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COEFFICIENT ESTIMATES FOR
ALPHA-SPIRAL FUNCTIONS

B.L. BHATIA AND S. RAJASEKARAN

Let f(z) = z + Y. a z belong to the class of a-spiral
n=k+l n

functions of order p( |a | < TT/2, 0 5 p < l) . In this paper, we

determine sharp coefficient estimates for functions of the form

f{z) , where t is a positive integer. We also study the

influence of the second coefficient on the other coefficients for

such functions. The results obtained not only generalize the

results of MacGregor, Boyd, Srivastava, Si Iverman and Silvia and

others, but also give rise to new results .

1. Introduction

Let S(a, p) denote the class of functions f(z) analytic in the

unit disc U = {z : \z\ < l} such that f(0) = 0 , f'(0) = 1 and

satisfying

(1.1) Re\eva ZC[Z?\ > p cos a

where a and p are real numbers ( |ot| < TT/2, 0 5 p < l ) . The power

series representation for f{z) is

(1.2) f(z) = z + £
M=2
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S(ct, 0) is the class of a-spiral functions and i t was shown by ?pacek [6]

that such functions are univalent in U . In [3] Libera proved that if

f € S(a, p) , then

(1.3) l a J l T

holds, and that equality occurs for the function

• ^ ( s ) = ,.. ,2(l-p)cosaexp(-£a) #

5(a, p) contains the class of starlike functions also. In

particular, S(0, p) is the class of functions that are starlike of order

p in U , denoted by St{p) , and 5(0, 0) is the class of normalized

starlike functions, denoted by St .

MacGregor [4] obtained upperbounds for the moduli of the coefficients

of a starlike function whose power series representation in U is of the

form

00

(1.10 f(s) = z + I a zn .
n=k+l n

Boyd [7] and Srivastava [7] extended MacGregor's result to the class of

starl ike functions of order p (0 J p < l) and a-spiral functions of

order P respectively. Recently Silverman and Silvia [5] studied how the

modulus of the second coefficient in the power series expansion (1.2)

influences the growth of other coefficients for s tar l ike, convex and close-

to-convex functions.

In Section 2 of the present paper, we determine sharp coefficient

estimates for the class S{a, p) of ouspiral functions of order p whose

power series representation is of the form

„. . * t v (*) n

f{z) = z + £ ar, z •
k n

In Section 3, the influence of the modulus of the second coefficient on the

other coefficients in the power series
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for functions in the class S(cx, p) i s s tudied. The resu l t s thus obtained

refine and generalize the corresponding resu l t s of MacGregor [ 4 ] , Boyd [ I ] ,

Libera [ 3 ] , Srivastava [ 7 ] , Silverman and Silvia [5] and o thers .

2. Coefficient estimates

00

THEOREM 1. Suppose f{z) = z + £ a^zn € s(a, p) and for the

integral t - 1 let

AzS = z* + i

then

a z
n=k+l n

< J*_ TT [l(2t/k)(l-p)cosae~
ia

+.7ll
- n-t ' ' I j+1 , J(2.1)

" ' 3=0

where rrk+t - n - t+(m+l)k-l , m a positive integer. The estimates are

sharp for n = mk + t .

We need the following lemmas.

LEMMA 1. If k, t and q are positive integers, then for

0 5 p < l y we have

f 1 F 1 -i ~~l2)
(2.2) '•x/n - i-~-2 'vl-^i -•> - ^ (-i^+t-i - \1 %~r \(2t/k){l-p)cosae va+.i[

"ictt.7n

This can be eas i ly proved by induction on q .

LEMMA 2. If k = x, 2, ... , q = 1 , 2 , . . . , and 0 < p < l , then

Proof of Theorem 1. Let

/(a)

Define
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> a
( 2 . U ) v n

-ia = L V •
-2pcosa n=k

Since Re g(z) > p cos a , we have |w(s) | < 1 in \z\ < 1 . Equating the

coeff ic ients of the same powers on both sides of the equation

/ i
+ ( s - £ a - 2 p cos a)tf{z)%{z)

(2 .5) e i a

n=t+k

f
\2t(l-p) cos as* +

1
cos a))a{t)zn

' n J
we obtain the relations

(2.6) e^va^*] . = 2 i ( i - p ) cos cu for v = k, k+1, ..., 2k-l .

Since < 1 , we have £ |u | 5 1 and therefore
n=k

(2.7)
n=k

From (2.6) and (2.7) we obtain

(2 .8)

We rewri te (2.5) in the form

< l+*2(l-p)2 cos2 a .

(2.9) E e™(n-t)a(t)zn + I d zn

n=t+k n M=p+1

f . P-fe
cos as

n=t+k
(e"ia-2p cos a l l a ^ ^ "

' n

Since (2.9) has the form F{z) = 01(2)0(3) , where |u)(s) | < 1 , i t follows

that

(2.10) ^ j ^ |F(rei(P) 1 ^ 5 ^
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for each r (0 < r < l) . Expressing (2.10) in terms of the coefficients

in (2.9) we get

(2.11)
n=t+k

(n-tV
2n

S U*2(l-p)2 cos2 or2* +

In particular (2.11) implies

\d vI y] t

n=p+l

p-k

2 2n

\ne"%t{e-Va-2Q cos a) ( t ) 2n

(2.12) (n-tV
n=t+k

.(*)

5 Itt2(l-p)2cos2 or2* +

By letting r •* 1 in (2.12), we conclude that

rj.\ 2

a-2p cos a) (*)

(2.13) L (n-t)'
n=t+k

5 Ut2(l-p)2 cos2 a +
p-fc

w=t+k
|netet'a+t(e"t'a+t(e"t'a-2p cos a) | J .(*)

This inequality is equivalent to

2
(2.1U)

n=p-k+l

(t)
n

< Ut(l-p) cos^ aU(l-p) +
n=t+fe

By an inductive argument we will prove the inequalities

2 gjw-1

2

it)2\

(2.15a) X («-*)'
n=t+77jk

.(*)

(2.15b) £ (n-pt)
n=t+mk

-va . I

U=o
for 77! = 1, 2 , ... .
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t+2k-l
For m = 1 , (2.15a) gives (n-t)' .(*) 2 2 2

5 Ut (1-p) cos a ,n=t+k

which i s true by ( 2 . 8 ) . Thus (2.15a) i s val id for m = 1 . We can prove

(2.15b) for m = 1 by using Lemma 2 and (2.8) as follows:

I ' (n-pt)\a{t)

n=t+k ' "

k+t(l-p) t+2k~l , 2

n=t+k

iT(n-pt) .(*)

. t+2fe-l

2 ~ I

y (1-p) cos ae

Now suppose t ha t (2.15a) and (2.15b) hold for m = 1 , 2 , . . . , q-1 . Using

(2.lU) with p = t - 1 + (q+l)k and the inductive hypothesis concerning

(2 .15b) , we obtain the inequal i t i es

t
n=t+qk

f" .»-t)' ,(*>

5 Ut(l-P) cos o
t+qk-i

n=t+k
in-Pt)

= Ut(l-p) cos" at(l-p) +

< Ut(l-p) cos a<t(l-p)

m=l n=t+mk

q-1

.(*)

(n-pt) .(*)

m=l

m-l |(2t/fe)(l-P)cosae -%<x

,7+1
, by using Lemma 1.

This l a s t sequence of inequa l i t i e s implies (2.15a) where m = q .

Continuing our argument, we use Lemma 2 and (2.15a) with m = q to deduce

(2.15b) for m = q as follows:

https://doi.org/10.1017/S0004972700021043 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700021043


Alpha-spiral functions 325

n=t+qk
(n-pt) .(*) < «fc+t( l-p) * + ( ? + l ) * - l («fc) 2 (n-p t ) I (*)

" {f n-hqk <Wl-p) I »

iqk)' n=t+qk

- i 2

Lz=o

This completes the proof of (2.15a) and (2.15b). The theorem follows from

(2.15a).

The result is sharp for n = mk + t , m = 1, 2, . . . , for the

function

IK ' f l k-i2(l-p)cosaexp(-ia)/fc *
\i--z )

Putting t = 1 in the theorem, we get the following result due to

Srivastava [7] which in turn leads to Boyd's result [7] for a = 0 ,

MacGregor's result [4] for a = 0 , p = 0 , and Zamorski's result [S] for

p = 0 and k = 1 .

00

COROLLARY 1. If f{z) = z + £ a zn € S(a , p) ,

m-\

3=0

2 \ , [2(l-p)cosqsina

mk+1 5 n 5 , m = 1, 2, 3, . . . .

The following coefficient estimates for fc-fold symmetric functions

follow immediately from the above theorem. The corresponding result for

starlike functions obtained from the following corollary for a = 0 , was

obtained by Goluzin [2].

COROLLARY 2. If f{z) = a +
m=X

€ S(o, p) , then

m-1
(2.16)

Equality in (2.16) occurs for

ml 1 =

. 2(l-p)cosag
J +

-va
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For k = 1 , the estimate in (2.16) is the same as (1.3). For k = 2 ,
this result asserts that the coefficients of odd a-spiral functions of
order p satisfy the inequality

w-1
\a | < ^ j - T T | d -P) c o s ae~ux+d\ for m = 1, 2, . . . .

,7=0

3. Fixed coefficient results

We denote by 5 (a, p) the subclass of S(a, p) for which the

modulus of the second coefficient is p .

THEOREM 2 . S u p p o s e f ( z ) = z + £ u / f s ( a , p ) a n d f o r i n t e g r a l
n=2 n

t ± 1

yt t
) = z= z + 1 a

M
 z i

then

(3-D ( t )
|2t(l-p)cosote- t a

n-l-t

(n = t + 2 , t + 3 , . . . )

= p( t ) = p (say).

Proof. From (2.1U), putting fc = 1 , we have

(3.2) .(*) Ut(l-p)cos a
, ^ 2

2 n-1 ,(*)

for n = t+1, t+2, . . . . For n = t + 1 , we have

, (*) = p 5 |2t(l-p) cos ae- ^ o t |

and hence (3.2) can be rewritten as follows:
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(3.3) . ( * )

., ttt(l-p)cos a L,
~ / , \ 2 1

For n = t + 2 , (3.3) gives

r ^ 2

2
t+2

itt(l-P)cos a

(t+2-t)2

< Ut2(i-p)2cos2a(l+p)2

(t+2-t)2

if t(l-p) + (l+t(l-p))p2 5 t(l-p)(l+p)2 , which is true. Hence (3.1)

holds for n = t + 2 .

Now assume (3.1) is true for n = t+2, t+3, ..., (m-1) . We can

easily prove the following result by induction on m :

m-1
[3.U) t(l-p) + (l+t(l-P))p2 + Z [fc-t+t(l-p)] .(*)

m-1 l2t(l-p)cosae +k-t\

k=t+2

for m = t+3, t+k

Writing (3-3) for n = m and using (3-1*), we have

k-t

(m-t)

(*)

fe-t

(1+P)

[|2t(l-p)cosae

and the resul t follows.

- ^a

m-l

k-t+i

a+fe_t|1

Putting a = 0 and t = 1 , we get the following resul t due to

Silverman and Silvia [5 ] .
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COROLLARY 2 . 1 . If f(z) = z + £ a zn € st ( p ) , tfiew
n=2 " ^

\an\ s .3-2PJ
(fc-2p) / («- ! ) ! (« = 3, It, . . . ) •

The following result for fe-fold symmetric functions can be obtained

by a proof similar to that used in Theorem 2.

00

THEOREM 3. Suppose f(z) = z + £ a z"*+1 e s{a, p) and for
m=l m L

integral t > l le t

/(«)* - . * ( t ) mfe+t

then

amfe+t
1+P

| (2t(l-p)cosae /

= 2 , 3, . . . )

where = P •
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