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DISTANCE FUNCTIONS AND ORLICZ-SOBOLEV 
SPACES 

D. E. EDMUNDS AND R. M. EDMUNDS 

1. Introduction. Let A be a bounded, non-empty, open subset of R" and 
given any i in Rn, let 

d(x) = distO, RW\A); 

let k e N and suppose that p e (1, oo). It is known (c.f. e.g. [4] ) that 
if u belongs to the Sobolev space WKp(K) and u/dk e Z/(A), then 
u G W0

,P(A). Further results in this direction are given in [5] and [9]. 
Moreover, if m is the mean distance function in the sense of [2], then it 
turns out that 

v/m G L2(A) if v G W^2(A). 

Under appropriate smoothness conditions on the boundary of A, m and d 
are equivalent, and thus wk2(A) may in this case be characterized as the 

19 19 

subspace of W ' (A) consisting of all functions u e W ' (A) such that 
u/d <= L2(A). 

The object of this paper is to give various extensions of these results, 
and, in particular, to provide an analogous characterization for Orlicz-
Sobolev spaces. For the sake of definiteness we deal with spaces modelled 
upon the particular Orlicz function <j> defined by 

<j>(t) = exp (0 - 1 (v G ( 1 , O O ) ) ; 

this function occurs naturally in Sobolev embedding theory [1] and is 
typical of these required in the study of strongly non-linear elliptic 
equations. Corresponding results for other specific Orlicz functions are 
possible. 

2. Preliminaries. Throughout A will stand for a non-empty, open, 
bounded subset of R" with boundary 8A and closure A; points of R" will 
be represented by x = (JC15 . . . , xn)\ k will stand for a natural number. Let 
p G [1, oo) and let LP (A) be the Banach space of (equivalence classes of) 
real- or complex-valued functions u such that \u\p is Lebesgue-integrable 
over A, with norm IHI^A defined by 

H,A = ( /AI«WI^) , / ? . 
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1182 D. E. EDMUNDS AND R. M. EDMUNDS 

Given any a e NQ, a = (a l9 . . . , an), we write 

n n 

W\ = 2 ai9 Dt = 3/3xz and Da = YL Df'. 
1 = 1 i = i 

Let À: e N; by Wk,p(A) is meant the linear space 

{u e If(A):Dau e If (A) for all a G Nj with |a| ^ k], 

endowed with the norm \\-\\k p A> where 

IMI*,„,A = 2 l l ^ | | M ; 
|a|=iA: 

the closure in Wk,p(A) of the space C^°(A) of all infinitely differentiable 
functions with compact support in A is denoted by W^P{A). 

An Orlicz function is any map (J>:[0, oo) —> [0, oo) which is continuous, 
convex and such that 

lim <t>(t)/t = 0, lim 4>(t)/t = oo. 
/—K) f—>oo 

The Orlicz class L^(A) is the set of all (equivalence classes of) functions 
w.A —> R such that 

x <£[w(jc) ]^/x < oo; 

the Orlicz space L^(A) is the linear hull of L^(A), provided with the 
Luxemburg norm I H I ^ A given by 

11(4»), A i n f | \ > 0:jA<i>(\u(x)\/X)dx = 1 } ; 

L^(A) is a Banach space which is, in general, neither reflexive nor 
separable. The closure E^(A) in L^(A) of the family of all bounded, 
measurable functions on A is, however, both separable and contained 
in L^(A). Let k e N; the Orlicz-Sobolev space WkE^{A) is defined by 

W%(A) = {u e E^A):Dau e E^A) 

for all « G N J with |a| ^ k], 

together with the norm I H I ^ ^ A » where 

M I , m A = 2 I|2>°«II(«.A. 

The closure of C^°(A) in WkE4>(A) is denoted by WQE^A). 
Henceforth 4> will stand for the Orlicz function defined by 

<K0 = e x p ( 0 - 1 (t <= [0, oo) ); 

here ^ is a given number in the open interval (1, oo). 
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ORLICZ-SOBOLOV SPACES 1183 

3. The distance function d. We recall that d is defined by 

d(x) = dist(jc, R ' \A) . 

To establish the characterization of W0E^(A) which is the main object of 
this paper, we shall use the result mentioned in Section 1 and proved 
in [4], that if p e (1, oo), then u e W^P(A) if M e Wk*p(A) and 
u/dk G LP(A). The proof of this in [4] uses the fact that the map which 
takes each / e If (A) into the corresponding maximal function is a 
bounded map of LP (A) into itself, and so the hypothesis that p > 1 is 
essential. However, Professor C. Kenig has pointed out to us that a 
Whitney decomposition of A into cubes may be used to establish this 
result even when p = 1, and for the reader's convenience we indicate 
briefly below the main lines of this argument for the case k = 1, the proof 
for k > 1 being similar. We are grateful to Professor Kenig for supplying 
the essential idea of this proof. 

By the Whitney decomposition theorem [7], 

A 

where each Q- is a closed cube with sides parallel to the coordi
nate axes, Q: n Qj = 6 it j ¥= /, and for each y G N, 

diam Qj ^ dist(Ô7, RW\A) =i 4 diam Qjm 

Let €j G (0, lA), let x^j) be the centre of Q-, let l- be the length of each side 
of Qj and put 

QJ = (1 + €xXQj ~ xU)) + ^ : Ô y c g ; 

and the QJ need not pairwise disjoint. Let <J> G C^°(R") be such that 
0 =i <f> ë 1, « x ) = 1 for all 

_1 ^ 

2' 2 
, <H*) = 0 for all x £ (1 + e)Q0; x e g 0 : = 

for each y* G N put 

^.(x) = * ( ^ ^ ) ( x e R " ) . 

Then <#>y(;c) = 1 for all x e g., <#>y(x) = 0 for all x £ QJ, and there is 
a constant A such that for all x e R", all / e (1, 2, . . . , n) and all 
7 e N, 

| Z ) ^ ( J C ) | ^ ^ ( d i a m ô ^ - r 1 . 

Put 

4>/(x) = *y-(x)/$(x), 
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where 

oo 

*(*) = 2 4>i(x) (x G A); 

then for all x G A, 
oo 

2 <i>*(x) = l. 
.7 = 1 

It is also shown in [7] that each point of A is contained in at most 12" of 
the Q* Finally, put 

dj = dist(£y, R ' \ A ) 

and note that 

Vnlj ^ dj ^ 4Vnlj (j G N). 

Now let u G W]'P(A) and suppose that u/d G Z/(A), where/? G [1, oo). 
For each x G A, 

oo 

u{x) = 2J U:(x)9 

7 = 1 

where u-(x) = u(x)<j>*(x); then given e > 0, 

w(x) = ^ , wy(x) + 2 u-(x) : = v(x) + w(x). 

As there are points y^ G g* and z(7) G g. such that 

d is t ( / y ) , RW\A) = dist(£* R"\A) and 

\XU) - yU)\ ^ I C l V ^ / y , 

it follows that 

4 s disug;, R"\A) + ^ , V ^ , 

and so 

dist(ô* R"\A) â dj - |ClV^6" = I1 " \*)dJ = ^ / ' 

for ally G N. Since the series for v has a finite number of terms only, each 
term being a function with compact support in A, v G C^°(A). To show 
that w G W^^(A), it is thus sufficient to prove that 
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II" - v | | l i M - | M | , , M 2i C(c), 

where C(e) —» 0 as e —> 0. 
Let x e supp w for some y e N with <f- ^ €. Then x e ()*; thus 

</(*) ë 4 + (1 + c,)v^/y- ^ ^ (2 + €j) ^ €(2 + eO < 3c. 

Put A(e) = {x <= A:rf(jc) < 3e}. Then 

\p,A 

f \ \P f \ °° \P f 

as c —» 0. To estimate ||I>H>|| A note that 

D,w = (D,u){ 2 */) + u 2 A*/ 
^ S . ' d^, 

and that 

D,4>f = (l/0)A*y " *y(A^)/*2-
If x e supp 4> r 

d{x) ^ 4(2 + e,) ë 3dj and 

\D$j(x) 1 ë ^(V^/y)-_1 ë \2A/d(x) 

also $(x) is a finite sum, 

D&X) = 2 A<U*) and 

m= 1 

</(*) ^ ldmAD#m{x)\ ^ \2A/d(x) 

if in addition x e supp <£m. Hence for all x <E fi, 

|£>w(x) | ^ |£>w(x) 2 *;w 
</ ,^£ 

+ 12^|w(x) | 2 x o ^ ) 1 + 2 XQ*(X) \/d(x\ 
d,^e J I m = l ' 

from which it follows that 

-> 0 as £ -> 0. 

It is now clear that u e P^Q,/7(A), as required. 
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THEOREM 1. Suppose that 3 A is of class C°°, let u G W E^(A) and 
assume that u/dk G L^A). Then u G W^E^A). 

Proof. Evidently u G WKP(K) and u/dk G Z/(A) for all p G [?, OO). 
Thus, by the result discussed above, u G wfrp(A) for all/> G [*/, OO), and 
so M G Ck~\Â) and £>aw|8A = 0 for all a G Nj with \a\ S A: - 1 
(cf. e.g. [6] ). Extend u to all of R" by setting it equal to zero on RW\A, and 
denote this extension again by u. 

For the moment suppose that u G C°°(A). Since 3A is of class C°°, 
there is a covering of 3A by open sets Ux, . . . , UN such that each U; is 
homeomorphic, via a C°° diffeomorphism 0, with C°° inverse, to the open 
unit ball B in R", and with 

*,.(£/, H A) = {.y e R":|^| < 1 , ^ > 0 } , 

$,(£/, n 8A) = {y e R" : | j | < l , j„ = 0}. 

Let £/0 be an open set in R" with U0 c A and such that U0, U^ . .., UN is 
an open covering of Â; let <£0, <£, , . . . , <j>N be a C°° partition of unity 
subordinate to this covering. For each t > 0, let ^f:[0, oo) —» [0, 1] be a C°° 
function such that 

* « ( ' ) = l l , 2 < ^ , 

and 

for all / ^ 0 and ally G {1,2, ... ,k}, where c is an absolute constant. Put 
ul = u§{, then 

N 

u = JÏa ut and 
/=o 

supp ut c Ui Pi A for each /'. 

Since Daw|8A = 0 for all a G NQ with \a\ S Â: - 1, it follows that 

/>%($," VJO) = o(^"Ô 
as >>„ j 0 for all a G NQ with \a\ ^ /c and an = j , and all 
/ G {1, 2, . . . , N}. It is now routine to verify that there is a constant C 
such that for all p G (1, oo), all a G NQ with \a\ ^ fc, all € > 0, and 
all / G {1, 2, . . . , 7 V } , 

\\Da{ut - (^eo (^XMtAn^ ^ Cpe. 

Put 
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N 

1 = 1 

v«> = u0 + 2 UiWt o ($,.)„), 

let ju, > 0 and denote by M the smallest integer such that N = 2 ; put 
M,. = 0 for / G {# + 1 , . . . , 2 M } , if TV < 2 M Then by the convexity 

= i À- 2 D«{Ul - u^£ o <*.)„) } )dx 

f N (2M \ 
^ 2~M i 2 <M — D«{Ul - Ui(û€ o (*.)„) } )dx 

v 1 (2Mcy ^ 2~MeN 

-» 0 as e -> 0. 

Since v(€) G C0°°(A), it follows that w G JF0%(A). 
All that is left is to remove the assumption that u G C°°(A). Suppose 

that we merely know that 

u G C*_ ,(Â) n WkE^(A\ 

with I>aw|aA = 0 for all a G NQ with \a\ ^ k - 1. With the notation used 
above, put 

v,. = u, o $ - ] : { j = (y',yn):\y\ < \,y„ is 0} -» R 

and let 7Z be the extension of vz- to 5 by oddness: 

7i(/^») = - V / ( / , -J>w) 

for all ^ G 5 with >>„ < 0 (/ G {1, 2 , . . . , N) ). Each vz belongs to 
WkE£B). To check that this is so, first note that for all a G NQ with 
\a\ ^ /c, and all /̂ G C™(B)9 integration by parts shows that 
w i t h £ ± = {y G J 8 % ^ 0 } , 

JBvtD
a^dy = fB+ vl(y)Da^(y)dy + jB vl(y)D^(y)dy 

= JB+ vl(y)Da^(y)dy + ^ + vz(/ ,^)Z)^(/, -yn)dy 

B+(-\)la^(y)D\(y)dy 
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+ Lj-VMMy'> -yn)D\{y)dy, 
the integrated terms vanishing on {y e B:yn = 0} since D^vt(y) = 0 on 
this set if |/3j â k — 1. Hence 

jBv,DaWy = JB+ (-l)Mt(y)Dav,(y)dy 

- jB (-\flt(y)D\(y', ~yn)dy 

where 
B(-\r^(y)w(y)dy, 

W{y)~ \-D\{y',-yn)iiy^B_. 

This shows that vt has the appropriate generalized derivatives in B, and 
the anti-symmetry then leads to the conclusion that 7- e WkE^(B), for 
/ G { 1 , 2 , . . . , N}. Moreover, supp ?z c B as 

suppvz C {y G B.yn è 0}. 

Extend each such vt by zero to all of Rn, and denote this extension again 
by 7/5 for notational simplicity. Given any € > 0, write v,- = p€ * 7/5 where 
p is the usual mollifier and 

Application of Lemma 2.1 of [3] now shows that as e —» 0, Vie —> ?, in 
WkE^(B). Moreover, a simple calculation shows that for all a G NQ, with 
\a\ ^ k - 1, £>av/€(j;) = 0 if |^| < 1 and yn = 0. Also 
vie G C£%B) for i G { 1 , 2 , . . . , TV}. Finally, put 

w/,e = /̂,£ ° ^i f ° r * e { 1 , 2 , . . . , TV}, and 

JV 

«(c) = 2 fyU; + ^ ( p e * MQ). 
i = \ 

Then 

M(() e C°°(A), 

D"u(€)\aA = ° f o r a11 « e No w i t h l«l = k ~ !. a n d 

«(€) -> ti in W % ( A ) . 

Use of the first part of the proof now finishes the argument. 

4. Mean distance functions. In this section we give results in the 
opposite direction to that of Section 3. 
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Definition 1. Let p <E (1, oo), let ^ G R" be such that |£| = 1, and 
define 

p^x) = min{ \t\:x + t£ £ A} (x e R"). 

The mean /^-distance function mp (with respect to A) is defined by 

(mp{x))-P = o>;1 J f l = 1 (Pi(x))-pdo(Q (x e A), 

where un is the surface area of the unit ball in R" and do is the surface 
measure on the unit sphere. 

This is an obvious generalization of the mean distance function of E. B. 
Davies [2], which is the function ra2, in our notation. 

LEMMA 1. Suppose that 1 < p < q < oo. Then for all x e A, 

d(x) ë mq(x) â mp(x). 

Proof Since d(x) ^ p^(x) for all £ e R" with |£| = 1, it follows that 

(mq{x))-« ^ < ] j K = l (d(x)y«do(0 = (d(x)r«, 

and so d(x) ^ m (x). By Holder's inequality, 

(mp(x))-P =i ( J f l = 1 (p{(x) )-«*(*) ^ ' V ' " = (m, (x ) ) _ p , 

which shows that m Ax) = m (x). 

The next theorem is a simple extension of a result of Davies which deals 
with the case p = 2. 

THEOREM 2. i w Û / / / e C£°(A), and a«y/? e (1, oo), 

(1) j [ | / (x ) |"/(mp(*) )"dx Si ( ^ - , - ) / ' X l g r a d / ( ^ ) \"àx. 

Proof. We begin by establishing a one-dimensional version of (1), 
namely, that if a, b e R, 

p(t) = min( \t - fl|, k ~ 6| ) and g e C0°°( (a, 6) ), 

then 

(2) j[ \g(t) \P/(p(t) Ydt â ( - 3 - J - ) " / " lg'(0 \"dt. 

To prove this, let 

0+ = {/ e (a, &):*(/) > 0}, <9_ = {/ e (a, 6 ) : f (/) < 0}. 

Since (9+ is open, 
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where the Im are pairwise disjoint, open invervals. Let Im = (am, bm) and 
set 

Cm = "(«m + bm). 

Then since g(am) = 0, 

Ll ]g(t) ]"/(t ~ a^"dt 

= / ^ 0 - "m)~P(fam ( 1^) I")'*)* 

= fl(\g(s)n{fC; (t ~ amy?Jt)ds 

= - ^ - r / ' " ( g W V ^ X * - aJ-Pds 
P — 1 J am 

-—l—7(cm~aJ-\g(cm)y. 
P ~ 1 

Thus 

f "' |g(/) fit - ajPdt 
J am 

J) ( [Cm \{P-\VP{ fcm \\/p 

= r r i \ J a m <*<*»'<* - a ^ P d S ) \iam "*'<*> >'*) ' 

and so 

(3) / ' " ' |g(0 \P/{t - amYdt ^ {-?— V / ' " |g'(0 l'A. 

It follows similarly that 

(4) / ' " ' \g(t) \»{bm - tydt â (-L-)P f "' |g'(0 l"A, 

and (3) and (4) together show that 

J, \g{t)\P/{pm(t)Ydt^{-^—)Pt \g'(t)\"dt, 
J'M \p — 1 / J lM 

where 
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Pm(t) = min( |/ - flj, |/ - bm\ ) . 

Evidently a similar inequality holds for each interval into which 0_ may 
be decomposed; thus as p(t) ^ pm(t) for all t e Im, 

ja\g(t)\p/(P(t)ydt 

= j0+ lg(o \"/(p(t) y + f0 \g(t) \p/(P(t) ydt 

= (j^lïiL \sWdt + j0_\gWdt) 

- ( j fr)P / - l g ' ( / ) l '* 
and (2) is proved. 

Now let {e{, e2, . . . , en } be any orthonormal basis of R" and let x e A 
have coordinates (JC19 x2, . . . , *„) with respect to this basis; put 

PiW = Pe(x)-

Then 

/ ( \f(x) \/Pi(x) Ydxt g ( - ^ - j - ) " / \Dj(x) \»dXi, 

where the integrals are over a line through an arbitrary point in A and 
parallel to the x raxis. Hence 

jA(\f(x)\/Pl(x)ydx 

s(jfr)'' Lwwdx 

= (-^Y fA\&aàAx)\Pdx. 

It follows that for any £ e R" with |£| = 1, 

fA ( |/(x) |/p4(x) Ydx Si ( -^- j - ) ' X ISrad/(^) \Pdx> 

and so 

ë w „ ( - f - j - ) / ' JT |grad/(x)|'<fe. 
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Thus 

^^{-~)P jA\&^f(x)\"dx, 

which amounts to (1). 

COROLLARY 1. Let f e W^p(A)for some p G (1, oo). Then 

f/mp e LP (A). 

Proof. Since (1) plainly holds for all elements of W^p(k), the result is 
immediate. 

In [2] Davies has given conditions on A sufficient to ensure that m2 is 
equivalent to d. We give these below: they also ensure the equivalence of 
mp and d, for all 77 e [1, 00). 

Given any 6 e I 0, - ), the boundary of A is said to satisfy a 6-cone 

condition if there is a right-circular cone é'oî semi-angle 6 and fixed height 
h such that given any x £ 3A, there is a cone ix c R"\A congruent to S 
and with vertex x. Let u(a) denote the solid angle subtended at the origin 
by a ball of radius a < 1 and with centre a distance 1 from the origin: 

/

sin ]a I / fir/2 \ 

0 sin'7"2 tdtl (2 J Q sin""2 fcfr I. 
PROPOSITION 1. Suppose that 0 e (0, 77-/2) and that 8A satisfies a 6-cone 

condition. Then there is a constant b e (0, 1/4] such that for all x e A and 
all p <= [1, 00), 

mp(x) ^ 2(co(fc sin 0) ) _ 1 / ^ ( J C ) . 

As the proof is the same as that given by Davies for p = 2, we omit 
it. 

We can now give a characterization of W0
,p(A). 

THEOREM 3. Suppose that 8A satisfies a 0-cone condition for some 
0 e (0, 77/2), and let p <E [1, 00). Then 

^ ( A ) = { / e Wl'p(A):f/d G I / ( A ) } . 

Proof That 

< ' ( A ) c { / e Wl'"(Ay.f/d e L'(A) } 

follows immediately from Corollary 1 and Proposition 1. The reverse in
clusion holds with no conditions on 9A, as has already been explained. 

Now that these results have been established, we may turn to 
Orlicz-Sobolev spaces. 
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THEOREM 4. For all f e C£°(A), 

(5) II//W,IIW.A ^ "'llgrad/||w.A, 

w/zere *>' = vl(y — 1). 

Proo/. For all X > 0, 

/A *fêrK = /A ,?, I. 
\f(x) 

dx 
\mv'

 J j=\ f ' Xw„ 

£ 1 / 1 \ "> 
^ 2 — ( i - - llgrad/n;;A, 

by Theorem 2. Hence 

/* CHfS i i8rad/ i1-

if A / / iï | |grad/ | | ( < a A , for 

] —Hgrad/n;;A 

/A*(^^K-|^II^/I^^ 
M

 7 7=1 y-M-

if 

ji ^ | |grad/| | (^A . 

The result follows immediately. 
A 

COROLLARY 2. Iff e M^^(A), thenf/mv <E Z^(A). 

Pre*?/. Since (5) clearly holds for all / <= WQEJA), the result is 
obvious. 

COROLLARY 3. Suppose that 8 A w of class C°°. 77ze« 

^ o ^ ( A ) = {K G j r % ( A ) : W / J G L^A) }. 

Proo/. The corollary is a direct consequence of Theorem 1, Proposition 
1, and Corollary 2. 
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We now extend these results to higher-order spaces, and begin with an 
analogue of (2). 

PROPOSITION 2. Let a, b e R, a < b, let p e N be even, p â 2, and let 
k e N. Then for all f e C£°( (a, b) ), 

(6) fa 1/(0 \p/(p(t) )kpdt ^ (--^Y j \ \f{k\t) \pdt. 

Proof. Let y e {0, 1, . . .., k — 1} and put c = -(a + b). Exactly as in 

the proof of (2), we find that 

jC
a\f

(i\t)\p'(t-af-M 

with a corresponding inequality for the integrals from c to b. Hence 

(7) fa\f
U\t)\p/(p(t))ik-j)p 

- (-^-7)" /Ii/(y+1)(')i'wo)"(t"y"1^. 
Successive application of (7) now shows that (6) holds. 

THEOREM 5. Let p be even, p ^ 2, let k e N and suppose that 
f G C0°°(A). 77r«i 

(8) ^ | / ( x ) | " / ( m M ( x ) ) ^ x 

\p - 1/ ^A \|ft|=A: ' 

Proof. Just as in the proof of Theorem 2, and with the same notation, we 
see from (6) that 

/ \f(x) \p/Pfk(x)dxi =ê ( - ^ Y f \Dkf(x) \"dx. 

Thus, 

/A i/(*)i'/pf*(*xk ^ ( ^ T ) M /A (w2 t \Dj{x^yndx, 

and so for any £ U R'7 with |£| = 1, 
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Hence 

L = i fA\f(x)\p'P?(x)dxdZ 

^ o>„(-^-)kp fA ( 2 \mx)\2)p/2dx9 
\p - 1 / •/A V|«|=it 7 

from which (8) follows directly. 

COROLLARY 4. Le/ /? be even, p ^ 2, awd /W fc e N. TTzew / 
/ G W#>(A),//m* eL>(A) . 

To remove the hypothesis that /? is even needs a little more effort. 

THEOREM 6. Le//? G [2, oo), to A: e N, suppose 8 A w of class C°° and let 
f G C^°(A). TTiew /Aère are constants C, Cl5 depending only on k, n, and A, 
swc/z //ia/ 

(9) fA |/(x) |'/(</(JC) )"*<& ^ Cf||/| |^A 

^ cfc(*. », A) f ( 2 i / ) " / ^ ) ! 2 )^ . 
J A V|«|=A: 7 

Proof. There is a unique m e N such that 2m = p < 2(m + 1). In view 
of Theorem 5, Proposition 1, and the Poincaré inequality [1], (9) holds 
when/? = 2m or 2(m + 1). Thus the map 

Tq.f^f/dk 

of W0
,q(A) in Lq(A) is continuous when q = 2m and q = 2(m + 1). By 

interpolation theory (cf. [8], Theorems 4.3.1 and 4.3.2), the map u h-» u/dk 

of WQ ,/?(A) in LP (A) is continuous and has norm bounded above by 

for an appropriate 0 e (0, 1). The result now follows easily. 

COROLLARY 5. Let 3 A be of class C°°, let p e [2, oo) awd suppose that 
k G N. TTiew 

^ ( A ) = {/ e Wk'p(A):f/dk e L^(A) }. 

This result is also given in [5]. 
Finally, we deal with higher-order Orlicz-Sobolev spaces. 

THEOREM 7. Let 8A be of class C°°, let k ^ N and letf e Cg°(A). 77ie« 
//zere z's a constant C, w/z/c/z depends only on k, n and A, sz/c/z z7za/ 
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ii///iiw,A g ciiz/yn(<w,A, 
where 

\Dkf(x)\ = ( 2 \Dj(x)\2Y2. 

Proof. For any X > 0, 

P 
dx. 

Now suppose that v ^ 2. Since we may, and shall, assume without loss 
of generality that the constants Cx and C of (9) are both greater than or 
equal to 1, the right-hand side of (10) may be majorized by 

oo , oo 1 

from which it is easy to see that 

•f^(xM^dx - l lf X(C'C)"' = i ^ W ; 
that is, 

| | / /<*X).A â CC\\\Dkf\\^K. 

If 1 < v < 2, the first term in the series expansion requires separate 
treatment. In this case, 

I / I X I / I 

1/2 

Hence 

j[ \f(x)/dk{x) \"dx 

ë|A| l / 2(jj/(x)//(*)|2*)' 

g cf/2C1/2|A|l/2||Z>yi|^A. 

oo , 

+ 2 -ac^c-yw/wi^ 
7=27 ! 

where C = C max(l, |A| ). Since 
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L^)*-ï*w^* 
if 

.. :> \\T\kf 
ll(«,A> 

M ^ \\Dkf\ 

it follows that 

(xcr*e-')-2'iiz)*/ii2
2:,As^ 

and 

j = 2j\ V / 9 

if 

À C r ' C ^ 1 è 3||D*/||WiA. 

Thus, 

JK \\dk(x)f 9 3 V 

if 

X â 2CfC||Z)A/||WiA, 

and so 

H//rfX).A = 3Cfc||Z)yilw,A. 
The proof is complete. 

COROLLARY 6. Let 8 A 6e of class C°°. 77z<?fl 

< ^ ( A ) = {/ e W%(A):f/dk e Z^(A) }. 

Proof. The corollary is an immediate consequence of Theorems 1 
and 7. 

One of us (D. E. Edmunds) is indebted to the University of Toronto and 
Indiana University for financial support; we are both grateful to these 
institutions for the facilities afforded us. 
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