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COEFFICIENT ESTIMATES FOR
ALPHA-SPIRAL FUNCTIONS

B.L. BHATIA AND S, RAJUASEKARAN

(o]
Let f(z) =z + Z anzn belong to the class of o-spiral
n=k+L
functions of order p(|a] < m/2, 0 < p < 1) . In this paper, we

determine sharp coefficient estimates for functions of the form

f(z)t , where t is a positive integer. We also study the
influence of the second coefficient on the other coefficients for
such functions. The results obtained not only generalize the
results of MacGregor, Boyd, Srivastava, Silverman and Silvia and

others, but also give rise to new results.

1. Introduction

Let S(a, p) denote the class of functions f(z) analytic in the
wnit dise U = {z : |z| <1} such that f(0) =0, f£'(0) =1 and

satisfying
s 1
(1.1) Re{eza zf(ij)} > p cos a
where o and p are real numbers (|a| < 7/2, 0 < p<1) . The power

series representation for f(z) is

(-]

(1.2) flz) =2 + Y a s

n=2

n
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S(a, 0) is the class of Q-spiral functions and it was shown by Spacek [6]
that such functions are univalent in U . 1In [3] Libera proved that if
f € 5(a, p) , then

n-2

-0
(1.3) la, | =TT 12(1-g)<;(oflae . tor n 2, 3,

holds, and that equality occurs for the function

2
(1_2)2(1—p)cosaexp(—ia) ’

flz) =

S(a, p) contains the class of starlike functions also. In
particular, S(0, p) is the class of functions that are starlike of order
p in U , denoted by St(p) , and S(0, 0) is the class of normalized
starlike functions, denoted by St .

MacGregor [4] obtained upperbounds for the moduli of the coefficients

of a starlike function whose power series representation in U 1is of the

form
(1.4) flz) =3+ Y axz"
n=k+1

Boyd [7] and Srivastava [7] extended MacGregor's result to the class of
starlike functions of order p (0 = p < 1) and O-spiral functions of
order P respectively. Recently Silverman and Silvia [5] studied how the
modulus of the second coefficient in the power series expansion (1.2)
influences the growth of other coefficients for starlike, convex and close-

to-convex functions.

In Section 2 of the present paper, we determine sharp coefficient
estimates for the class S(a, p) of O-spiral functions of order 0 whose

power series representation is of the form

(o]
f(z)t = 2% 4 Y a’(it)zn .
n=t+k
In Section 3, the influence of the modulus of the second coefficient on the

other coefficients in the power series

f(z)t=zt+ Y a(t)zn
n=t+l n
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for functions in the class S(a, p) is studied. The results thus obtained
refine and generalize the corresponding results of MacGregor [4], Boyd (1],

Libera [3), Srivastava [7], Silverman and Silvia [5] and others.

2. Coefficient estimates

o

THEOREM 1. Suppose f(z) =2z + % anzn € S(a, p) and for the
n=k+1

integral t Z 1 let

f(z)t =t . T a(t)zn ;

n=t+k
then
(6)| o mk T [l(2t/k)(l—p)cosae_iuijl]
(2.1) %y “n-t;[:g 4L,

where mk+t = n = t+(m¥l)k-1, m a positive integer. The estimates are
sharp for n=mk + t .

We need the following lemmas.

LEMMA 1. If k, t and q are positive integers, then for
0=p<1l , we have

( -1 1 -ia, 2\
(2.2) ht(l—p)coszait(l-p) . %z (mk+t(l—p))E?:T [(2t/k)(1-p) cosce tl{] ?

\ Fl '=0 J+l )
=% -ia 2
= (qk)2EI—T &t/k)(l-g.)éosde +.7|] .
7=0 J
This can be easily proved by induction on g .
LEMMA 2. If k=l, 29 . s q=1, 2, se s ,and Ofp<l,then
23 (n-t)° = (qk)z(n— £) for n = t+qk

Proof of Theorem 1. Let

e 2(f(2)t)  ia 2f'(a)
= TLE ¢ Tf=

g(z) =
flz)® f(z)

Define
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ia i
(2.4) w(z) = g(i):;e =y wnzn .
g(z)+e -2pcosa n=k
Since Re g(2) > p cos o , we have |w(2)| <1 in [2] <1 . Equating the

coefficients of the same powers on both sides of the equation

eia[:z [f(z)t) ’_tf(z)t] = Eeiaz(f(z)t) '+(e_ﬁa-2p cos a) tf(z)t]w(z)

or
. o .
(2.5) &% ¥ (n-t)a D"
n=t+k
- n t - ia 1o (t) n
= Z w 2 2t(1-p) cos a3 + Z (ne +t(e -2p cos a])a z ,
n=k n=t+k n
we obtain the relations
(2.6) eia\)a(t) = 2t(1-p) cos aw,_ for Vv =k, k+1 2k-1
. N Y . s e ]
Since |w(z)| <1 , we have Y Iwn|2 <1 and therefore
n=k
2k-1 5
(2.7) Y ofw, | =1
n=k
From (2.6) and (2.7) we obtain
2k-1 2
(2.8) y NG a\()i): < lJd;z(l—p)2 cos® o .
v=k
We rewrite (2.5) in the form
(2.9) E: eta(n—t)a(t)zn + ¥ 4
n=t+k n n=p+l "
( t pk 10 -ia (t) n
= m(z)ﬁ2t(1—p) cos az” + ¥ [ne"*+t{e” "-2p cos a)]an 3} -
L n=t+k

Since (2.9) has the form F(z) = w(z)G(z) , where |w(z)| <1 , it follows
that

27 - 27 .
1 2 1 2
(2.10) = [o [P(re*®) |%dp < 3= Jo |o(re®®) |%do
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for each r (0 < r < 1) . Expressing (2.10) in terms of the coefficients

in (2.9) we get

2 (o]
(2.11) §: (n—t)glaflt)lpzn+ > Idnlgrzn

n=t+k n=p+1
p-k . L 2
= htz(l-p)2 cos® ar? + Y Inela+t(e "% _2p cos a)lgiait)l .
n=t+k
In particular (2.11) implies
p 2
(2.12) ¥ (n—t)ziaﬁlt)lrzn
Cn=t+k
p-k , s 2
< 442(1-p) Zc0s® ar? + Y |ne"%t{e™-2p cos a)|2 a;t)l =~ .
n=t+k

By letting » + 1 in (2.12), we conclude that

213 (n-t)2|a§f)|2

n=t+k
2 2 2 K i0 ¢ -i0 2 (1:)|2
< bt°(1-p)° cos” o+ Y |ne"+t(eT 720 cos o) |“|a .
n=t+k n
This inequality is equivalent to
2
) 5 ()2 a(t)‘
n=p-k+1 7
p=k 2)
< 4£(1-p) cos? a{t(l-p) + S (n-pt) a(t)l .
L n=t+k n
By an inductive argument we will prove the inequalities
4+ (m+l ) k-1 2 m-1 NG
(2.15a) ¥ (n-t)? a7(1t) < (mk)? -I—I-L(Zt/k)(l—gii:osae +,7|} i
n=t+mk J=0 J i
t+(m+1)k-1 () 2
(2.15b) y (n-pt) a, l
n=t+mk

-l ligﬁ/k)(l—p)cosae-iaﬁil
< (mk+t(1-p)) l'jo )

for m=1, 2,
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t+2k-1
For m= 1, (2.15a) gives Y
n=t+k

which is true by (2.8). Thus (2.15a) is valid for m
(2.15b) for m=1 by using Lemma 2 and (2.8) as follows:

4£2(1-p)° cos® a

1A

(t)|

1l . We can prove

t+%%-1 ooty | ® 2 gat(1op) P*E Planpt) a(t)lz
K n - 2 K k+t(1-p)
n=t+k k n=t+k
t+2k-1 2
< k+t(é—p) Y (net)? a(t)‘
k n=t+k n

< (k+t(1 p))lk (1-p) cos oe ux‘

Now suppose that (2.15a) and (2.15b) hold for m =1, 2, ..., g-1 . Using

(2.14) with p = ¢ - 1 + (g+1)k and the inductive hypothesis concerning
(2.15b), we obtain the inequalities

t+(g+1)k-1 2

L 2]

Tl:‘t‘l-qk n
t+qk-1 2

= L4£(1-p) cos® a{t(l—p) + Y a(t)i }
n=t+k n

5 g-1 t+(m+1)k-1

= 4t(1-p) cos” oft(1-p) + 3 Y (n-pt)

m=1 n=t+mk

A

2 5 =L | (ot /k)(1-p) coste™® +-ﬂ2
Ut(1-p) cos” of{t(1l-p) + 2 (mk+t(1-p)) '|—]' JUfos J_l
m=1 =0

. 2

-1 -ia

(qk)zl:i [ l(2t/k)(l—§4)§osae +Jl:] , by using Lemma 1.
J=0

This last sequence of inequalities implies (2.15a) where m =gq .
Continuing our argument, we use Lemma 2 and (2.15a) with m = q¢ to deduce

(2.15b) for m =g as follows:
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t+(g+1)k-1 (moot) a(t)lz - gk+t(1-p) t+(q~§)k-1 (gk)z(n_pt) a(t)Iz
netigi n (qk)z n=tegk qk+t{1-p) n
< geotiog) ORI el o)
(gk)2  n=tiqk g

IA

L J+l

. 2
(qk+t(l-p)) E-:]r 1 (2t /k) (l-p)cosae_taﬁjq

This completes the proof of (2.15a) and (2.15b). The theorem follows from
(2.15a).

The result is sharp for n=mk + ¢t , m=1, 2, ... , for the

function

2
(l_zk)2(1—p)cosaexp(~ia)/k

f(25 =

Putting ¢ =1 in the theorem, we get the following result due to
Srivastava [7] which in turn leads to Boyd's result [1] for o =0 ,
MacGregor's result [4] for a =0, p =0 , and Zamorski's result [§] for
p=0 and k=1 .

0

COROLLARY 1. If flz) =z + Y a2z €sla, p) , then
n=k+1 "

5

Jk+2(l—p)cosza1

k ?:% [j + 2(l—g£cos2a]{l + [2g1_9)cosasina]2}

la, | = Gy e

where mk+l <n <{ml)k, m=1, 2, 3, ...

The following coefficient estimates for X-fold symmetric functions
follow immediately from the above theorem. The corresponding result for
starlike functions obtained from the following corollary for o = 0 , was
obtained by Goluzin [2].

mk+1,

COROLLARY 2. If f(z) =2z + ”gi a s1® € S(a, p) , then

1 ™1 ia
(2.16) la gl Sar 1T

J=0

. . 2(1-p)cosae”
J + k

Equality in (2.16) occurs for
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z
(l_zk)z(l-p)cosaexp(—ia)/k :

flz) =
For k =1 , the estimate in (2.16) is the same as (1.3). For k =2 ,

this result asserts that the coefficients of odd a-spiral functions of

order p satisfy the inequality
| = AL-‘ } (1-p) cos ae_ia+'| £ =1, 2
02m+l =5 . p J or m » 2,
3. Fixed coefficient results

We denote by Sp(a, p) the subclass of S{a, p) for which the

modulus of the second coefficient is p .

THEOREM 2. Suppose f(z) =z + Y anzn € 5(a, p) and for integral

7i=2

t=21 let
t_ t - (t)n
flz)" =2"+ Y a 'z ;

n=t+l1
then
(3.1) a(t) < [ l4p i } nilfp [l2t(l—p)gosae_za+j|}

n 2t(1-p)cosae~ %41} j=0 g+l
(n = t+2, t+3, ...)

7 ()] _ =
where |a, 1| = p(t) = p (say).

Proof. From (2.14), putting k = 1 , we have

2
(3.2) (t)‘ EQM’—S—“ Z [k-t+t(1—p)]‘a£t)l
(n- t) k=t
for n=t1t+1, t+2, ... . For nm =1t + 1 , we have
aiii =p = |2t(l—p) cos oe”*%

and hence (3.2) can be rewritten as follows:
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(t) |2
(3.3) a, |
b (1-p) cos o ra , "l ()2
= 5 -p)+(1+¢(1-p))p" + ) [k-t+t(1-p)]|qy .
(n-t) k=t+2 |

For n=t + 2, (3.3) gives

2 < ht(l—p)cosea

a(t) 2 {t(l_p)+(1+t(l-9))P2}
(t+2-t)

t+2

< hta(l-p)zcosza(1+p)2
(t+2-t)°

if t(1-p) + (1+£(1-p))p° = t(1-p)(1+p)2 , vhich is true. Hence (3.1)
holds for n =1 + 2 .

Now assume (3.1) is true for n = t+2, t+3, ..., (m-1) . We can

easily prove the following result by induction on m :

> m=1 (t) 2
(3.4) t(1-p) + (1+t(1-p))p° + ¥  [k-t+t(1-p)] a
k=t+2

; 2
m-1 -10
= t(l-p)(l+p)2 TT |2t(1-p)czi:e +k—t |
ll<=t+2

for m = t+3, t+4, .

Writing (3.3) for 7 =m and using (3.4), we have

2 2 m=-1 2
|a;t)! = EEL;:glggg_g {t(l~p)+(1+t(l—p))P2 + Y [k-t+t(1-p)] ait)l }
(m-t) k=t+2

1A

(m—t)2 =t+2

. 2
{ (14p) ?:% [th(l-p)cosde_La+k—tl)
|2t(1-p)cosoe %41 | |k=t k-t+1

and the result follows.

. 2
htz(l—p)zcosza ?:% lEt(l—p)cosde_ta+k1§l
X k-t

Putting o =0 and ¢t =1 , we get the following result due to
Silverman and Silvia (5].
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COROLLARY 2.1. If flz) =z+ Y anzn € Stp(p) , then
n=2

A

la, |

n
1+p _ _ _
{3-29) [,1:1 (k 2")]/(” 11 (n=3,4, ...).

The following result for K-fold symmetric functions can be obtained
by a proof similar to that used in Theorem 2.

mk+1

THEOREM 3. Suppose f(z) =2 + 3 a r1? € S(a, p) and for

m=1
integral t 21 let

o

t _ _t (t) mk+t
flz)" =27 + @k t?
m=1
then
28 | < 14p T [l(ztu-p)cqsae‘”/khjl)
mk+t |(2t(l-p)cosae_7'a/k)+l| Jj=0 UASS
(m=2, 3,
(2)] _
where lak+t| =p .
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