a positive constant c ,

where b {g) is the n-th generalized sine coefficient of g .

Then t~rg{t)dt exists, if and only if I bn(g)/n ~ converges.
J+0
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This theorem was conjectured by Heywood [3] and is a generalization of

a theorem of Boas [7] (af. [2]) where g € L and b (g) 2 0 instead of

(i) and (iij , respectively. We can prove the I -*• £ part of Theorem 1

without the assumption (ii), that i s ,

THEOREM 1 ' . Let 0 < r < 1 and let g be an odd function. If

tg{t) € L(0, IT) and b {g) is the n-th generalized sine coefficient,

then if t g(t)dt exists, then I b (g)/n ~r converges.
•1+0 "

2.

We shall transform Theorems 1 and I 1 . By the definition,

f f 9(t)simtdt = f I 2tSt/2-gU) f g ^ - dt

where / is an even function defined by

fit) = 2tgt/2-g(t) on (0, IT)

and s*(f) is the modified n-th partial sum of the Fourier series of /

at the origin. Using / and s*(/) instead of g and b (g) , Theorems

1 and I1 can be stated in the following equivalent form.

THEOREM 2. Let 0 < r < 1 and let f be an even function such that

ii) f I L{0, IT) , and

(ii) s*(f) > -c/nr for all n 2; 1 and a positive constant c .

Then [ t~r~Xf{t)dt exists, if and only if I s^f)/n-~r converges.
J+0
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THEOREM 2' . Let 0 < r < 1 and let f be an even function

/•TT

integrable on (0, TT) . Then if t f(t)dt exists, then
J+0

\ s*(f)/n ~ converges.

We can prove the following similar theorems.

THEOREM 3. Let 0 < r < 1 and let f be an even function such that

(i) f € L(0, IT) J and

(ii) s if) 2 -c/nr for all n i l and a positive constant c ,

where s (/) is the n-th partial sum of the Fourier series of

f at the origin.

fit

Then t f{t)dt exists, if and only if I s (f)/n ~V converges.
J+0

THEOREM 3'. Let 0 < r < 1 and let f be an even function

integrable on (0, TT) . Then if t~r f(t)dt exists, then

1 s (f)/n converges.

3. Proof of the 7 •*• \ part of the theorems

3 . 1 . We sha l l f i r s t prove Theorem 3- We wr i t e s = s
n(f) and

f{t) ̂  I a cosnt .
«=1 n

We can take c = 1 , so t h a t s + l/nr 2 0 for a l l n i l . Then
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X

°° fir
= l a \ -S2SL

n=l n >x tr-2si

cosnt
dt

2sini/2

= Z
w = l

oo

= I
n=l n >x tr n=l (n+1/2)1 V > (n+l/2)x

• ! , ^ i-, r ^ * - I ^ r^ l aiatdt
71=1 (71+1/2) ' (n+1/2 )x t 71=1 ( j ' 1 ' "

where the last series on the right side is a finite constant, since

costs i n t ,, _ I" cost"! I

+1/2)TT t r L tr Jt=(n+1/2)TT J (M+(M+1/2)TT t 1 + r

and s = o (n ) ty the convergence of the series £ s In

Let £ be a positive number < 1 and we write

r
n = l ( n + 1 / 2 ) 1 " 2 0 J ( M(n+1/2)1"20 J(M+i/2)a; t r n=l n=[e/a;]+i W=

= P + $ + R .

Putting [e/x] = y , we get

r! 8 n
l r r

71=1 (n+1/2)-1 r J ((TI+1/2)a; t

s

2r(r)sin(r1r/2) ^ ( n + 1 / 2 ) l - r " nix ( n + 1 / 2 , l - ' Jo
..

71=1

= S - T + U ,
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where S tends to a constant as x -*• 0 , by the assumption, and

T 5 A I JLTZ^— ("x'
n=l n

„ 2-r $ ^ . 2-r ^ 1-r
= Ax I ns + Ax I n

n=l H n=X

_ / 3 a . 2 - r f^y An2"r 7 Sffi + v
2 ~ r \ _ l m 1 • , - 2 - r

m=l m=l m m=l m

and further

U < A I - (nx) 5 Ae .
n=l

Therefore, collecting the above estimations, we get

(2) lim sup \P-A\ < Ac2~r .
xO

Writing z = [l/ex] and using integration by parts and Abel's

transformation, we get

n=z+l (n+1/2) Hn+l/2)x

s +l/n

n=z+l (n+1/2) }{n+l/2)x t

n fcos(n+l/2)a: _ ( cost

) H«+l/2) x J(w+l/2)xt

1 ( 1
= — 5 cos(3+3/2)x-2sina;/2 I S sinnx

^ 2
a: n=z+l n
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where

Sk ~ £• n+1/2 + ° and Sk = °V-tk ' as k "*" °°

Therefore,

(3) lim sup \R\ £ Ae.r .

x+0

Finally, using the expansion of sine series,

z s

r (n+1/2)*s s ryn+i \±)x . ,

I i L T = ? | ^
n=y+l (n+1/2) J0 t

f _ J L _ j ^ . f'
n^ /+ l (n+1/2 J1"^ fe=0 t 2 / c + 1 > ! JO

= o\l Z\~, \ |

= o(l) as x •* 0 ,

since, putting t = I 8m/(mi/2)
 r , we have

m=y+l

a = I
n=^+l (n+1/2)

= t (
3

= o{l/(ex)2k+2-r) as x - 0 .

C o m b i n i n g ( 2 ) , ( 3 ) a n d ( h ) , w e g e t
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lim sup dt - A < AS1 .
x+0 ]ix f'"-2sint/2

Letting e •+ 0 , we get the \ •+• I part of Theorem 3.

3.2. We shall prove Theorems 1 and 2. If we show that

then,

P

CO

V

I
n=l

by ( i ) ,

f ( t ) 1L
at

•2sint/2

(•TT
„ 1 S2

oo

y
W = l (?•

.n(n+l

t r

s*
n

1+1/2)

,(n+l/2)w s l n t

^ ' J ln+i /alx tr

We can apply the method in §3.1 to the right side integral under the

assumption (ii) of Theorem 2, so we can complete the proof parallel to

§3.1.

Now, the left side series of (5) is

fir

niln

°° fir

= 2 l ' n \
n=l 'x

sint/2
' cosntdt

sinx/2
= 2

= 2V + 2W

rx n=l
— sinw + 2

oo s fir ,
V -2- I —

M = l J X

cosntdt

and

T, sinx/2 r n . sinx/2 r n

xr n=l n 2x n=l "

where the series of the last term converges uniformly, since it is the

termwise integrated series of the Fourier series of / and then the last

term of the right side tends to zero as x •+• 0 . On the other hand, putting

we have
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oo g*

n=l

simu;

«=1 t

00

= - I
n=l

and then V tends to zero as x •* 0

Finally, putting

and using Abel's transformation,

fir

n=l n

sinna:
1+r

sxnnx

,1-r

W = > S A
n ' x

dt
sint/2

cosntdt

^ ; -- ' dt
sint/2

sint/2sin(n+l/2)tdt + A +

which tends to a limit as a; -*• 0 , since the series on the right side is

absolutely convergent. Thus we have proved the required (5).

4. Proof of the -»• £ part of the theorems'

We shall prove Theorem I1. We can write

N b (a) ., rir t N .

n=M n '0 *n=M n

/2 . ,
sinut1= -

17 Jo

(N+l/2 .
sin

>M-±/2 u
( \
%i )

where

j(u) = - M + [M] + 1/2 -v. i-

Now
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, .

'o

o t1 J (M-i /2) ty

ML/2)
dt

H/2) tr

= i? + S

and

R =

[(M-l/2)] rf2feTr f(2k+X)ir1 fy/(M-l/2)
I + \dv \ dt + o(l)
=1 l-J(2k-l)Tr J2kir -1 }v/{N+l/2)k

= R' + o(l) as M, il/

Writing [(M-l)/2] = M' ,

»' r f 1 r((2k-D^y)/(W-l/2)
i?' = - £ sinydy< ± — kLlzJ- dt

k=l '0 M(2k-l)tr+y) ' f(2i

fir fM1 (• .

= - sinudy< I r
J0 [k=l M(2k-l)ir+y}i"

^ *

' ± |-f((2k-l)ir+y)/(W-l/2) f(2kir+y)/(M-l/2).£^ -i

=l (2kv+v)1~rV ((2fe-l)ir+u)/(ff+l/2) ^ (2kir+u)/(ff+l/2)-' t r -*
+

k=l

We can easily see that 2" = o(l) as M, N -*•<*> and
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f" !M' •, f(2feTr+u)/U+l/2)
T = sinvdvi I ±

>0 ^ = 1 {2kTJ+v)1~P J ((2fe-l)Tr+u)/(yv+

x f(2fc7T+u)/(Af-l/2)

where

2 Jo
rTT ^ ' + 1 / 2 , . f . r(2nu+i>)/(ff+l/2) , ,

; 0 J l / 2 (27TW+Dr~r •l(2TlU-TT+u)/(il/+l/2)

Writing 27^/(^+1/2) = u' , v/(N+l/2) = v' , we have

„ =
f(W'+l/2)/(ff+l/2)

Jl/2(W/2)1/2U+1/2) (w'+u')1"^ Jy'+u'-
dt

f(A/'+l/2)/(il7+l/2) ^ r , ^

JTT/(iV+l/2) /'ir/(iV+l/2)

For any e > 0 , there i s a 6 > 0 such that

71 ' < £ for any 0 < b < a < 6 ;g{t)t~z'dt
b

then, if ir/(tf+l/2) < 6 < (M'+l/2)/(tf+l/2) , we get
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sln(N+l/2)v'dv'
rT\/(N+l/2)

•if "*
UTr/UV+l/2) t

where

N+1/2 N+1/2

and.

Thus we have | j / | S 4e which holds also for a l l cases of 6 and then

£/., = o ( l ) as M, N -*•<*>. Now, by in tegra t ion by p a r t s ,

£/ = Binufe
1/2 (2TIW+D) ~ J (2nu-Tr+y)/(ff+l/2) f1'

dt

(-TT «

+ sinudv
0

fir rA/'+:
sinudt; r— • N+1/2

'0 J l / 2 (2TIU+1)) " f(2TlU-ir+u)/(il/+l/2))

where, substituting the Fourier series of
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2 I if rM'+1/2 . „
sinvcfo sin27TW

J 1 2

(2mj+v)/(N+l/2)
dt

i r**i/2)

= A(N+l/2)
n/(N+l/2)

sin(N+l/2)vdv

= o ( l ) , as M, N •* °° ;

and, by the second mean value theorem,

* r* . [M'+I/Z] rk+i

' 0

' + 1 / 2 ] tk

l£=l JA {(2TW+v)/(N+l/2))

= o(l) , as M, N ->• °° ,

where fe < fe1 < fe" < A:"1 < fe+1 , and similarly t/̂ ' = °(1) • Therefore

V = o(l) . Thus we have proved that 2"' = U + i/ = o(l) . Similarly

21" = o(l) , and then T = T' - T" = o(l) . Thus if = o(l) . Estimation

of S is similar to if , and then P = o(l) .

Now, we shall estimate Q .

https://doi.org/10.1017/S0004972700047080 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700047080


fir fiV+l/2 .

e(t)dt *f
J0 'M-l/2 u

- f g{t)dt \
J0 >M-.
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•ff+1/2

SM^^ZT du

j{) ff du
-l/2

fir rN+1/2
tg{t)dt j(u) ^Y^

JO J«-l/2 u

+ (1-r) f ^(t)dt f
>0 JM-

Using the Fourier expansion of j ,

rN+1/2m-Tl/d °° , riv+
I •/ \ coswt , 1 v 1
) M-l/2 u ~ m=l 1M-

du

1 1

and then

i r Jo

On the other hand

fff+1/2

«2 " ' o ? * * >M-.

f l /(A?+l/2) fiv+
?(t)dt

J0 >M-

u
l/(N+l/2) rN+1/2

3{) | ^
l/2 u

rl/{M-l/2) (fl/t r
?(* ) * +

Jl/(tf+l/2) >-JM-l/2 >

/•IT (N+
g{t)dt

Jl/(A/-l/2) J W -

l/2 u

\lt > u
N+l/2

u
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We have

v! = I (2fe+l)l1 k=0 ^K+±>1 J 0

rtf+1/2

' M-l/2
j(u)u du

and then

fe=l ^ 2 / c + 1 ^ ! J 0

l/(iV+l/2)

+ i JJ!±
2k t\g(t)\dt

= o(l) , as M, N •* <=° .

Secondly,

du

k=0

l/(W-l/2) (li

SM-

and then

^ " r J l /U+l/2)

X/t . 21

M-l/2

rl/(M-l/2)

= o(l) , as W,

Finally,

"i-
g(t)dt\

l/(ff+l/2) ' lit u

ll(M-l/2)

= o( l ) , as M, N

t2-r\g(t)\dt

since
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sinwt , 1 y I I * l / 2 sin2T^-cosMt d

m=l m

and similarly K is also o(l) . Thus we have proved the theorem.

The proofs of Theorems 2' and 3' are now immediate.
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