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Yamabe Solitons and Ricci Solitons on
Almost co-Kahler Manifolds

Young Jin Suh and Uday Chand De

Abstract. 'The object of this paper is to study Yamabe solitons on almost co-Kahler manifolds as well
as on (k, p)-almost co-Kahler manifolds. We also study Ricci solitons on (k, #)-almost co-Kahler
manifolds.

1 Introduction

It is well known that a Riemannian metric ¢ of an n-dimensional complete Riemann-
ian manifold (M", g) is said to be a Yamabe soliton [19] if it satisfies

11 tvg=(A-r)g

for a constant A € R and a smooth vector field V on M", where r is the scalar cur-
vature of g and £ denotes the Lie-derivative operator. A Yamabe soliton is said to be
shrinking, steady, or expanding accordingto A > 0, A = 0, or A < 0, respectively, and
A is said to be the soliton constant.

Given a smooth Riemannian manifold (M", gy ), the evolution of the metric g in
time f to g = g(t) through the equation

d
58 = -rg,8(0) = g

is known as the Yamabe flow (which was introduced by Hamilton [19]).

The significance of Yamabe flow lies in the fact that it is a natural geometric
deformation to metrics of constant scalar curvature. One notes that Yamabe flow
corresponds to the fast diffusion case of the porous medium equation (the plasma
equation) in mathematical physics. Just as a Ricci soliton is a special solution of the
Ricci flow, a Yamabe soliton is a special solution of the Yamabe flow that moves by a
one parameter family of diffeomorphisms ¢, generated by a fixed vector field Von M,
and homotheties, i.e., g(-, 1)) = a(¢)d.(t)go (for more details, see [13,29]).

Given a Yamabe soliton, if V' = D f holds for a smooth function f on M", equation
(1.1) becomes

Hess f = %(/\—r)g,
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where Hess f denotes the Hessian of f and D denotes the gradient operator of g on
M?". In this case f is called the potential function of the Yamabe soliton and g is said
to be a gradient Yamabe soliton. A Yamabe soliton (resp. gradient Yamabe soliton) is
said to be trivial when V is Killing (resp. f is constant).

Yamabe solitons on a three-dimensional Sasakian manifold were studied by
R. Sharma [29]. Wang [30] also studied Yamabe solitons on a three-dimensional
Kenmotsu manifold. In this paper, our aim is to study Yamabe solitons on almost
co-Kihler manifolds and obtain some local classification theorems.

Now, we introduce some basic facts regarding Ricci solitons: A Ricci soliton is a
generalization of an Einstein metric. We recall the notion of Ricci solitons according
to [19]. On the manifold M, a Ricci soliton is a triple (g, V, 1) with g, a Riemannian
metric, V a vector field, called potential vector field and A a real scalar such that

(1.2) £vg+285+20g=0,

where £ is the Lie derivative, and S is the Ricci tensor of type (0, 2). Metrics satisfying
(1.2) are interesting and useful in physics and are often referred to as quasi-Einstein
[8,9,17]. Compact Ricci solitons are the fixed points of the Ricci flow % g =-2§
projected from the space of metrics onto its quotient modulo diffeomorphisms and
scalings, and often arise as blow-up limits for the Ricci flow on compact manifolds.
Theoretical physicists have also been looking into the equations of Ricci solitons in
connection with string theory.

The Ricci soliton is said to be shrinking, steady, or expanding according to whether
A is negative, zero, or positive. If the vector field V' is the gradient of a potential func-
tion — f, then g is called a gradient Ricci soliton, and equation (1.2) takes the form

VVf=S+A1g,

where V denotes the Riemannian connection.

We also recall the following significant result of Perelman [28]: A Ricci soliton on
a compact manifold is a gradient Ricci soliton.

A Ricci soliton on a compact manifold has constant curvature in dimension 2
(Hamilton [19]), as well as in dimension 3 (Ivey [21]). For details, we refer the reader to
Chow and Knopf [12] and Derdzinski [16]. Recently, C. Calin and M. Crasmareanu
[4] studied Ricci solitons in f-Kenmotsu manifolds. Also, Bejan et al. [1] ‘studied
Ricci solitons in manifolds with quasi-constant curvature. In a recent paper, Wang
[30] studied Ricci solitons with the potential vector fields pointwise collinear with
the Reeb vector fields on K-almost co-Kéhler manifolds.

From another point of view, we can state that the co-Kéhler manifolds are really
an odd-dimensional version of the Kidhler manifolds (for more details, see Li [23]).

Co-Kihler manifolds have been studied by Wang [31], Cappelletti-Montano and
Pastore [6], and many others.

In addition, a sufficient condition for a compact K-almost co-Kéhler manifold with
certain #-Einstein condition to be co-Kahler was presented in [6]. Yamabe solitons
have been studied by several authors such as [15,20,29] and many others. Motivated
by the above studies, one of our main aims in this paper is to study Yamabe soli-
tons on almost co-Kéhler manifolds as well as on (k, y)-almost co-Kahler manifolds.
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This paper is organized as follows. In Section 2, after a brief introduction, we discuss
some preliminaries that will be used in the later sections. In Section 3, we consider
Yamabe solitons on almost co-Kahler manifolds and prove that if an almost co-Kéhler
manifold admits Yamabe soliton (g, £), then the manifold is K-almost co-Kahler.
Section 4 is devoted to studying Yamabe solitons on (k, y)-almost co-Kéhler man-
ifolds. Finally, we study Ricci solitons on (k, p)-almost co-Kéhler manifolds.

2 Preliminaries

An odd dimensional smooth manifold M?*"*! (1 > 1) is said to admit an almost con-
tact structure, sometimes called a (¢, &, 17)-structure, if it admits a tensor field ¢ of
type (1,1), a vector field &, and a 1-form # satisfying ([2,3])

1) ¢*=-I+n®& n(&)=1 ¢&=0, no¢=0.

The first and one of the remaining three relations in (2.1) imply the other two rela-

tions in (2.1). An almost contact structure is said to be normal if the induced almost
complex structure J on M" x R defined by

(%5 5) = (9% - pen0)5)

is integrable, where X is tangent to M, t is the coordinate of R, and f is a smooth func-
tion on M" x R. Let g be a compatible Riemannian metric with (¢, &, 77)- structure,
that is,

(2.2) g(¢X,¢Y) = g(X, Y) = n(X)n(Y),
or equivalently,

g(X,¢Y) = —¢(¢X,Y) and g(X,¢§) =n(X),
for all vector fields X, Y tangent to M. Then M becomes an almost contact metric
manifold equipped with an almost contact metric structure (¢, &, 4, g).
An almost contact metric structure becomes a contact metric structure if

g(X,¢Y) = dn(X,Y) = ©(X,Y),

forall X, Y tangent to M. The 1-form # is then a contact form, and & is its characteristic
vector field. Also, @ is known as the fundamental 2-form.

If £ is a Killing vector field, then M?"*! is said to be a K-contact manifold ([2, 3]).
A contact metric manifold is Sasakian if and only if

R(X,Y)E=n(Y)X -n(X)Y.

Every Sasakian manifold is K-contact, but the converse need not be true, except in
dimension three [22].

According to Blair [3], the normality of an almost contact structure is expressed
by [¢, ¢] = —2dn ® &, where [ ¢, ¢] denotes the Neijenhuis tensor of ¢ defined by

[6,0] = 9*[X, Y]+ [¢X, ¢Y] - $[¢X, Y] - $[ X, ¢Y]
for any vector fields X, Y on M.
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In this paper, by an almost co-Kéhler manifold, we mean an almost contact metric
manifold such that both the 1-form # and the 2-form © are closed (see [3,5]). In
particular, an almost co-Kéhler manifold is said to be a co-Kéhler manifold if the
associated almost contact structure is normal, which is also equivalent to V¢ = 0, or
equivalently, V® = 0 (see [3]). It is well known that the Riemannian product of a real
line and a (almost) Kahler manifold admits a (almost) co-Kahler structure. However,
there exist some examples of (almost) co-Kahler manifolds that are not globally the
product of a (almost) Kéhler manifold and a real line (see, for example, Chinea et al.
[10], Marrero and Padron [24], and Olszak [25,26]).

On an almost co-Kéhler manifold (M?*"*, ¢, &, 7, ), we shall set h = 1£:¢ and
h' = h o ¢ (notice that both /& and h' are symmetric operators with respect to the
metric g). Then the following formulas can be found in Dacko [14], Endo [18], and
Olszak [25,26]:

(2.3) h&=0, h¢+¢h=0, trh=trh’
(2.4) Vep=0, VE=h', divEi=0
S(& &)+ |h]* =o.

Here tr and div denote the trace and divergence operators with respect to the metric
g, respectively. The Ricci tensor S is defined by S(X,Y) =tr{- - R(-,X)Y},and Q
the Ricci operator defined by g(QX,Y) = S(X,Y).

If, in addition, we put I = R( -, &)£, then we also show

(2.5) ¢lp —1=2h%
where the Riemannian curvature tensor R is defined by
R(X,Y)Z =VxVyZ-VyVxZ-Vix,yZ.

On an almost co-Kihler manifold (M*"*1, ¢, £, 4, g), using the second term of
(2.3), we obtain (£;¢)(X,Y) = 2g(h'X,Y). This means that the Reeb vector field &
is Killing if and only if the (1,1)-type tensor field / vanishes.

Definition 2.1 An almost co-Kihler manifold is said to be a K-almost co-Kdihler
manifold if the Reeb vector field £ is Killing.

We denote by D the distribution defined by D = ker # on an almost co-Kahler
manifolds. Then using relations (2.1), (2.2), and d® = 0, one can define an almost
K-Kahler structure (gp, ¢0) on D. According to Olszak [26], the associated almost
Kahler structure is integrable if and only if

(Vx9)Y = g(hX,Y)§-n(Y)hX

for any vector fields X, Y € y(M). This implies that an almost co-Kéhler manifold
is co-Kahler if and only if it is K-almost co-Kahler and the associated almost Kahler
structure is integrable. Obviously, any three-dimensional almost co-Kahler manifold
is co-Kihler if and only if it is K-almost co-Kéhler.
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3 Yamabe Solitons on Almost Co-Kahler Manifolds

Let us consider a Yamabe soliton that is of the type (M>"*, g, £) on an almost co-
Kahler manifold, that is, V = £. From (1.1), we have

(3.1) Evg=(A-r)g.
Substituting V = & in (3.1), we obtain
(3.2) £eg=(A-r)g.

If on a Riemannian m-manifold, £xg = pg, then div(&) = p%, and so divé = 0
forces to p = 0. Therefore, in our case £;¢ = 0. Thus, ¢ is a Killing vector field. Thus,
an almost co-Kahler manifold becomes a K-almost co-Kéhler manifold. In view of
the above, we can state the following theorem.

Theorem 3.1  If an almost co-Kihler manifold admits Yamabe soliton (g, £), then the
manifold is K-almost co-Kdhler manifold.

It is known that any three-dimensional almost co-Kahler manifold is co-Kahler if
and only if it is K-almost co-Kéhler [25]. Thus, we obtain the following corollary.

Corollary 3.2 If an almost co-Kdihler manifold (M?, ¢, &, 1, g) admits a Yamabe
soliton (g, §), then it is a co-Kdhler manifold.

Let us assume that V is pointwise collinear with the Reeb vector field, that is, V=b¢,
where b is non-zero smooth function. Using (2.4) we have VxV = X(b)&+ bh'X for
any X € y(M). Thus, it follows from (3.2) that

8(Vyb§, Z) + g(Vzb&, Y) = (A -1r)g(Y, Z).
This implies that
(33) X(B)n(Y) + Y(B)1(X) + 28(WX, ¥) = (A - 1)g(X, V).

Next we shall consider a local ¢-basis {e; : 1 < i < 2n + 1} on M*"*! on the tangent
space T, M for each point p in M 21+l Substituting X = Y = e; in (3.3) and summing
over i,1<i<2n+1, we obtain

(3.4) E(b) = (n+%)()t—r).
Putting Y = £ in (3.3) we have

X() = (5 -n) (- ().

Thus,
(3.5) £(b) = (%—n)()t—r).
In view of (3.4) and (3.5) , we have

r=A
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Therefore the scalar curvature r is constant, since A is constant. Thus, for Yamabe
solitons of the type (M>*"*!, g, b&) on almost co-Kahler manifolds, the scalar curva-
ture r is constant. Again putting A = r in (3.1), we have £,;¢ = 0. Thus, V = b&isa
Killing vector field. Therefore the soliton is trivial. In view of the above we can state
the following theorem.

Theorem 3.3 Let (M*"*\, ¢, &, 1, g) be an almost co-Kihler manifold. If the metric
g is a Yamabe soliton and the vector field V is a non zero pointwise collinear with the
Reeb vector field &, then the soliton is trivial.

4 (k,u)-almost Co-Kdhler Manifolds and Yamabe Solitons

By a (k, p)-almost co-Kéhler manifold we mean an almost co-Kahler manifold such
that the Reeb vector filed £ belongs to the generalized (k, #)-nullity distribution, that
is,

(41) R(X,Y)E=k[n(Y)X = n(X)Y)] +pu[n(Y)hX - n(X)hY]

for any vector fields X, Y in y(M) and some smooth functions k and . In this paper,
a (k, p)-almost co-Kahler manifold with k < 0 will be called a proper (k, u)-almost
coKéhler manifold or a non-coKahler (k, ¢)-almost co-Kihler manifold. Such man-
ifolds with both k and y being constants were first introduced by Endo [18] and were
generalized to (k, u, v)-spaces by Dacko and Olszak in [14] (see also Carriazo and
Martin-Molina [7] and [27]). Using (4.1), we have | = —k¢?* + uh, and putting this
into (2.5) gives that h? = k¢?.

Clearly, M>"*! is K-almost co-Kahler if and only if k = 0. According to [14], un-
der certain D-homothetic deformation, any (k, u, v)-almost co-Kéhler manifold with
k < 0 turns out to be a (-1, \/Lik)—space.

Now we state the following lemmas, which will be used in the next theorem.

Lemma 4.1 ([31]) Let M*"*! be a (k, u)-almost co-Kihler manifold of dimension
greater than 3 with k < 0. Then the Ricci operator is given by

(4.2) Q=ph+2nkn®E,

where k is a non-zero constant and y is a smooth function satisfying dy A 1.

Lemma 4.2 (Yano [32]) On an n-dimensional Riemannian manifold (M", g) en-
dowed with a conformal vector field V, we have

(£vS)(X,Y) = =(n-2)g(VxDp,Y) + (Ap)g(X, Y),
Lyr==2pr+2(n-1)Ap

for any vector fields X and Y, where D denotes the gradient operator and A := —div D
denotes the Laplacian operator of g.

For a Yamabe soliton the vector field V is a conformal vector field, that is,

tvg =2pg,
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where p is called the conformal coefficient (in this case by relation (1.1) we have
p = %). In particular, a conformal vector field with a vanishing conformal coef-
ficient reduces to a Killing vector field.

Notice that the Reeb vector field £ is a unit vector field, that is, g(&, &) = 1. Taking
the Lie-derivative of this relation along the vector field V and using #(&) = 1and (1.1),
we obtain

r—A
n(EvE) = —(Evn)(§) = >
As the Riemannian metric g in (k, y)-almost co-Kéhler manifolds is a Yamabe soli-
ton, applying p = % and Lemma 4.1, we have

(£vS)(X, Y) = —(2n - 1)g(VxDr, Y) - %(m) 2(X, 7).

(4.3) Lyr=r(r—21)-2nAr
for any vector fields X, Y. On the other hand, from (4.2), we have
(4.4) S(X,Y) =pug(hX,Y) +2nkn(X)n(Y).

Consider a local ¢-basis {e; : 1< i <2n +1} on M*"*" on the tangent space T,M
for each point p in M?"*!, Substituting X = Y = ¢; in (4.4) and summing over i,
1< i <2n+1we obtain r = 2nk. Hence the scalar curvature r is constant. Thus, from
(4.3), we get either r = 0 or r = A. Since k < 0, r = A = 2nk < 0. Therefore, r = A, and
hence from (1.1), £y g = 0. Thus, the V is Killing. This implies the soliton is trivial. In
view of the above result, we can state the following theorem.

Theorem 4.3  Let (M*"*',¢,&,1,¢) be a (k, u)-almost co-Kéihler manifold. If the
metric g is a Yamabe soliton, then the soliton is trivial and expanding.

5 (k, u)-almost Co-Kadhler Manifolds and Ricci Soliton

This section is devoted to studying Ricci solitons on (k, y)-almost co-Kéhler mani-
fold. Therefore,

(£vg)(X,Y) ++28(X, Y) +2Ag(X,Y) =0,
for all smooth vector fields X and Y. This implies

g(VxV,Y) +g(VyV,X)+28(X,Y) +2g(X,Y) = 0.

Substituting V' = £ in the above equation we have

g(VxEY)+g(VyE X)+2S(X,Y) +20g(X,Y) = 0.
In virtue of (2.4), (4.2), we obtain from the above equation
(5.1) 2g(W'X,Y) +2ug(hX,Y) +4nkn(X)n(Y) +2Ag(X,Y) = 0.
Putting Y = & in (5.1) we have

A = -2nk.
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Since k < 0, A = =2nk > 0. Thus, in view of the above result, we can state the following
theorem.

Theorem 5.1 Let (M*"*',¢,&,1,¢) be a (k,u)-almost co-Kihler manifold. If the
metric g is a Ricci soliton, then the soliton is expanding.

Remark  In arecent paper, Cho [11] proved that an almost cosymplectic manifold
M admits Ricci soliton (g, &) if and only if £ is Killing and M is Ricci flat. Since an
almost cosymplectic manifold and an almost co-Kahler manifold are the same, an
almost co-Kahler manifold becomes K-almost co-Kahler manifold if the Reeb vector
field ¢ is Killing. Hence, if an almost co-Kihler manifold (M*"*!, ¢, £, 7, g) admits
Ricci soliton (g, ), then it is a K-almost co-Kahler manifold.
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