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Horospherical model for holomorphic discrete series
and horospherical Cauchy transform

Simon Gindikin, Bernhard Krotz and Gestur Olafsson

ABSTRACT

We define a complex horospherical transform on an affine symmetric space X = G/H of
Hermitian type and show that it has no kernel on the representations of the H-spherical
holomorphic discrete series.

Introduction

For some homogeneous spaces the method of horospheres delivers an effective way to decompose
representations into irreducible representations. For Riemannian symmetric spaces ¥ = G/K,
horospheres are orbits of maximal unipotent subgroups of G. They are parameterized by points
of the horospherical homogeneous space =g = G/M N where N is a fixed maximal unipotent sub-
group and M = Zk(A) as usual. The horospherical transform maps sufficiently regular functions on
Y to the corresponding average along the horospheres. The crucial point is that the abelian group A
acts on = and that this action commutes with the action of G. The decomposition of the natural
representation of G in L?(Z) into irreducible representations reduces to the decomposition relative
to A. In this way we obtain all unitary spherical representations on Y (with constant multiplicity),
except the complementary series. The computation of the Plancherel measure on Y is equivalent to
the inversion of the horospherical transform.

The method of horospheres works for several other types of homogeneous spaces, including
complex semisimple Lie groups (considered as symmetric spaces) but it has very serious restric-
tions: discrete series representations lie in the kernel of the horospherical transform, as well as all
representations induced from parabolic subgroups that are not minimal. In short, the kernel is the
orthocomplement of the most continuous part of the spectrum. The simplest example when the horo-
spherical transform can not be inverted is for the group SL(2,R). In [Gin00, Gin02, Gin04],
a modification of the method of horospheres was suggested: the complex horospherical transform
(the horospherical Cauchy—Radon transform). For a homogeneous space X we consider the complex-
ification X¢ and, instead of real horospheres on X, we consider complex horospheres on X¢ without
real points (they do not intersect X). The integration along a real horosphere may be viewed as the
integration of a d-function on X with support on this horosphere. In the complex version, we replace
this d-function by a Cauchy-type kernel with singularities on the complex horosphere without real
points. In [Gin00, Gin02] it was shown that such a complex horospherical transform is injective for
SL(2;R) and that it reproduces the Plancherel formula; in [Gin04] it was shown for all compact
symmetric spaces.
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The objective of this paper is to show that the complex horospherical transform has no kernel
on the holomorphic discrete series. Holomorphic discrete series exist for affine symmetric spaces
X = G/H of Hermitian type. Here G is a group of Hermitian type [Har56, O091]. The corresponding
part of L?(X) can be realized as boundary values of the Hardy space H2(D,) in a Stein tube
D, C X¢ with edge X (see [HOO91]). Our aim is to define a complex horospherical transform that
has no kernel on the representations of the H-spherical holomorphic discrete series.

The first step towards the realization of our objective is the construction of the space that is
going to be the image of the complex horospherical transform. For this, we consider those complex
horospheres in the Stein symmetric space X¢ = G¢/Hc that are parameterized by points of the
complex horospherical space = = G¢/McNe. In E; we then consider an orbit =4 of G x 7, where
7T, is a semigroup in the complex abelian group Tr = AT with the compact torus T' as the edge.
The space O(Z4) of holomorphic functions on =, is a Fréchet model of the holomorphic discrete
series. More exactly, if we decompose this representation with respect to the compact torus T,
we obtain G-modules that are lowest weight modules (if they are irreducible); we obtain all such
modules with multiplicity one. Using the abelian semigroup 7, we can define a Hardy-type space
H2(Z,) with spectrum ‘almost all’ of the holomorphic discrete series.

The next step consists of providing the geometrical background for the construction of the
horospherical transform. First, we prove that the horospheres F(§) parameterized by points £ € =
do not intersect X. We construct a simple Cauchy-type kernel that has no singularities on X and the
edge of its singularities coincides with E(). Using this kernel, we define the horospherical Cauchy
transform from L'(X) to O(Z,), which can be extended on L?(X). The horospherical transform
decomposed under 7' yields the holomorphic spherical Fourier transform.

The last step is the inversion of the horospherical Cauchy transform. We give the Radon-type
inversion formula using results from [Kro01] for the holomorphic discrete series. Let us remark that
for X = SL(2,R), the inversion formula was obtained in [Gin00, Gin02] with tools from integral
geometry on quadrics. This method automatically extends on any symmetric spaces of Hermitian
type of rank 1, that is, the hyperboloids of signature (2,n). Let us also pay attention to the similarity
of formulas in this paper and formulas in [Gin04] for compact symmetric spaces. This confirms the
view that finite-dimensional spherical representations are similar to representations of holomorphic
discrete series.

1. Symmetric spaces of Hermitian type

The objective of this section is to set up a standard choice of terminology that will be used through-
out the text.

Let us fix some conventions upfront. For a real Lie algebra g let us denote by gc = g ®r C
its complexification. Likewise, if not stated otherwise, for a connected Lie group G we write G¢
for its universal complexification, cf. [Hoc65, § XVIL5]. If ¢ : G — H is a homomorphism of
connected Lie groups, then we also denote the following by ¢:

e the derived homomorphism dy(1) : Lie(G) — Lie(H);
e the extension of ¢ to a holomorphic homomorphism G¢ — Hc.

Let G be a connected semisimple Lie group with Lie algebra g. We assume that G C G¢ and that
Gc is simply connected. Let 7 : G — G be a non-trivial involution and write H (respectively Hc),
for the 7-fixed points in G (respectively G¢). The object of concern is the affine symmetric space
X = G/H. We observe that X is contained in its complexification X¢ = G¢/Hc as a totally real
submanifold. Write g = H¢ for the base point in Xc¢.
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Let b be the Lie algebra of H and note that g = h + q with 7|y = —idq. The symmetric pair
(g,bh) is called irreducible if g does not contain any 7-invariant ideals except the trivial ideals, {0}
and g. In that case, either g is simple or g = g1 X g1 with gy simple and 7(x,2’) = (2, z). We say
that X is irreducible if (g, h) is irreducible. From now on we assume that X is irreducible.

Fix a Cartan involution 0 : G — G commuting with 7. Denote by K < G the subgroup of #-fixed
points and write Y = G/K for the associated Riemannian symmetric space. Write ¢ for the Lie
algebra of K. Then g = ¢+ s with 0|; = —ids. Note that the universal complexification K¢ of K
naturally identifies with the #-fixed points in G¢.

We assume that G is a Lie group of Hermitian type, that is, Y is Riemannian symmetric space
of Hermitian type. The assumption can be phrased algebraically: 3(¢) # {0} with 3(¢) the center
of &

We assume that 7 induces an anti-holomorphic involution on Y and then call X an affine
symmetric space of Hermitian type.

Remark 1.1. (a) Our assumptions on G' and 7 can be phrased algebraically, namely

3(6) Ng # {0} (A)

Let us mention that another way to formulate (A) is to say that q admits an H-invariant regular
elliptic cone, that is, X is compactly causal [HO96].

(b) Symmetric spaces of Hermitian type resemble compact symmetric spaces on an analytical
level. Combined they form the class of symmetric spaces that admit lowest weight modules in their
L2-spectrum (holomorphic discrete series).

As X is irreducible, it follows that 3(¢) Nq = iRZj is one dimensional. It is possible to normalize
Zy in such a way that the spectrum of ad(Zp) is {—1,0,1}. The zero-eigenspace is tc. We denote
the +1-eigenspace in s¢ by s7, and the —1-eigenspace by s~ .

Let t be a maximal abelian subspace in g containing iZy. Then t is contained in €N q. Set a = it
and note that ac = {¢.

Let A be the set of roots of t¢ in g¢,
An={aeA|gCact={acA|aZ)e{-11}}
and
Ap={acAlgt Ctc} ={acA|a(Zy) =0}.
Then A = A, UA,,. The elements of A,, are called non-compact roots and the elements in A}, are
called compact roots. We choose an ordering in it* such that a(Zp) > 0 implies that « € A}t C AT,

Let W be the Weyl group of A and W the subgroup generated by the reflections coming from the
compact roots. As s(Zy) = Zp for all s € W, it follows that A}l is Wy-invariant.

1.1 Polyhedrons, cones and the minimal tubes
Set A = exp(a), Ac = exp(ac), T = exp(t) and T = exp(tc). We note that
A(C:T(C:TAQTXA.

For a € A'let & € a be its coroot, that is, & € [g¢, g-"] Na and a(&) = 2. Then

Q= > Ry-a (1.1)

defines a Wj-invariant open convex cone in a = ¢t that contains Zy. Often one refers to ) as the
minimal cone (it is denoted cpin in [HO96]). Let us remark that one can characterize Q as
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the smallest W;-invariant open convex cone in a that contains a long non-compact coroot, that is,
Q =coWi(Rsg - &) (along in AF). (1.2)
Here co(-) denotes the convex hull of (-).
We set Ay = exp(£2) and note that Ay C A is an open semigroup. Moreover,
Ty =Texp(2) =TA, C It

defines a semigroup and complex polyhedron with edge 7. We also use the notation A_ = exp(—)
and 7_ =TA_.

Define G-invariant subsets of X¢ by
Dy =GAL -z C Xc.

According to [Nee99], D4 and D_ are Stein domains in X¢ with X = G - x¢ as Shilov boundary.
Subsequently we will refer to Dy and D_ as the minimal tube in Xc with edge X.

1.2 Minimal @7-stable parabolics

Denote by g — g the complex conjugation in G¢ with respect to the real form G. We write 6 for
the involution on G¢ given by g — 0(g)

Let
nt= @ and ng= P g
aEAZ aeAﬁ
Set
ng=nd @ @ g2 =nl dst,
aeAS

mc = {U € h(C | (VV € t)[U¢ V] = 0}7

and

pc =mc @ tc G ne.
Note that mc is contained in fc, as Zy € tc. The Lie algebra pc is a minimal 07-stable parabolic
subalgebra of gc. Define subgroups of Ge¢ by Mc = Zg.(tc) C K¢ and N¢ = exp(nc).
Note that Tc = Ac. Then the prescription
Pc = McAcNc = McTeNe

defines a minimal O7-stable parabolic subgroup of G¢ whose Lie algebra is pc. Write I' = McNAc =
M N'T and observe that I" is a finite 2-group. The isomorphic map

(M(c X A(c) X N(c — P(c, ([m, a],n) — man

yields the structural decomposition of Pc.

We denote by t C ¢ a 7-stable Cartan subalgebra of g contained in €. Then ¢ = t ® ¢, where
¢, = ¢ N Bh. Denote by 3 the set of roots of ¢¢ in gc. Similarly we set 3, the set of non-compact
roots, X, the set of compact roots. We choose a positive system ©1 such that XT[\{0} = A™.

Define tori in G by C' = exp ¢ and C}, = exp¢;,. We note that C' =TCy =T xp C},.

2. Complex horospheres I: definition and basic properties

The objective of this section is to discuss (generic) horospheres on the complex symmetric space
Xc = Gc/Hc. We show that the space of horospheres is Ge-isomorphic to the homogeneous
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space = = G¢/McNc. Further we introduce a G-invariant subdomain Z; C = that is a central
object for the rest of this paper.

Write £y = McN¢ for the base point of =. Usually we express elements £ € = as £ = g - £ for
g € Gc.

Consider the following double fibration.

Gc/Mc

/ X (2.1)

= Xc
By a horosphere in X¢ we mean a subset of the form
E(§) =m(n'(€) (E€E). (2:2)
For £ = g - &, we record that
E(§) = gMcNc - v9 = gN¢ - 0 C Xc
(use Mc C He).
Similarly, for z € X¢ we set
S(z) = mi(my ' (2)). (2.3)
If z =gz for g € Gc, then note that S(z) = gHc - &. Moreover, for z € X¢ and £ € = one has
the incidence relations
2€E(E) = 1 )Nt (2) #0 = £ S(2). (2.4)
The space of horospheres on X¢ shall be denoted by Hor(X¢), that is,
Hor(Xc) = {E(€) | ¢ € =},
Our first objective is to show that = parameterizes Hor(Xc).

PROPOSITION 2.1. The map
E:E — Hor(Xc), ¢+~ E(§)

is a Gic-equivariant bijection.

Proof. Surjectivity and Ge-equivariance are clear by definition. It remains to establish injectivity.
For that write Gg ) for the stabilizer of (&o) in G¢. By Ge-equivariance it is enough to show that
GE®) ¢ MeNe. Assume that g-E(&) = E(&). Then gN¢ € NeHe. In particular, g = nh € NeHe.
As Gg(go) is a group and n € Gg(éo), it follows that h € Gg(go). By Lemma 2.2 (from below) it
follows that h € Mc. Hence, g = h(h~'nh) € McNc, as Mc normalizes Nc. O

LEMMA 2.2. Assume that h € Hc is such that h- E(&y) = E(&y). Then h € Mc.

Proof. Identify the tangent space Ty, (Gc/Hc) with gc/be. Then, as (hNch™!) - g = N¢ - xo, it
follows that
Ad(h)(nc @ be) = nc @ be.

Thus, if U € ng, there exists Z € n¢ and L € he such that Ad(h)U = Z + L. Applying (1 — 7)
to this equality, we get Ad(h)(U —7(U)) = Z — 7(Z). As qc = (1 — 7)(n¢) & {c, and this sum is
orthogonal with respect to Killing form, it follows that Ad(h)tc = tc. In particular, h € Ng.(tc).

We recall the Riemannian dual X” = G" /K" of X = G/H, which corresponds to the Lie algebras
g =¥+ witht" =(HnNe)+i(hNs)and s" =i(qNE)+ (qNs). Note that a is maximal abelian
in s".
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To continue with the proof, we observe that Ny (tc) = Ngr(a)Mc. Thus, we may assume that
h € Ngr(a). Write o, for the complex conjugation in G¢ with respect to the real form G”. Then
taking o" fixed points in hN¢c € NcH¢ yields hN™ € N" K" with N” = G" N N¢. Thus the situation
is reduced to the Riemannian case where it follows from [Hel94, p. 78]. U

It is crucial to observe that there is a Tr-action on Z that commutes with the left G¢ action, as
follows.

PROPOSITION 2.3. Let £ =g-& € =, g € G¢. For t € It the prescription
§-t=gt-& (2.5)
defines an element of =. In particular,
TcxE—Z, (& —E-tt (2.6)
defines an action of Tt on =, which commutes with the natural action of G on Z.

Proof. As T normalizes McNc it follows that (2.5) is defined. Finally, (2.5) implies that (2.6)
defines a left action of T¢. O

It is obvious that the map
(G(C XT(C) XE—ME? ((g)t))g) '_)g'é.'t_l (27)

is a holomorphic action of the complex group G¢ x Tt on the homogeneous space Z.

The remainder of this section is devoted to the definition and basic discussion of an important
G x T-invariant subset =4 of =.

We recall from § 1.1 the polydisc 7. = T A+ and define
Ey =GTy - & =GA4 - &

We record that Z4 is a (G x T')-invariant subset of Z.

Note that G/MT is the base space of the fiber bundle G/M xr 7, — G/MT with fiber 7, /T.
There is a natural action of G x T on G/M xp T, given by

(GxT)x (G/M x7T,) — G/M xr Ty, ((g,t),[xM,a]) — [gzM, at™"].
The next lemma gives us basic structural information on =;.
LEMMA 2.4. The set Z4 is open in £ = G¢/McNc. Moreover, the mapping
O:G/M xr Ty — =, [gM,t]— gt-&
is a G x T-equivariant diffeomorphism onto =.

Proof. Clearly, ® is a defined G x T-equivariant map with im® = Z,. Let us show that & is
injective. For this assume that git1 - {o = got2 - o, g € G, t; € T,. By G-equivariance we may
assume that go = 1. Then g1 € GN Pc = MT and without loss of generality we may assume that
g1 € M. Consequently, as Tc N McNc =T', we obtain ¢, € oI, that is, [M,t1] = [M,te]. Hence, ®
is injective.

A standard computation yields that d® is an immersion and a simple dimension count shows that
dim G/MT + dim 7, = dim =. In particular, ® is a submersion and im ® = Z, is open, concluding
the proof of the lemma. O

The set GPc is open in Gc and GNPz = MT. Hence, G/MT can be viewed as an open, complex
submanifold of the flag manifold F' = G¢/Pc. We write F. = GP¢/Pc for the image of G/MT in
F and call F the flag domain. Although obvious, we emphasize that Fly is G-homogeneous.
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Consider now the following commutative diagram.
G/M XT T+q>% =
l L (2.8)
G/MT F

By our preceding remarks and Lemma 2.4, the horizontal lines are real analytic isomorphisms onto
open subdomains (24 and F). Further, the right-hand column constitutes a holomorphic fiber
bundle = — F with fibers Ac/T". We hence conclude that G/M xp 7y — G/MT is a holomorphic
fiber bundle with fiber 7 /T".

2.1 Fiberings
To conclude this section we mention three natural fibrations in relation to Z; and Fy. Write
St = exp(st) and recall that the map

Y =G/K — G¢/KeSt, gK +— gKcS™T

is a G-equivariant open embedding. Henceforth, ¥ should be understood as an open subset of
the flag manifold G¢/KcS™t. We note that KcS™T is a maximal parabolic subgroup of G¢ that
contains Pr.

LEMMA 2.5. The following assertions hold.

(i) The natural map
E+ —>F+, ZM(CN(CP—)ZP(C
is a holomorphic fibration with fiber 7 /T .

(ii) The restriction of the holomorphic fiber bundle F — G¢/KcS™,gPc — gKcS™ to the flag
domain

F,—-Y, gMT — gK
yields a holomorphic fibration with fiber the flag variety K/MT ~ K¢ /(Kc N Pe).
(iii) The natural map
Er =Y, gt-§ — gk
is a holomorphic fibration with fiber K/M xp 7.

Proof. Assertions (i) and (ii) are clear. Finally, assertion (iii) is a consequence of assertions (i)
and (ii). O

3. The G X T-Fréchet module O(E})

The natural action of G xT on Z; gives rise to a representation of G x T on the Fréchet space O(Z;.)
of holomorphic functions on Z;. Our goal is to decompose O(Z4) with respect to this action. By
the compactness of T', it is clear that O(=;) decomposes discretely under 7. It turns out that each
T-isotypical component is the section module of a holomorphic line bundle over the flag domain F,
and that all such section modules arise in this manner.

In the second part of this section, we turn our attention to G x T-invariant Hilbert spaces of
holomorphic functions on =Z. By definition these are unitary G x T-modules H with continuous
G x T-equivariant embeddings into O(=;). There are many interesting examples such as weighted
Bergman and weighted Hardy spaces. We discuss the Hardy space H?(Z,) on Z, with constant
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weight and show that H2(Z, ) constitutes a natural model for the H-spherical holomorphic discrete
series of G.

3.1 The decomposition of O(E;)
In §2, we exhibited a natural action of G x T' on Z,, namely
(GXT) XE-F_)E-H ((gat)aé)'_)gé.t_l (31)

We recall that O(Z,) becomes a Fréchet space when endowed with the topology of compact con-
vergence.

Remark 3.1. Finite-dimensional representation theory of G¢ shows that = (and, hence, =) is
holomorphically separable. In particular, O(Z4) # {0}.

Denote by GL(O(Z.)) the group of bounded invertible operators on O(E.).
The action (3.1) induces a continuous representation of G x T" on O(Z):
LxR:GxT— GLO(EL)), ((LxR)(g,t)f)€)=Fflg™" & 1),
with (¢,t) e G x T, f € O(E4) and € € =5.
We first decompose (’)(_+) under the action of the compact torus 7. Denote by T/ I the character
group of T'/T", that is, T/ I' = Homeont (7/T,SY). In the following we identify T/ I" with the lattice

A={\ea* |VU € (exp ) HD)ANU) € 27miZ}.

Explicitly, one associates the character x(tI') = erMogt) t5 X € A. Often we write ¢* for y A(tD).
The assumption that G is simply connected allows an uncomplicated description of the lattice A.

LEMMA 3.2. We have

A:{AEa*

(Va € A) A € Z}.

(a, )
Proof. (‘C’) Let A € A. We first show that (X, a)/(c, ) € Z for all o € Ay. For that, observe that
the compact symmetric space K/H N K embeds into G/H via the natural map

K/HNK — G/H, k(HNK)— kH.
Thus, [Hel84, ch. V, Theorem 4.1] yields that (A, ) /(cv, @) € Z for all & € Ay. To complete the proof
of (‘C") we still have to verify (\,a)/(o,0) € Z for all « € A,,. Fix a € A,,. Standard structure
theory implies that there is an embedding of symmetric Lie algebras (su(1,1),s0(1,1)) — (g,b)
such that [8 _02] € su(1, 1) is mapped to icv € t. As SL(2,C) is simply connected, we thus obtain an
immersive map SU(1,1)/SO(1,1) — G/H. In particular, (A, a)/{a,a) € Z must hold.

(‘D7) Suppose that (A, a)/(a, ) € Z holds for all a. Recall the extension t C ¢ of t to a compact
Cartan subalgebra of g. In the following we consider A as an element of ¢* that is trivial on ¢ N h.
In [Hel84, p. 537], it was shown that X is analytically integral for C' = exp ¢ (this needs that G¢ is
simply connected). In particular, A defines an element y, € 7. It remains to show that Xalr = 1.

As M = Zyni(a) and I' = M N7, this reduces to an assertion on the compact symmetric space
K/H N K, where it follows from [Hel84, ch. V, Theorem 4.1]. O

For each A € A, define the A-isotypical component of O(Z;) by
O(E ) = {f € OE4) | (vt € TIR()f =t 1}, (3.2)

As (R,O(E4)) is a continuous representation of the compact torus 7" on a Fréchet space, the Peter—
Weyl theorem yields

OE;) =P oE,) (3.3)
990
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Each O(Z, ), is a G-module for the representation L. In order to describe it explicitly we recall
some facts on holomorphic line bundles.

For A € A, we write Cy for C when considered as a MT-module with trivial M-action and T
acting by x\. Recall that G/MT inherits a complex manifold structure through its identification
with the flag domain Fy. In particular, to each A € A one associates the holomorphic line bundle

[,)\ =G XMT (C)\. (34)

Write O(L,) for its G-module of holomorphic sections, i.e. O(L)) consists of smooth functions
f + G — C such that:

o f(gmt) =t">f(g) for g€ G, t € T and m € M;
o G/MT — Ly, gMT — [gMT, f(g)] is holomorphic.
The restriction of £ to the flag variety K/MT yields the holomorphic line bundle
Ky = K Xy Cy,
over K/MT. Write Ag for the A, -dominant elements of A, that is,
Ap={ e A|Vac€e AZ)(A,@} < 0}. (3.5)

According to Bott [Bot57], V) = O(K,) is finite dimensional and non-trivial if and only if A € A.
By L) =G X1 Cy ~ G xg (K X1 Cy), we retrieve the standard isomorphism

O(Ly) ~ O(G xg Vy).
In particular,
O(Ly)) # {0} <= X € Ay. (3.6)
We remind the reader that the T-weight spectrum of ) is contained in A4Z>([A™]. In particular,

O(L)), if irreducible, is a lowest weight module for G' with respect to the positive system AT and
lowest weight A.

Finally, we establish the connection between O(Z )y and O(L)). For this, let us denote by =g
the pre-image of F, in =, that is,

2o = GTt - &.

Note that =, C Zj. Holomorphicity and T-equivariance yield O(Z1)y = O(EZp)x. Likewise,
restriction yields O(Zg)x ~ O(L,). Thus, holomorphic extension and restriction gives a natural
G-isomorphism O(Z4 )y ~ O(L)).

We summarize our discussion.

PROPOSITION 3.3. The G x T-Fréchet module O(Z4) decomposes as
O(E1) = P OE
AEAo

Moreover, holomorphic extension and restriction canonically identifies O(2, ), with the section
module O(Ly).

We conclude this section with some comments on unitarization of the section modules O(Ly).

Remark 3.4. Let A € Ag and let us denote by O(L£,)%-" the (g, K)-module of K-finite sections of
O(Ly). Let us assume that O(Ly)5 " is irreducible. Then O(Ly )%™ identifies with the generalized
Verma module N(A) = U(gc) @y(ee4s-) Va and the Shapovalov form on N(A) gives rise to the (up to
scalar unique) equivariant Hermitian form on O(£y )%, We say that O(L£,)*" is unitarizable if

the Shapovalov form is positive definite. Another way to formulate it is that there exists a unitary
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lowest weight representation (my,H,) such that the (g, K)-module of K-finite vectors HEn is
(g, K)-isomorphic to O(L£,)%-". In this situation O(Ly) is then naturally G-isomorphic to the
hyperfunction vectors H,“ of .

We want to emphasize that not all A € Ag correspond to unitarizable modules O(L,)%-fin
(a necessary condition is Mg > 0 and we refer to [EHW83] for more precise information).
However, we want to stress that O(L£,)%1" is automatically unitarizable if \|q is sufficiently positive
(for example, if condition (3.12) below is satisfied).

3.2 The Hardy space on =

The objective of this section is to introduce the Hardy space on = and to prove some of its basic
properties.

We begin with some measure-theoretic preliminaries. The groups G¢ and M¢ N are unimodular
and, hence, = = G¢/McN¢ carries a Ge-invariant measure p.

Recall that M is a compact subgroup of G and denote by dm a normalized Haar measure on M.
Further, we let dg and d(gM ) denote left G-invariant measures on G (respectively G/M ), normalized

by the condition
| r@as= [ Ny | tam)amagan)
for all f € LY(G).

Note that the stabilizer in G of any point £ € 7, - §y C Z4 is the compact subgroup M. In
particular, one has

/ flg-€)dg = / flg-€)d(gM) (37)
G G/M

for all £ € 7 - &y and integrable functions f on =,.

Write || - ||o for the L?-norm on L?(G). Let us remark that the representation (R, O(Z,)) of T
naturally extends to a representation of the semigroup 7_ U T, also denoted by R. Furthermore, if
f € O(Ey) and t € 7_, then we can define the restriction of R(t)f to G by R(t)f|q : G — C by
R(t)fla(g) = f(gt™! - &). The Hardy norm of f € O(Z) is defined by

1£2 = sup / Flgt - &) dg = sup |R() e (3.8)
teT, JG teT_
Let
HAZ,) = {f € OEL) | £l < oo} (3.9)
Obviously
IR < [f]| forallteT (3.10)

and, hence, 7_ acts on H2(Z,) by contractions. Note that R(t)f|g is right M-invariant and, by the
definition of the Hardy space norm, R(t)f|c € L*(G/M) C L*(G).

LEMMA 3.5. The space H*(Z,) is a Hilbert space. Furthermore, the following hold.

(i) For & € E4 the point evaluation map eve : H2(21) > f — f(&) € C is continuous.
(i) The boundary value map 3 : H*(Z,) — L*(G/M) C L*(G)

plf) = lim R(t)fla
is an equivariant isometry into L*(G/M).

Proof. The proof follows a standard procedure and is more a sketch. We refer to [HOO91], in
particular the proof of Theorem 2.2, for a detailed discussion of the underlying methods.

992

https://doi.org/10.1112/50010437X06001965 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X06001965

HOROSPHERICAL MODEL FOR DISCRETE SERIES

Let € € =,. Then there exist relatively compact open sets Us C G and Ur C 7, such that
£ € UgUr - &. Thus, there is a constant ¢ > 0 such that the Bergman-type estimate

/ FOPR du(©) < e |
UcUr-&o

holds for all f € H?(Z,). This implies that H?(Z,) is complete, and that point evaluations are
continuous.

Write C; = {z € C | Im(z) > 0} for the upper half-plane and fix Z € ). We note that the map
T_ >t R(t)f|lc € L*(G) is well defined and holomorphic. Hence,
Ly :Cy — L*(G/M); L¢(z) = R(exp(22))fla € L*(G/M)

defines a holomorphic function on C,.

By [HOO91, Lemma 2.3] it follows that lim, .o Lf(z) exists and is monotonically increasing as
s\, 0 along each line segment exp(siZ) or, because of the right invariance of dg, on each texp(siZ),
t € T. As in [HOO91], we show that this limit is independent of Z. Thus, we get a boundary value
map 3: H3(Z4) — L*(G/M), defined by

B(f) = lim (1) |
By the definition of the Hardy space norm, we obviously have

1B(HIl2 < [If]]-

However, as the norm ||R(exp(sZ))f||2 is monotonically increasing for s \, 0, it follows that

[R(exp(s2)) fll2 < Bl
for all s € RT. Thus,

IR@) flall < 18-
It follows that 3 : H%(Z4) — L*(G) is an isometry and, hence, H2(Z) is a Hilbert space. O

Clearly L x R defines a unitary representation of G x T on H2(Z). Our aim is to decompose
H?(Z ) with respect to this action. As before we begin with the decomposition under 7'. For A € A,
the A-isotypical component of H2(=Z, ) is given by H2(Z, )\ = H?(E4) N O(Z4). The Peter—Weyl
theorem yields the orthogonal decomposition

HE1) = P H*(E A (3.11)
AEAQ
of H*(Z4) in G-modules.
We direct our attention to the unitary G-modules H?(Z, )y inside of O(Z ).
Suppose that H2(Z ) # {0}. Then O(L)) # {0} and the restriction mapping

HA(E4)x — O(Ly)

gives a G-equivariant embedding. Moreover, 3(H?(Z4)x) C L*(G). Thus, H2(Z,), is a module of
the holomorphic discrete series of G. In terms of A\ this means that A satisfies the Harish-Chandra
condition [Har56]

A=p(c),a) >0 (Ya e X)), (3.12)

where p(c) = 3 oy .
Write Agq for the set of all A € Ay that satisfy (3.12).

Conversely, let A € Agq and write H) for a corresponding unitary lowest weight module with
lowest weight . Denote by vy € H) a normalized lowest weight vector and write d(\) for the formal
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dimension (see [Har56] or (5.13) below). It is then straightforward that

Hy— HAEL), v (gt-&o— VdN) -t M malg v, o)

defines a G-equivariant isometric embedding. Hence H?(Z, )y ~ Hy # {0}.
Summarizing our discussion we obtain the Plancherel decomposition for H?(Z ).

PROPOSITION 3.6. As a G-module, the Hardy space decomposes as

H(21) ~ €D Ha.

AeAq

Remark 3.7. (a) The set Agq describes the set of all H-spherical unitary lowest weight representations
(up to equivalence) whose matrix coefficients are square integrable on G, that is, Ayq is the spectrum
of the H-spherical holomorphic discrete series of G.

(b) Later we mainly deal with the spectrum Ag of the holomorphic discrete series on X. One has
Ay C Asa
with equality precisely for the equal rank cases, that is, rank(G) = rank(G/H) (see [OO88, O091]).

4. Complex horospheres II: horospheres with no real points

We continue our discussion of complex horospheres from §2. We introduce the notion of horosphere
without real points and investigate Z; with respect to this property. In addition, we prove some
dual statements for the minimal tubes D_.

DEFINITION 4.1. We say that the complex horosphere E(£§) C X¢ has no real points if E(§)NX = 0.
We denote by =Z,,,, C = the subset of those £ that correspond to horospheres with no real points.

LEMMA 4.2. The set 2, is a G-invariant subset of =.

Proof. Let € € 2, and g € G. Assume that x € E(g-£)NX. Then g~ 'z € E(£) N X, contradicting
the assumption that F(§) has no real points. O

Recall the open G-invariant subset =, = GA, - & C Z. In the following it will be useful to
consider with = its pre-image =, in G, that is,

§+ — GA+M(CN(C.

It is clear that §+ is a left G-invariant and right Mc Nc-invariant open subset of G.

Next we direct our attention to the Zariski open subset NcAcHc of Ge. Our objective is to
study Z4 in relation to NcAcHc.

Remark 4.3. Note that é;l C NcAcHCc is equivalent to G C NcAcHc. However, the latter is true
only for rank X = 1, that is dimt = 1. In general, G N NcAcHc¢ is an open and dense subset of G
(cf. Theorem 4.5 below).

There is a right Hce-invariant and left Ng-invariant holomorphic middle projection
ag : NcAcHe — Ac/T, zr+— ag(x)
In particular, for each A € A we obtain a natural (Ng¢, Hc)-invariant holomorphic maps
NcAcHe — C, z+— aH(a;))‘.

The holomorphic function N¢Ac - 29 — Ac/T" induced by ay is also denoted by ag.
The function ay enables us to give a useful geometric description of horospheres.
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LEMMA 4.4. Let £ =g-& € 2 for g € Ge. Then
E(§) ={z€ Xc |g 'z € NcAc - mo, ag(g'2z) =T}
={z€ Xc | g 'z € NcAc - xo, ap(g12)* =1 for all X € A}.
Proof. (‘C) If z € E(§), then z = gn - x, for some n € N¢c. Thus, g7'z = n - & € NcAc - w9 and
ag(g1z) =ag(n-xp) =T.

(‘D) Conversely, let z € X¢ be such that g1z € NcAc - 29 and ay(g~'2) = I'. From the first
condition, it follows that g~z = na - 2o for some n € N¢ and a € Ac; the second condition implies
a € I'. Thus, z € g - &, as was required. O

We define a subset of Ay by

A>0 = {)\ ISP\ | )\‘Q = 0} (4.1)
={AeA[ANq =0, VaeAl) (X a) <0}

The following theorem is the main geometric result of the paper.

THEOREM 4.5. The following assertions hold.
(i) GN NcAcHc is open and dense in G.
(ii) Let A € A>¢. Then the function aJ)EI|GﬂN(cA<cH<c extends to a continuous function on G and
lam(9*I <1 (9€G).
Proof. The approach to prove this theorem lies in the use of the structural decomposition
G=KAH (4.3)

where A, = exp(a,) with a;, € sNq a maximal abelian subspace. There is a natural way to construct
such a a, out of the weight space decomposition gc = ac +mc + @, 9¢. This is briefly reviewed.
Let v1,...,7 € A} be a maximal set of long strongly orthogonal roots. Then one can find Z; € g%j ,
7 =1,...,r, such that

= éR(Zj —7(Z;)) (4.4)
j=1

is a maximal abelian subspace of s N q; further
A, C STA_Hc (4.5)
(see [HO96, pp. 210-211]).
(i) As ST C N¢ , we obtain from (4.3) and (4.5) that
G C NcKA_Hg.
Hence, it is sufficient to show that

KA_nN NEAC(HC N Kc) is open and dense in KA_. (4.6)

To continue, we first have to recall some facts related to the Iwasawa decomposition of Kc.
Write ]V(J{ for a maximal C-stable unipotent subgroup of K¢ containing NE and set A = exp(ic).
Then K¢ = N +AK is an Iwasawa decomposition of K¢. We recall that  and, hence, A_ are W,-
invariant. Thus Kostant’s nonlinear convexity theorem (cf. [Hel84, ch. IV, Theorem 10.5]) implies
that KA_ C N+A K. As NI € NIMg and A C A C AMg, we thus get KA_ ¢ NJA_McK.
In particular, in order to estabhsh (4.6) it is enough to verify that K N N} Ac(He N K@) is dense
in K. However, this is known (for example, it follows from [Cle88, Lemme 2.1]).
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(ii) In the proof of assertion (i) we have seen that G C NcMcA_K Hc. Thus, we only have
to show that a}; can be defined as a holomorphic function on K¢ with |ay(ak)*| < 1 for all
k € K and a € A_. For that let (7y,V)) denote the holomorphic (H¢ N K¢ )-spherical represen-
tation of K¢ with lowest weight A. Write (-,-) for a K-invariant inner product on V). Let vy be
a normalized lowest weight vector and vy be the spherical vector with (vg,vy) = 1. Then, for all
x € NgAc(H(C N K(C) C K¢, we have

(ma(@)vm, 03) = amr(2).

As the left-hand side has a holomorphic extension to K¢, the same holds for a}‘{. Finally, fora € A_
and k € K, we have

ap(ak)* = a*ag (k).
Observe that a® < 1 as A € Asg and that |ay (k)| < 1 for all k € K by [Cle88, Lemme 2.3] (see
also [Osh89]). This completes the proof of assertion (ii). O

Theorem 4.5 features interesting and important corollaries.
A .
COROLLARY~4.6. Let A € A>q be such that A|q > 0. Then aH|EjrlﬂN<cA@H@ extends to a holomorphic
function on EI_I with
lap(x) <1 (zeZ7h.
COROLLARY 4.7. We have = C Z,,., that is, E(§)NX = for all £ € =

Proof. Suppose that there exists { € 2 such that E(§) N X # (. Then Z. N He # 0, which is
equivalent to Ejrl N Hc # (; a contradiction to the previous corollary. [l

Remark 4.8 (Monotonicity/convexity). Theorem 4.5(ii) has a natural interpretation in terms of
convexity /monotonicity. Write pr, = Slogay and note that pr, : NcAcHe — a is a well-defined
continuous map. Theorem 4.5(ii) is then equivalent to the inclusion

pro(GNNcAcHe) € P Rso-dn (4.7)
€A, UAT

4.1 Dual statements for the minimal tubes
Recall from §1.1 the minimal tubes D+ = GA4 - xg in X¢ with edge X.
It follows from Neeb’s nonlinear convexity theorem [Nee94] that

GA_ C NcMcA_G. (4.8)
This fact combined with Theorem 4.5 yields
GA_Hc N NcAcHe € NcTA_ exp( @ R>o - d> Hc. (4.9)
aeAz
We have shown the following.

COROLLARY 4.9. Let A € A>g be such that A|q > 0. Then, a;\{|D70N<cA<c'wo extends to a holomorphic
function on D_ such that

lag(x)M <1 (zeD_).

We recall the definition of the orbits S(z) C = for z € X¢ (cf. (2.3)). The convexity inclusion
(4.9) delivers the dual statement to Corollary 4.7.

COROLLARY 4.10. We have S(z) NG/M =) for all z € D_.
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Proof. Let z = ga -z for g € G and a € A_. Suppose that S(z) NG/M # (). As S(z) = gaHc - &,
this is equivalent to aHcNc NG # . In other words, Ga N NcHc # 0; a contradiction to (4.9). O

Remark 4.11. Note that (4.8) is equivalent to AL G C GA;McN¢. This inclusion exhibits an
interesting additional structure of =, : it implies

Remark 4.12 (Generalization to other cones). Let Q be a Wy-invariant convex open sharp cone in
a containing €. A particular interesting example is the maximal cone (denoted by cmax in [HO96]).
In this context we would like to mention that the results in this section remain true for €2 replaced
by Q, the obvious adjustment of A>o understood.

5. The horospherical Cauchy transform

Our geometric results from §4 enable us to define a natural horospherical Cauchy kernel on =, .
The kernel gives rise to the horospherical Cauchy transform L'(X) — O(Z,). The main result is a
geometric inversion formula for the horospherical Cauchy transform for functions in the holomorphic
discrete series on X.

5.1 The horospherical Cauchy kernel

In this section we define the horospherical Cauchy kernel and the corresponding horospherical
Cauchy transform. We introduce the holomorphic spherical Fourier transform and relate it to the
horospherical Cauchy transform.

To begin with, we have to recall some features of the root system A. Let us denote by

I={o,...,am}
a basis of A corresponding to the positive system A} UA, . As Specad(Zy) = {—1,0,1}, it follows

that exactly one member of II is non-compact, say «,. Define weights w1, ...,w,;, € a* by
Wi, O
< ) ]>:5z (1<Z,]<n)
(aj, ;)

Set
Ao =Zzp w1+ +Zz0 w1+ L0 - W
Recall the definition of A>g from (4.1) and (4.2).
LEMMA 5.1. The following assertions hold.
(i) wilq >0 for all 1 < i < n. In particular, A|q > 0 for all A € A.

(ll) A>0 = Z>0 Wyt e+ Z>0 - W In particular, A~g C Ago.

Proof. (i) Fix x € Q. Then z = }  x+kad with ko > 0. Now each o € A}l can be uniquely
expressed as o« = v, + v with v € Z3o[A,]. Moreover, if o = (3 is the highest root, then v €

Zsolou, ..., on—1]. As kg > 0, the assertion follows.
(i) Set ALy = Z>o - w1 + -+ + Zx0 - Wi We first show that ALy C Asg. For that let A € AL,
say A = Y ', kw; with k; € Z>o. As aq,...,a,-1 constitutes a basis of Ay, it follows that

(A a)/{a, @) € Zgp for all a € A}, Furthermore, A|g > 0 by assertion (i). Hence, ALy € Aso.
Finally, we establish A>g € AL . For that fix A € A>g. Then A = > 7" kjw; with some real num-

bers k;. We have to show that k; € Z>¢. Now A € A>g means in particular that (A, o) /(a, ) € Zgo

for all & € A]. Hence, (A a;)/(cw, ;) € Zsp for all 1 < i < n — 1. It remains to show
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that (X, am)/(0um, o) € Zxp. Integrality is clear. Also, since Rxg - o, constitutes a boundary
ray of the cone €2, non-negativity follows. O

Define the horospherical Cauchy kernel on =4 as the function

1 m—1 1 _
K() = an@ ) om—1 ]1;[1 e (X3=m)

In view of Corollary 4.6 and Lemma 5.1(i), the function K is holomorphic, left H-invariant and
bounded on subsets of the form GU - &y for U C A4 compact.

For a function f € L'(X), this allows us to define its horospherical Cauchy transform by

fie) = [ ra)-Keode (e,
We note that the horospherical Cauchy transform is a G-equivariant continuous map

LNX) = OEs), [ ]

Remark 5.2. (a) The horospherical Cauchy kernel K is tied to the geometry of the minimal cone
Q: there is no larger Wy-invariant open convex cone {2 such that K would be holomorphic on

G exp(§2)-&p (this follows from Lemma 5.1 and (1.2)). In this context we wish to point the difference
to the results of §4 which are valid for a wider class of convex cones (cf. Remark 4.12).

(b) For each A € Ag and £ € = consider the complex hypersurface
LNE) ={z€ Xc |an(E ) —1 =0}

in X¢. Their intersection is E(£) and they do not intersect X. The singular set of the horospherical
Cauchy kernel is the union of the m hypersurfaces L(w;, A) and the edge of this set is just E(§).
This means that if f is a boundary value of a holomorphic function on D, , then f is a residue on

E(E).

The horospherical Cauchy transform can be decomposed into its constituents associated to the
elements A € A~q. More precisely, for A € A~g and f € L'(X), let us define ), € O(Z,) by

A©) = [ f@)-an(ea) do.
We call the map A — f)\ € O(E4) the spherical holomorphic Fourier transform of f.

LEMMA 5.3. The following assertions hold.

(i) Let U C Ay be a compact subset. The series

> an(€) ((€Ey)

)\EA>()
converges uniformly on GU - &y C ...

(ii) For all £ € E4, one has

)\EA>()
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Proof. Uniform convergence on GU - &, is immediate from Corollary 4.6 and Lemma 5.1. Summing
up the geometric series, one obtains

Z aH(é._l))\ - Z Z aH(é‘_l)klwl-i-"'—i-kmwm

AEASq ki==kpm_1=0km=1

_ (% - 1) K
\1—ag (& Hem YL 1 —ay(Et)w
1

(1) m =1
= K(&)- R

We conclude from Lemma 5.3 that the horospherical Cauchy transform of a function f € L'(X)
can be decomposed as R R
F=> h

)\EA>()
with the right-hand side converging uniformly on compacta.

Remark 5.4. We wish to point out that the horospherical Cauchy kernel is a product of geometrical
and not functional analytic reasoning. We emphasize that, in general, not all parameters A € A<
in the decomposition of the horospherical Cauchy kernel correspond to unitarizable lowest weight
modules (see Remark 5.6 below for a more detailed discussion).

5.2 Holomorphic Fourier transform on lowest weight representations

The objective of this section is to give a more detailed discussion of the holomorphic Fourier trans-
form for functions f € L?(X) that are contained in lowest weight module.

To begin with, we collect some material on spherical unitary lowest weight representations.
A reasonable source might be the overview article [KOO03].

Let (mx, H)) be a non-trivial H-spherical unitary lowest weight representation of G. As before
we denote by vy a normalized lowest weight vector. Write vy for the unique H-fixed distribution
vector that satisfies (vy,vg) = 1.

We record the fundamental identity
ap () = (ma(x)vE, v)) (x € X), (5.1)
which allows us to link our geometric discussion in §4 with representation theory.

Remark 5.5. 1t follows from Corollary 4.9 that a?{ admits a holomorphic extension to the minimal
tube D_. Traditionally this fact was explained via (5.1) in the context of holomorphic extension
of unitary lowest weight modules (see [Nee99]). We wish to point out that Corollary 4.9 asserts
more, namely that a}‘{| p_ is bounded by 1. In addition, Corollary 4.9 is more geometric, that is,
not restricted to unitary parameters .

Pairing the G-module of smooth vectors HS® with vy yields the G-equivariant embedding
L H — C®(X), v (xz— (m(z7 o, vg)). (5.2)

We say that 7 is X-square integrable if there exists a constant ds(\) > 0, the spherical formal
dimension (cf. [Kro01]), such that \/d4()\) - ¢ extends to an isometric map Hy — L?(X).

X-square integrable parameters A are characterized by the condition [O091]
(A=p,a) >0 forallae A}, (5.3)
Here p = % Y oacat Mo with mg, = dimc gg.
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Likewise we say that 7y is X -integrable if L(HE_ﬁn) C L'(X). Integrability is described by the
inequality
(A=2p,a) >0 foralla€ A} (5.4)

The set of parameters A € A~ that satisfy condition (5.4) (respectively (5.3)) are denoted by
Ay (respectively As). Note that Ay C As.

Remark 5.6. We discuss the lattice Asg with regard to A; and As. One recognizes a strong depen-
dence on the multiplicities m, which we exemplify for three basic cases below. Recall that elements
A € Ao are described by A = 37" | Niw; with A; € Z>( and Ay, > 0. In addition, let us keep in mind
that conditions (5.3) and (5.4) are equivalent to (A — p, ayn) > 0 and (A — 2p, ayy,) > 0, respectively.

The equal rank case. In this situation one has t = ¢ and m,, = 1 for all a. Thus, p = %Z;’;l wj
and therefore A — p = 37 (A; — 3)w;. In particular, (A — p, o) = (um, @) (A — 3) and thus
A~g C Ay as A\, > 1 for elements A € Asy.

The group case. In this situation one has mq = 2 for all & and so p = 31" | w;. Accordingly we
obtain (A — p, ) = (U, @) (A, — 1). Tt follows that A~ parameterizes the holomorphic discrete
series and their limits; in particular, Ay C A<p.

The rank one case. Here one has A~og = Z~¢-w and p = (my/2)a. Thus, Ay = (Zso + [ma/2])w
and Ay C A5 with equality precisely for m, = 1, that is, g = sl(2,R).

For A € Ag, we set L?(X)y = t(H,y).

LEMMA 5.7. Let \,u € Ay. Fix v € H, and define f(x) = (m\(z~1)v,vy) € L*(X)y. Then for all
& € Z,, the function
X—C, zw flx)ag(E 'z

is integrable and

_ oA =
/Xf(a;)aH(g Loy de = ds(i) (v, TA(&)vr). (5.5)

Here

vy = a ma(g)vy € Hy foréE =ga-&,ge Gandac Al
Proof. Fix £ € 2. Holomorphic extension of (5.1) yields

ag(§19)" = (malg)vi, ma(§)va)

for all g € G and ¢ € Z,. It follows that x +— ay (¢ 1x)H is square integrable on X. Thus, z
f(x)ag (6~ 1x)* is integrable. Finally, we apply Schur-orthogonality (cf. [Kro01, Proposition 3.2])
and obtain

/f(a:)aH(E_la:)“da::/<7r>\(:13_1)v,v%})(wu(a})vl‘fl,wu(g)vwda:
X X

- /x<7TA($_1)v,v?z)@fu(ﬂ?‘l)ﬂu@)%U?ﬁ dz

= d(:lzi\) (v, A (E)va). O

For A € Ay let us write L'(X), for the closure of L(HE_ﬁn) in L1(X). The following lemma can
be understood as an L'-version of Schur-orthogonality for the Cauchy transform.

LEMMA 5.8. Let A € Ay. Then
F=/f forall feLY(X),.
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Proof. Fix f € L'(X),. We have to show that ]?“ =0 for all p € Aso\{A\}. For p € Ay this is a
consequence of Lemma 5.7. Therefore, we may assume that pu € A~g\Ag. This means that condition
(5.3) is violated, which we express as

(1t~ p, i) < 0. (5.6)
We now show that

]?u(f) = /X f(m)aH(f_lx)” dr =0 forall £ €Z,.

The above equation has boundary values on G/M C 0=, and it will be sufficient to prove that

fu(gM) = /X f(z)ag(glz)*de =0 forall g€ G.

We compute

o~

fu(gM):/Xf(!E)aH(g_laz)”da:
=/ﬂwmmww
X

_ /T /X Ftgw)am (t2)" dx dt

_ /X < /T t“f(tgm)dt)aH(x)“dx.

To arrive at a contradiction, suppose that fT th f(tgx)dt # 0. This can only happen if y belongs
to the T-weight spectrum of 7). Now the T-weights of 7y are contained in A + Z>[AT]. Thus,
i = X+ for some v € AT. However, then

(N — P, am> = <)‘ 2 am> + (77 am>'

Observe that both summands on the right-hand side are positive, the desired contradiction to
(5.6). O

Remark 5.9 (Analytic continuation). Let A € Ay and f € LY(X)y N L} X)\. Write f(z) =
(mx(z71)v,vy) for some v € Hy. Then Lemmas 5.7 and 5.8 imply that

fie) = 75

Clearly, the right-hand side makes sense for all v € H) and all X-square integrable parameters
A € Ay. We now explain how passing to parameters A € Ay in (5.7) has a natural explanation in
terms of analytic continuation. For this, let G denote the universal cover of G. Write Ay, Ay for the
sets of G-integral parameters that satisfy (5.4), (5.3), respectively. Clearly Aig C /~X1,2. The effect
of passing to the universal cover is that the parameter spaces involved become continuous in the
central variable, that is, there exists constants 0 < ¢y < ¢ such that

(v, mA(&)v)- (5.7)

Ailrz, = ler,00[ - (amlrz,) and  Aglrz, = Jea, 00[ - (umlrz,)-
By the concrete formula for ds()) from [Kro01, Theorem 4.15], we know that A — ds(\) is a mero-
morphic function on af, that is positive on Ay. Now, familiar techniques show that the assignment

Ros A ﬁ@’“@”” eC

becomes analytic in the central variable (the Shapovalov form is polynomial in A and it is explained
in [Kro99] how to make consistent analytic choices for v and vy in dependence of the central
coordinate of \).
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Motivated by Remark 5.9, we define the horospherical Cauchy transform for functions f €
Lz(X))\, A€ Ny by

= h.

5.3 Hyperfunctions and generalized matrix coefficients

In order to discuss the horospherical Cauchy transform and its inverse in a more comprehensive
way, we need some results on the analytic continuation of generalized matrix coefficients of lowest
weight representations. Proofs of the facts cited below can be found in [KNO97].

Let (7, H) be a unitary lowest weight representation of G. Write H* and H~“ for the associated
G-modules of analytic and hyperfunction vectors, respectively. The nature of the T-spectrum of
7 shows that 7|7 extends holomorphically to 7_. Moreover, the so-obtained self-adjoint operators
m(a), a € A_, are of trace class and strongly mollifying, that is,

m@H ™ CHY (a€ A). (5.8)

Assume that 7 is H-spherical and denote by vy the (up to scalar) unique H-fixed distribution
vector. Let v € H™ be a hyperfunction vector. We wish to interpret the generalized matrix coeffi-
cient f(z) = (m(z~!)v,vy) as a generalized function on X = G/H. It follows essentially from (5.8)
that the prescription

f(ga - x0) = (n(g Hm(a Y Yv,vg) forge Gandae A, (5.9)

defines a holomorphic function on D4 = GAy -xo. The minimal tube D4 has X as an edge and this
allows us to interpret f as the boundary value of f. Henceforth, we identify f with the holomorphic
function f.

Suppose that H C L%(X), that is, 7 = 7y with A € Ay and H = L?*(X),. We now show how
the horospherical Cauchy transform restricted to L?(X), can be extended to L*(X)y* C O(Dy).
In other words for £ € 2, we wish to give meaning to

/f Jar(§ ) d
—/X<7r(a: Yo, vp)ay (€7 1z) de

as a holomorphic function on =Z. Express £ as £ = ga - § with ¢ € G and a € A,. By the usual
holomorphic change of variables, one obtains that

/f z)ag(a g e) de
- / r(aYYr(gYm(a Yo, vi)an (@) d(z).
X

Now the last expression is well defined by (5.8). Of course, one has
~ 1

by the same argument as in Lemma 5.7. Thus, we have shown that the horospherical Cauchy
transform on L?(X), extends to a G-equivariant continuous map

L3(X)1¥ — O(E4)x.

(m(a™")m(g™ v, vp) (5.10)

We conclude this section with a conjecture related to the holomorphic intertwining of O(D.)
and O(Z4). It can be seen as a holomorphic analogue of Helgason’s conjecture (actually a theorem
by [KKMOOTT78]).
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In order to state the conjecture, some new terminology is needed. Let us call a holomorphic
function f on =, bounded away from the boundary if its restriction to g7, a is bounded for all
choices of g € G and a € A;. We denote by Oy 1. (D4 ) the space of all holomorphic functions on
=4 that are bounded away from the boundary. Note that Oy, ,1.(D4) is a closed G-subspace of the
Fréchet space O(D.).

CONJECTURE 1. Let D(X) be the algebra of G-invariant differential operators on X. Naturally, we
can view ID(X) as holomorphic differential operators on X¢. Write O(D4.)) for the common holo-
morphic D(X)-eigenfunctions on D with infinitesimal character A — p. Let A € Ay. We conjecture
that

Op.an.(Di)y = L (X),“. (5.11)

Note that the inclusion ‘D’ is clear by (5.8).

We have already remarked that O(Z1)y ~ H,“ (see [KNO97]). Hence, our conjectured equality
means that the horospherical Cauchy transform induces an intertwining isomorphism Oy, 5 (D4 )\ —

O(Z4 ).

It is also an interesting problem to formulate (and prove) the conjecture for other parameters.

Remark 5.10. We illustrate Conjecture 1 for the one-sheeted hyperboloid X = S1(2,R)/SO(1,1). Fix
A € 27~y = Ay and denote by H) (respectively H_ ) the lowest (respectively highest) weight module
of G = SI(2,R) with lowest (respectively highest) weight A (respectively —\). Denote by V)_o the
finite-dimensional G-module of highest weight A — 2. Write C*°(X), for the D(X)-eigenspace with
eigenvalue A — 1. Then,

C®(X)aA 2 HY & HS, & Vo,
Now, the functions of HT extend holomorphically to D4 but not beyond, whereas the functions of

Vi—2 extend holomorphically to all of X¢. One deduces that O(D, )\ = H,“ @ Vy_s. Finally, the
holomorphic functions in V)_s grow exponentially at infinity and hence are not bounded away from
the boundary. Thus, Oy 1. (Dy )y = LQ(X))_\“ as conjectured.

5.4 Inversion of the horospherical Cauchy transform

To begin with we first have to explain certain facts on incidence geometry between the Shilov
boundary X of D, and the boundary piece G/M of =,.

We keep in mind that we realized G/M in the boundary of 2, by G/M ~ G - &, C 0=,..
Recall the orbits S(z) C E from (2.3). For a point © € X we define the real form of S(z) by
Sr(z) = S(z) NG/M.

In view of the incidence relation (2.4), one has
Sr(z) ={§ € G/M |{ € S(x)} ={ € G/M |z € E(§)}.

LEMMA 5.11. Let x =g -z € X, g € G. Then,

Sr(x) =gH -&§ ~ H/M.
Proof. First note that for x = g - o with g € G one has Sg(z) = g - Sr(x¢). Hence, it suffices to
show that

Sr(xo) =H -&§ ~ H/M.
Let £ € Sr(zp) and write £ = y - & for some y € G. We have to show that y € H and that y
is uniquely determined modulo M. First observe that £ € S(xp) means yN¢ C HcNe and so

y € HeNec N G. Now HeNe NG = H implies y € H. Finally, uniqueness modulo M is immediate
from Lemma 2.2. O
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It is possible to view the boundary orbits Sg(z) as certain limits. For z = ga-x¢ € D we define
Sr(z) = gaH - & ~ H/M.
We note that Sg(z) C =4 by (4.10). Furthermore, there is the obvious limit relation

AJ;T_)I Sr(ga - §) = Sr(g - 70).

Write d.(€) for the measure on Sg(z) that is induced from a Haar measure d(hM) on H/M via
the identification Sgr(z) ~ H/M. Define the space of fiber integrable holomorphic functions on =
by

O (E) = {¢ cOE,)

Dy>z— lp(&)|d. (&) is locally bounded}.
Sr(z)

For a function ¢ € Or; (1) we define its inverse horospherical transform ¢V € O(D,) by
()= [ #Od©O  (zeDi),
Sr(z)

We note that
Ori(E4) = O(Dy), ¢ 0"
is a G-equivariant continuous map.

Finally, we define a subset A. C Ag of large parameters by
Ac={AeAy | Vae Al) (A= p) (&) >2—mu}.

The inversion formula for the horospherical Cauchy transform is based on the following key
result.

LEMMA 5.12. Let A € A,. Let f € L*(X); C O(Dy). Then f € O;;(Ey) and
f(2) = d() - / F©)d.(6) (D). (5.12)
Sr(z)

In other words, f = d()\) - (f)V.

Proof. Let f(ga-&) = (mx(a ")ma(g~!)v,vy) for some v € H;*. Then by (5.10)

fle) = @@m(s)m.

As A € A, [Kro01, Theorems 2.16 and 3.6] imply that

4
/H A dan = T

with the left-hand side understood as a convergent ) “-valued integral.

Thus, with z = ga - x¢ one obtains that

~ B 1 (oD (oo ;
/SR(Z) Fie) . >—/H/M o @ mla e ma o) (k)

1

:@-f(z),

completing the proof of the lemma. ]
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Remark 5.13. If A € A)\A. and 0 # f € L*(X),*, then the integral fSR(Z) f(&) d.(§) does not
converge. However, using the results from [Kro0Ol] it can be shown that the identity (5.12) can
be analytically continued (cf. Remark 5.9) to all A € Ag. Henceforth, we understand (5.12) as an
identity valid for all A € As.

The formal dimension d()) is a polynomial in A, explicitly given by [Har56]
) =c- [T A~ p(0),0) (513)
aext
with ¢ € R a constant depending on the normalization of measures.

The right action of 7' on Z; induces an identification of U(tc) with G-invariant differential
operators on Z1. As usual we identify U(tc) with polynomial functions on tf. In this way, d(\)
corresponds to a G-invariant differential operator £ on = that acts along the fibers of =, — F
and has constant coefficients in logarithmic coordinates. In particular,

Lo=dN)-¢ (¢ €OEN)
Combining this fact with (5.12) we obtain the main result of this paper.

THEOREM 5.14. Let f € Y\, L*(X)¥ € O(Dy ). Then

f=(LH"

6. Example of the hyperboloid of one sheet

This section is devoted to the discussion of the case G = SI(2,R) and H = SO(1,1). Note that
G/H ~ SO¢(2,1)/SO¢(1,1). For what follows, it is inconsequential to assume that G = SO.(2,1)
and H = SO(1,1) although the universal complexification of G = SO,(2, 1) is not simply connected.

The map

1
G/H—-R* gH~—g-|0
0

identifies X = G/H with the one-sheeted hyperboloid
X = {.'1}' = (.’1}'1,.’1}‘2,{1}‘3)T S R3 ‘ .’1}'% +.Z’% — J}g = 1}

The base point 2 becomes (1,0,0)". Let us define a complex bilinear pairing on C3 by

Z1 w1
(z,w) = z1w1 + zowg — 23wy for z = |2z9|, w= |wy| € C3.
z3 w3

If we set A(z) = (z,2) for z € C3, then X = {2 € R3 | A(z) = 1}. Further, one has G¢ =
SO(2,1;C) ~SO(3,C) and Hc = SO(1,1;C) ~ SO(2,C). Clearly

Xc :Gc/H(C = {Z € c3 | A(z) = 1}.

Our choice of T" will be

cosf sinf 0
T=K= —sinf cosf 0| |0 €R
0 0 1
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In particular, a = RUy where

0 2 0
Uy=|—i 0 0
0 0 0
and A = A, = {a, —a} with a(Up) = 1. If we demand that « be the positive root, then
- ) ) -
- i
2
_ 2 2
Ne = T N €C
2
| iz z Iy

The homogeneous space G¢/Mc Nc naturally identifies with the isotropic vectors Z = {¢ € C3\{0} |
A(¢) = 0} via the Gc-equivariant map

1
Gc/McNec — =, gMcNc— g-( where (o= |—i
0

The correspondence between elements of ( € = and horospheres on X¢ is explicitly given by
(= E() ={z € Xc|(z¢) =1}
Elements ¢ € Z can be expressed as ( = & +in with &, € R?\{0} subject to
A(§) =A(n) and (§,n) = 0.
A simple computation yields
Er={C=8+ineE|A(() =AM >1}
and
Dy ={z=z+1y € Xc | A(z) > 1}.
Next we compute the kernel function.
LEMMA 6.1. For all z € X¢ and ( € = one has
ap(¢12) 7% = (2,¢).
Proof. We first show that

an(g)~" = (g-0,C0) (g9 € Gc). (6.1)
Observe that both sides are holomorphic functions on G¢ that are left Nc-invariant and right Hc-
invariant. Thus, it is enough to test with elements a € Ac. Then ag(a)™® = a~*. On the other

hand for
cosf sinf O
a= |—sinf cosf 0
0 0 1

with 6 € C, we specifically obtain

cos 6 1

(a-wo,C0>:< —sin@|, |—1 >:cosl9+isin9:a_°‘.
0 0

This proves (6.1).
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It is now easy to prove the asserted statement of the lemma. For this, write { = g - {p and
z =1y -xg for g,y € Ge. Then, (6.1) implies that

ap(¢12) " =an(g™'y) " = (g7 'y - 20,¢0) = (y- 20,9 - Co) = (2, ). O
We observe that A~g = Ao = Z~( - a. Hence, Lemma 6.1 implies that the horospherical Cauchy
kernel is
1 1 —
K(¢) = (CE€E).

ag(C7)7 =1 (¢z0) — 1
The horospherical Cauchy transform for f € L'(X) is given by
n f(x) -
f(¢) = / ————dxr (€=
with dz the invariant measure on the hyperboloid X. Finally, we discuss inversion. Let the inner

product on a be normalized such that (a,«a) = 1 and identify R with a* by means of the bijection
R 3> A— A € a*. Then, Asg =Z~p and d(\) = X — % An easy calculation gives

Lo 1
L= ; Gae "3
For f € Y ,.oL*(X)}¥ C O(D.) the inversion formula reads
21 — z'2 cosht — i% sinh ¢
. r r
f(z) = /Oo(ﬁf) 29 + z% cosht — z% sinht | dt,

zg3 —irsinht

where r = \/zf + z%
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