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COMPARISON THEOREMS OF HILLE-WINTNER TYPE FOR
THIRD ORDER LINEAR DIFFERENTIAL EQUATIONS

L. ErRBE

Integral comparison theorems of Hille-Wintner type of second order
linear equations are shown to be valid for the third order linear

equation y™+ g(t)y =0 .

1. Introduction

The Sturm comparison theorem and its generalizations play an important
role in the study of the oscillatory character of the second order linear
equation
(1) y" +q(t)y =0, q € Cla, +) .

One of the simpler forms of the theorem states that if equation (1) is

disconjugate on [a, +») (that is, no solution of (1) has more than one

zero on [a, +°) ), and if q, ¢ Cla, +°) with ql(t) < gq(t) on
[a, +°) , then the equation

(2) y" + q(thy = 0

is also disconjugate on [a, +») . This result may be extended to

comparisons of an integral type, one of which is the so-called Hille-

Wintner comparison theorem.

THEOREM 1 (8], [15]. Let @Q(t) = rq(s)ds and Ql(t) = Jm ql(S)ds
t t
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exist with 0 < @ (t) = @(¢) on [a, +°) and assume equation (1) is
1

disconjugate on [a, +°).. Then so also is equation (2).

In this paper we shall be interested in extending an analogue of

Theorem 1 to the third order linear equations

(3) Ly = y"+ gty =0
and
(L) ﬁyEym+Qﬁﬂy=0.

We recall.that equation (3) is said to be disconjugate on an interval

I < [a, +°) in case no nontrivial solution has more than two zeros on I .
Disconjugacy and its connection with oscillation and nonoscillation have
been studied by many authors (ef. Barrett [1], Hanan [7], Lazer [11], Etgen
and Shih [3]1, [41, [5], Jones [9], [10], and the references therein). In
particular, it has been shown in [73] (see also [7, Theorem 3.11]) that if
q(t) = ql(t) < q(t) and if Ly =y™+q(t)y =0 and Ly = y"+ glt)y = 0
are both disconjugate on [a, +®) , then so is Ly = y™+ ql(t)y =0

This may be thought of as one analogue of the Sturm Comparison Theorem in
the study of the oscillatory character of Ly = 0 . In order to compare
our results with other known criteria for disconjugacy, we recall that if

q(t) 20 on l[a, ) and if Ly = 0 is disconjugate on [a, +°) , then

(L71),

(5) r tq(t)dt < 4 .
Further, if

(6) r t2(£)dt < 4

then Ly = 0 is disconjugate on [to, *”) , some to >a , ([6]). On the

other hand, if for some &8 , 0 <8 < 1 , we have

(7 r 20 (8)at = wo |

then Ly =0 is oscillatory (that is, Ly =0 has a solution which
changes sign on each half-line Eb’ +w) ] ([71]). Finally, comparison
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with the Euler equation shows that Ly = 0 is (eventually) disconjugate if

(8) 1lim sup t3q(t) < 2/3V3

£t

and is oscillatory if

(9) lim inf £3g(%) > 2/3V3 .

£t

Additional criteria may be found in the references cited above and in

the book of Swanson [14]. We remark also that Ly = 0 is disconjugate on

an interval I (finite or infinite) in case there exist a, B € CQ(I)

with o« <B on I and a”" + f(¢t, o, a') 20=28" + f(t, B, B') , t €T,

where f(t, r, r') = 3rr' + 3+ p(t) , (that is, a, B are lower and

upper solutions of the Riccati equation for Ly = 0 ) (see [Z]).

2. Statement and proof of the results

THEOREM 2, Assume Ly = 0 1is disconjugate on [a, +») , and let
9> q, € Cla, +) satisfy

(10) q(t)z0, qe)z0, tza.

Assume further that

(11) Q(t) = Jm q(s)ds and @, (¢) q,(s)ds
t

3

exist and satisfy

(12) Ql(t) =Q@¢t), tza.

Then Ly = y"™+ q(t)y = 0 4is disconjugate on [po, +)  for some

to zZa.
If we relax the requirement that ql be nonnegative, we may establish

COROLLARY 3. Asswme Ly = O is disconjugate on [a, +°) , g =0 ,

and asswne that

(13) QI(t) =qt) , t=za,

and
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(1k) Q(t) sQ®), tza,

where

T(¢) = Iw qI(s)ds and Q;(t) = Jm q;(s)ds
t t

and where q.(t) zZmax[0, q.(£)], ¢ (£) Zmax[0, -q.(£)] . Then L.y =0
1 1 1 1 1

ig disconjugate on [}0, +)  for some tyza.

It is not difficult to see that Theorem 2 and Corollary 3 are sharp by

considering the Euler equation

(15) y'"+ at—3y =0, o real constant,

which is disconjugate on [a, +x) (a > 0) if and only if |a| = 2/3V3 .
We shall give below an example whose disconjugate behaviour may not be

inferred by any criteria known to the author.

For the case of a finite interval I = [a, b] , we have the following
analogue of Theorem 2. This result is also related to the so-called Levin
comparison theorems for the second-order equation (1) and (2) (see [12] and
[14]1). We recall that the adjoint equation of (3) is
(16) L*y = y" -~ q(t)y = 0 .

THEOREM 4. dssume q = 0 on [a, b] and that the following
conditions hold:

b, b
J ql(s)ds s J q(s)ds ,

t t
(17) ast=b,
b b
J qI(s)ds = J q(s)ds .
t t

Further, let L*y =0 have a solution y = y(t) satisfying
(18) y>0, y'>0, y"<0, ast=bh.
Then Ly =0 is disconjugate on [a, b] .
Before proving the above results, we shall need to establish some

properties of the nonoscillatory solutions of the adjoint equation (16)

under the assumption ¢ 2 0, q $0 . Recall that L*y = 0 is
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disconjugate on an interval I if and only if Ly = 0 is disconjugate on
I (ef. [71). 1f I =la, +°) and y = y(t) 0O is a nonoscillatory

solution of L*y = 0 , we may suppose that y(t) >0 for t = to . Since

y"=q(t)y 20, t=t,, it follows that y" is increasing on [tg> +)

and hence y' can change from negative to positive values at most once

in [to, +0] . Therefore, either y'(t) =0 for all ¢ =2 t, or there

exists ¢, =2 ¢

1 2t with y'(¢t) > 0 on [tl, +m) . Suppose then that

y'(t) =0 for all t = to - Now since y"(¢) 1is increasing, we must also

have either y"(t) £ 0 or y"(t) > 0 eventually. But if y"(¢) <0,
then y'(t) is decreasing and hence y'(t) =& < 0 for all large t and
some & < 0 , which contradicts the fact that y{(¢) >0 on [to, 4} . On

the other hand, if y"(Zz) > 0 eventually, then it follows that
y"(t) 2 n >0 for all large t and some n > 0 , which implies that
y’(t) + 40 | g contradiction. We may conclude, therefore, that we must
have y'(t) >0 on [tl, +2)  for some t, 2 t, . We summarize the above
remarks in

LEMMA 5. If q(t) 20 and if y = y(t) 3 0 <Zs a nonoscillatory
solution of Ly = y'" - q(t)y = 0, then there exists t, z2a such that

(19) y(t)y'(t) >0 on [t , +o)

The following result gives a sufficient condition for disconjugacy of
L*y = 0 on an arbitrary interval I = [a, b] or [a, +°) . 1In the
infinite interval case, it is actually a special case of a result of Lazer

(71, Theorem 2.1]. However, the proof given below is different.

LEMMA 6. Let q=20, q3 0, on I and assume there exists a
solution of L*y = 0 satisfying

(20) y(¢) >0, y'(t) >0, y"e)<o0, terI.
Then L*y = 0 <is disconjugate on I .

Proof. Given the solution y of L*y = 0 satisfying (20), let =z
be the solution of L*y = 0 with

(21) zgla) =0, z'(a) =1, z2"a) =1,

where I = [a, b] or [a, ®») . Then since 2™=g5 20 on I, it
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follows that 2z >0, z2z' >0, 2" >0, ¢t >a . Therefore, the function
w(t)

W(a)
W' >0 on I . Therefore, alt)

ya3' - zy' 1is a solution of [y = 0 satisfying
yla)z'(a) >0 and W' =yaz" -zy" >0 on I so that W >0,

0 < B(t) = W'/W are lower and upper
solutions of the Riccati equation for Ly = 0 and hence Ly =0 1is

disconjugate on I ([2]), that is, L*y = 0 is disconjugate on I .

The converse of Lemma 6 is true, under an additional assumption, for
the infinite interval case. This is a special case of a result of Lazer

[1]1, Theorem 2.2] to which we refer for the proof:
LEMMA 7. Let q(t) 20 and q(t) $0, I =(a, +2) , and assume
L
(22) t g{t)dt = += .
a
Then L*y = 0 <s disconjugate on [to, +o)  for some ty Z a if and only
if there exists a nonoscillatory solution y = y(t) of L*y =0

satisfying

(23) y(g) >0, y'(t) >0, y"(t) <0 on [t., +} ,
for some tl zZa.

Whether condition (22) is necessary for the existence of a solution of
L*y satisfying (23) under the assumption that L*y = 0 is disconjugate

appears to still be an open question ([771]).

The proof of Theorem 2 will be given by considering an appropriate two
dimensional nonlinear Riccati system. To that end, we make the following

change of variable in the equation L*y = y"' - q(t)y =0 :

(24) w =y'ly , uy, =y"ly ,
to obtain the system

u

]
&
'
&

’
1 2 1
(25)
!
“2
Thus, if ¥ 1is a nonoscillatory solution of L*y = 0 with, say

y(¢) >0, y'(t) >0 for t= to » then u,, u, defined by (24) satisfy

(25) which becomes, after an integration from t to 7T N
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t. St < T < 4o |

0
T
w (£) = (1) + L ey
(26)
T T
un(t) = u,(T) + jt (ulug]ds - Jt qds

We may now give the proof of Theorem 2.

Proof of Theorem 2. The proof of the theorem will be separated into
two cases, according to whether condition (22) does or does not hold. We

shall also assume that 9 $ 0 for all large t (otherwise there is

nothing to prove).

Case (i): f” thq(t)dt = 40

Suppose that g, q, » are as in the hypotheses of Theorem 2. Since

disconjugacy of Ly = 0 is equivalent to disconjugacy of L*y = 0 , let
y = y(t) # 0 be a nonoscillatory solution of L*j = 0 satisfying (23) on

[to, o) | to > g . Defining Uy, U, as in (24), we see that u >0,
U, <0 on [to, ®) and since y'(t) is decreasing and y(t) is

increasing on [to, ®) , it follows that 1lim u. (&) = 0 . Likewise,

oo L
lim u (t) = 0 . Hence, letting T »> © in system (26), we see that u , u
2 1 2
£
satisfy
ul(t) = I: gl(ul, uz)ds s t2 gy,
(21)

u,(t) = I: g (uy, ujds - Q(t) , t= ty

where @Q(t) = [” q(s)ds , and
t

[}
=
|
&

g, (g5 “2] 1~ %
(28)

I
I
=

92(“1’ uy) = 1% -
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Notice that if ul >0, u2 < 0 , then gl is increasing in Uy and

decreasing in %, and 9, is decreasing in Uy and increasing in u

2 2"
Consider now the system corresponding to Lly = y'"+ qu =0 and its

adjoint Lfy =y'"- gy =0 :

v (¢) = ngl(vl, v,)ds ,
t
(29) t=t

v (t) = J:gz(vl, v2]ds - e (),

We show first that (29) has a solution defined on [to, +w) which is

obtainable by successive approximations. To see this, define the sequences

{v,, (00}, {v,, ()} by

vlo(t) = ul(t) » tZ gy,
(30)
v ,(8) = E 9,0y, 1> Vo, )ds s mZ 1, t2 ¢,
and
vy(t) T un(t) , t2 ¢,
(31)

v, (t) = J: 9501, 15 vy, 1)d8 - 9(¢) , mz1, tz¢, .

By induction, using the monotoneity of 9, and gy » it follows that

{vln}’ {v2n} are well-defined for all ¢ = ¢, and satisfy

0

(32) v, (@) = (£) =u(t), v, (8) 2w, () 2ule), t=zt,.

Furthermore, since gl[ul(t), u2(t)] >0 > g2(ul(t), u2(t)) , it follows

(using Q(£) = 0) that
(33) vln(t) >0 > vzn(t) , tzt , nm=1, 2,

Define vl(t), v2(t) by
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vl(t) = 1lim uln(t) , ve(t) Zlimov, () , t=2¢

nroo bt

on o "
It follows by the Monotone Convergence Theorem and Dini's Theorem that

Gl(t), vz(t) solve system (29) on [fo, +o] , and that {Uln}’ {v2n}

converge uniformly on compact intervals to ] v, . Further, since

1’ 72

q,(t) 0, it follows that vy(t) <0, to>t We may now define

0 °

t
a(t) = exp J ﬁl(s)ds .tz gy,
tO
and it follows that z(¢) 1is a solution of y" - g,y =0 on [}0, +0)

and satisfies 2z(t) >0, z'(t) = al(t)z(t) >0, and

]z = Se(t)z(t) <0, tzt .

nr

Therefore, by Lemma 6, Liy =y"-qy =0 1is disconjugate on [to, +20)
and hence so also is Lly =y'"+ QY = 0 . This completes the proof for

case (1i).

Case (ii): f” thq(t)dt < 40,

In this case, we show that under the assumption that (12) holds
(that is, Q, () = a(¢) ), it follows that

Jm t“ql(t)dt < 4w

so that condition (6) holds for Ly =0 and therefore L.y =0 is

disconjugate ([5]). (The author is indebted to Professor G. Butler for the
4

following observations.) Define M(£) = ¢t , ¢ 2 a . Then an integration

by parts yields:

t
I u(s)q(s)ds

t oy
(34) J s q(s)ds
a

a

t
J ui(s)als)ds - u(£)a(s) + u(a)ela)
a
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Similarly,

t t
35 | oMqe)ds = [ wielg)ds - w(e)a(e) + ulaa(a)
a a

. . 4
Suppose, if possible, that f” t ql(t)dt = 40 , Then from (35) it follows
a

that

t
(36) lim J u'(s)Ql(s)ds = 4o
a

£

so that if we let
t
() = J ' (s)g(s)ds ,
a

then 1lim ¢(%) = +o (condition (12)). Now from (34), since

£

1lim [p(£)-u(£)Q(£)]) 1is finite, there exists ¢ > 0 and tyZ a so that
£t

(37) uw(e)@(e) = ¢(t) +wa)gla) -e , £zt ,

which implies

(38) ¢'(¢) = (u’(t)/u(t))(¢(t)+cl) , t=t,

where ¢, =u(a)@(a) -~¢ . Let & = ¢, such that ¢(t) =z 2|cl| for

t = t. . Then integrating (38) from ¢

>
1 to t 2 tl we get

1
(39) (6(t)re)/(0(2)) %)) = w(®d/ule)) » ez ¢,

and so from (37) we have

(40) u(e)e(t) z (ot )+e)) (weue))) . ez ¢,

and hence

(k1) Q) z (o(t))+e)/ult) >0, v2¢

contradicting the integrability of ¢q . Therefore, I” t%ql(t)dt < 4o
a

and Lly = 0 is disconjugate. This completes the proof of Theorem 2.

https://doi.org/10.1017/50004972700006006 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700006006

Comparison theorems of Hille-Wintner type 185

Proof of Corollary 3. The proof of Corollary 3 follows immediately
from Theorem 2. If the hypotheses of Corollary 3 hold, then it follows by
Theorem 2 that both y''+ qu =0 and y"- q;y = 0 are disconjugate on

[to, +) . Since —qi(t) = ql(t) = qI(t) , it follows ([7], Theorem 3.11,

[(13]) that y™+ ql(t)y 0 is disconjugate on [to, +00)

Proof of Theorem 4. The proof of Theorem b4 is similar to the proof of

Theorem 2 and Corollary 3. We consider system (26) with t, = a and

T=>b and with u , u, defined as in (24), where y satisfies (18).

1 2
Assuming ql 2 0 , then the corresponding system for L{y =0 is

b
v () = J gl[vl, ve)ds +v,(b) ,

! t
(42) a<t=bh,
b A
v (t) = Jt ge[ul, vz]ds - @ () +v,(b)
R b
where Ql(t) = J ql(s)ds . We may now define the successive
t -

approximations {vln}’ {v2n} for a<t=<b by

vlo(t) = ul(t) R ueo(t) = uy(t) ,
and
b
(43) Vyplt) = Jt 91 (v, 15 Vo )ds +u(B)
b ~
o) = | 6500 1 Dp e - 2,(8) + uyla)

t

The proof now proceeds as in Theorem 2 and we conclude that there exists a

solution 2z of L,y =0 satisfying (20) so that Ly =0 is disconjugate
on [a, b] by Lemma 6. If now g, 2 0 1is not assumed but condition (17)
holds, then we argue as in Corollary 3 to show that Lly =0 is
disconjugate on [a, b] . This completes the proof of Theorem k.

EXAMPLE 1. A special case of a result of Lazer [11, Theorem 3.5]
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implies that equation (4) is disconjugate on [to, +«ﬂ for some tyza

in case f” ql(t)dt <A, q 2 0 and N $ 0 in any subinterval and
a

provided the second order equation

(kL) y" + 3 [Z ql(t)dt y=0

is nonoscillatory. In particular, (44) is nonoscillatory (by comparison

with y" + ét_2y =0 ) in case

(k5) lim sup 2 [: ql(t)dt < % . % = % N

£

Applying Theorem 2 with g¢(t) = (2/3\/5)1:_3 we conclude that Ly =0

is disconjugate on [to, +w) for some to Z a 1in case ql 2 0 and

v
<+

(46) fw q (B)dt = (/3?2 , ¢z,
t

which improves (L45).

Thus, if ql(t) = k(1 + sin tG)t_3 , 6 >0, then

—2—6) £,

rql(s)ds = (k/2)t72 + O(t
t

so that if % < k < 2/3¥3 , then (46) holds for large ¢ and hence
Lly = 0 1is disconjugate on [to, *w) for some to Z a by Theorem 2.

1,-2

However, equation (4k) is oscillatory since % Jw ql(s)ds > ot for large
t

t . Thus, the criterion of Lazer is not applicable to this example nor do

the conditions (6) or (8) hold.

EXAMPLE 2. Ir q(¢) = (2/33)t7> , then L%y = y™ - qy = 0 has a
solution y = y(t) § 0 satisfying (2) on I = [a, b] for all

0<ac<bc<o (that is, y(¢) = ) , where 0 < A <1 ). Therefore, if
a, € ¢la, b] and if

https://doi.org/10.1017/50004972700006006 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700006006

Comparison theorems of Hille-Wintner type 187

A

D

Jt qI(s)ds (t_e-b_z]/3V§ ,
(b7) a

7 (e1a (t27%) /33

. q,(s)ds t T~ V3,

IA
o
1A
o

1A

then it follows by Theorem 4 that Ly = 0 is disconjugate on [a, ] .
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