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TOPOLOGICAL RINGS OF QUOTIENTS 

WILLIAM SCHELTER 

We investigate here the notion of a topological ring of quotients of a topo
logical ring with respect to an arbitrary Gabriel (idempotent) filter of right 
ideals. We describe the topological ring of quotients first as a subring of the 
algebraic ring of quotients, and then show it is a topological bicommutator of a 
topological injective i^-module. Unlike R. L. Johnson in [6] and F. Eckstein in 
[2] we do not always make the ring an open subring of its ring of quotients. 
This would exclude examples such as C(X), the ring of continuous real-valued 
functions on a compact space, and its ring of quotients as described in Fine, 
Gillman and Lambek [3]. 

Let R be a ring with 1 and Of a Gabriel filter of right ideals for R. Let M be 
a right i^-module, Q@(M) its quotient module with respect to Of, T@(M) the 
torsion submodule, and F$(M) be M/T@(M). We shall omit the subscript Ql 
if we are only dealing with one Gabriel filter. We now consider an operator TM 

which assigns to subsets of M, subsets of Q(M). We require the following 
properties to hold, where X±, X2 Q M, X3 Q R and 

is an jR-homomorphism : 
(1) X1 + T(M)/T(M) ç FM(X1), 
(2) I i Ç I 2 = > TM(X0 ç IV(X2), 
(3) 1Q(M) O TM — r v , 
(4) rM(z1)rB(z3) ç TuVdx*), 
(5) TM(X0 + rM(X2) ç YM{X, + X2), if 0 6 X1 or Xit 

(6) QCfXivcxo) ç rw(/(Z0). 
Properties (1), (2) and (3) say that if M is torsionfree divisible, then Y^ is a 

closure operator. (4), (5) and (6) just express compatibility with thei^-module 
structure. To put a topology on the quotient ring, we shall take as neighbor
hoods of 0 the images under T of neighborhoods of 0 in R, but first we give 
some examples of possible choices of T. 

Example 1. Let TM{X) be the image of X under the canonical map 
M —» M/T{M). This corresponds to making R/T(R) an open subring of its 
quotient ring. 

Example 2. If X Q Q(M) let 

X+ = {a e Q(M) : there exists D 6 2 so that for all d G D, qd G Xd). 
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I f Z C i l f , let 

TM(Z) = H{X 2 Z + T(M)/T(M) : X C Q(j|f) and X = X+}. 

We verify that YM satisfies property (4), the others are checked similarly. First 
we show that Xx+Xd+ C (XiX3)+ whenever X1 Ç Q(M) and X3 Ç (?(i?). Take 
g, G X*+, and let D* G ^ , such that qtd G X*d all d G A , i = 1, 3. Let 
2V = ^ n qrx(Di). Now if d £ Z>8', then (g l28)i = g i M ) = * i M ) = 
Xi(x3d) = (xix3)d for some #* G Xj, i = 1, 3. Thus #ig3 G (XiX3)+. Now let 
Xj C M,_X 3 Ç jR, Xi = Xx + T(M)/T(M), X3 = X3 + T(R)/T(R), and 
X4 = XiX3. We then define for each ordinal a 

X>"= ( X / ) + if a = 0 + 1 , 

Xi = U Xf if a is a limit ordinal, 

for i = 1,3, 4. For a sufficiently large 7 we have Xt
y = IV(X*), i = 1, 3, 4. 

We show by induction that XfXf Ç Xf. If a = 0 + 1, then 

Xi^X2
fi+1 = (X1^)+(X2'

3)+ ç ( Z f f / ) + Ç (X/)+ = X / + 1 

using the inductive assumption J f f 2 ^ £ X / and the easily checked fact that4" 
is monotone. If a is a limit ordinal, and if qt G X f (i = 1, 3), then qt G Xi, 
for some 0 < a, and so gig3 G X ^ X / Ç X / C X / . 

Example 3. Let i? be a commutative ring, X Ç. M, where M is any i^-module. 
We define 

TM(X) = {L (xt + nRynRiïqtixt ex,qie Q(R)}. 

It is easily verified that properties (1), (2), . . . , (6) hold. Commutativity is 
necessary for (3). 

We now assume that R is any topological ring, Ql any Gabriel filter of right 
ideals, and V an operator satisfying the conditions (1), (2), . . . , (6). We shall 
usually omit the subscript for I\ Let 7^ be the neighborhood filter at 0 of R. 
L e t l T = {TR(V) : V G Y\. Let 

Q* = {q G Q(R): for all W G W, there exists V G Y, qV Ç W, Vq Ç W). 

We may later write Q@*(R) = <2*. 

PROPOSITION 1. ()* is a topological ring, withW a base for the neighborhood 
filter at 0. 

Proof. We first note that every element of W is contained in Q* by (1) and 
(5). To show that Q* is a topological group we need to show that if F G ^ , then 

(a) there is a [ / Ç f , r(E7) + r(Z7) Ç r ( F ) ; 
(b) there is a T G ^ , T(T) Q -T(T). 

For (a), take U G ^ such that £7 + £7 Ç V, and apply (4). To see (b), we 
have ( r ( 7 ) ) ( - l ) Ç r ( F ) T ( - l ) = - r ( 7 ) by (1) and (4). Then letting 
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T = - F , T(T) Ç - r ( - r ) = -T(V). It remains to check continuity of 
multiplication. li q £ Q*, W £W, W = r ( F ) J f f , take U, T f f such 
that [ / + [ / ^ F a n d g l Ç r(C7), Tg ç T(U), and T T C £7. Thus 

(q + r(r» r(r) ç gr(r) + r(r)r(r) ç rfer) + T(TT) Q T(U) + 
T(U) ç r ( F ) . 

We shall call Q* the topological quotient ring of R with respect to 2l and T. 

Example A. Let i^ be C(X), X compact Hausdorff, the Qt be the Utumi 
filter, the topology for R be the one induced by the sup norm, and T be as 
defined in Example 2. Then Q* is the ring of real-valued functions which are 
continuous and bounded on a dense open subset of X, and its topology is that 
induced by the sup norm. We recall from [3] that Q(R) is the ring of all real-
valued functions continuous on a dense open subset of X, and an ideal D of R 
is in Qt if and only if the cozero set of D is dense. To prove our assertion about 
<2*, if e > 0 let 

W = {g G Q(R) ' | g 0*01 = « all x in an open dense set ^ Ç I j . 

We claim that T(WnR) = W. Take g G (Wr\R)+. Thus 

there exists D G 9 such that for all d G D, gd G ( W H i ? K 

The cozero set of D is open and dense, and for x G coz D choose d G D, 
d{x) ^ 0. Then g(x)d{x) = w(x)d(x) rg erf(x). Thus \g(x)\ ^ e and we have 
g £ W. Conversely if g G W, and ^ is the open dense set in the definition 
of W, let 

D' = {d G R'.d-^O) is a neighborhood of X\û}. 

Since X is normal, coz D' = Û, and thus Z>' G <©". We define 

[ O o n l \ ^ 
w(x) = \g(x) on the closure of X V - 1 (0) 

(otherwise extend it continuously with values in [ —e, e]. 

We have gd = wd, w G PF H i?), and therefore g G (VT H i?)+ . We have shown 
that ( W n i ? ) + - PF, but it is easily verified that W+ = W, and thus 
T(Wr\R) = W. Every function which is bounded and continuous on a 
dense open set is in some W for a sufficiently large e, and therefore in 
T(W C\ R) C T(R) Q (?*. Conversely if g G Ç*, then there exists Ô > 0 such 
that 

Thus g • ô = w, for some w £ W, and g = u>/ô, a function which is bounded 
(by e/ô) on a dense open set. That the topology on Q* is the sup norm, is 
clear from T(Wr\R) = W. 

Example B. This example also uses T as in Example 2. We give here a general 
construction, which applies to any ring, and which when applied to a ring of 
algebraic integers gives the ring of Adele's (together with its topology) modulo 
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the Archimedean pa r t (see [1]). Let R be a ring, 2) the Utumi filter of r ight 
ideals. Let R be the Hausdorff completion. R will have a linear topology, i.e. 
a base for the neighborhood filter a t 0 consisting of right ideals, so let Of1 be the 
smallest Gabriel filter containing it. We now form the topological ring Q*g,(R). 
T o see wha t this is if R is a ring of algebraic integers, we first note t ha t 

R = n Rpi 
Pï€Speci2 

by [3] where RPi denotes the P^-adic completion of R. T h e topology o n ^ is the 
product topology, and thus ideals in Of1 are of the form I I ^ Xu where Xt = RPi 

for almost all i, and otherwise Xt = ~#/*% nt G N , ^ i the maximal ideal in 
RPi. Le t ^ i = atRPi. Q®'(R) is then the local product of the Qf = at~

lRPi, with 
respect to the RPi. Qg>(R) = Q@*(R), and it is clear t ha t the topology of Q* 
is the usual one. 

Example C. If R commutat ive , T is as in Example 3, and if we localize a t a 
prime P, then Q* = RP and its topology is the ikf-adic topology where M = PRP 

Example D. If R is any topological ring, 2) the Utumi filter, and T is as in 
Example 1, then Q* = C(R), where C(R) is defined by R. L. Johnson in [6]. 

We now wish to show tha tQ* can be obtained as a topological b icommutator . 
If M is a topological i£-module, E the ring of continuous endomorphisms 

End (MB, MB), and S = End (EM, EM), we shall call 5 , endowed with the 
topology of pointwise convergence, the topological b icommutator of M. I t 
comes equipped with the continuous canonical ring homomorphism R —» S. 

Given Qf a Gabriel filter fori?, and T an operator satisfying (1), (2), . . . , (6) 
we let 

I =Yl {E(R/Kj): Kj^r R, R/Kj torsionfreej. 

Let i0 = (1 + Kj)jCJ £ i". A base for neighborhoods of 0 in / , will be 

OU = {TjiUV): V e^} 

where ^ is the neighborhood filter of 0 in R. We let 

I* = {i G I: for all U G ^ there exists F f f with iV C U}. 

I t is clear t h a t I* is a topological i?-module. 
A topological i?-module E is said to be a topological injective (see [5]) if for 

Mr an open submodule of a topological module M, any continuous m a p 

/ 
M' —> E admits a continuous extension to M. 

LEMMA. IB* is a topological injective. 

Proof. Let 

M'^Ul* 
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as in the definition. W e know there is a m a p 

ex t end ing / . I f w G M a n d [ / Ç ^ , there is a V G *V such t h a t mV C f~l(U). 
T h u s f(m)V Q U, so /(ikf) ÇI I*. Cont inui ty is clear since Mf is open and 
f\M, is continuous. 

T H E O R E M . Q* is the topological bicommutator of I*. 

Proof. Fi rs t we show t h a t Ei0 = I*. T a k e i £ I*. Define h:i0R-+ I*: 
i0r »-* ir. W e can extend A to h : I* —> / . If x G /* , and U G ^ we know there 
is a F G ^ with iV Q U and a W G ̂  such t h a t x W C r ( i 0 F ) . W e have 
k(x)W = h(xW) C S ( r ( i 0 T0) £ r (Â( i 0 F) ) = r ( i F ) ç T(U) = U. T h u s 
/*(/*) Ç I*. Â is continuous, for iiU £ <%, t ake F f f such t h a t iV Q U, and 
t h e n Â ( r ( î 0 F ) ) Ç U. 

Since Ei0 = *, we have a monomorphism 5 —> I* : 5 1—» io$. We wish to show 
t h a t 

is essential, or equivalently i0R Q ioS is essential. Suppose for i = i0s G ioS, 
iR C\ i0R = 0. Then we define e : iR + i 0 ^ —» /* by e(i) = i and e(i0) = 0. e is 
continuous, and by an a rgument similar to t h a t above one obtains a cont inuous 
extension ë: I* —> I*. T h u s 

i = e(i) = e{%) = ë(i0s) = (ei0)s = 0. 

I t is clear t h a t Ker(7^ —> S) = T(R). T h u s we have shown t h a t SR is an 
essential extension of R/T(R). In order to show t h a t SR is a subring of Q(R) 
(i.e., Q@(R)) it suffices to show t h a t S(R)/K(R) is .^ - tors ion. We know 
SR/K(R) = i0SR/i0R. Suppose 

ioSB/ioR - £ / , f * 0. 

W e know there is an 

I* Li 
extending the m a p 

US -* ioS/ioR —> / . 

/** 

3/ 

^o5- -> i0S/i0R- 4/ 
W e c l a i m / ( / * ) ÇZ / * a n d / is continuous. T a k e i £ I* and £7 G ̂ . T h e n there 
is a F £ f , such t h a t iV Q T(i0U) Q Qs(ioR). T h u s f(iV) = 0, since 
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Q@(ioR)/ioR is «^-torsion. Since f(i)V = 0 we certainly have f{i) G /*. 
Similarly, f(T(i0V)) C T(J(i0V)) = T(0), so / is continuous. Now for any 
s G 5 , / • Tr(i0s) = j(ios) = (fio)s = 0. Therefore/ = 0. Thus we may think of 
5 and Q* as two subrings of Q(R) containing R/T(R). To show that <2* Ç 5, it 
will suffice to show that g: I* —> I* : i —± iq is a well defined and continuous 
E-homomorphism. We know / is a Q(R) module. Let i Ç 7* and g G <2*. 
Take U G <% and F f / such that iV Q U. Take PF 6 ^ such that 
g î ^ Ç T(V). Then (ig)TF £ i r ( F ) C T(iV) C r([7) = 77. Therefore ^ G J*. 
To check continuity, V G *V. Then there is a W G ^ such that WqQT(V'). 

v(i0w)q c r(70î g) ç r(i0r(F')) £ r(r(,0F')) = r(;0^')-
It remains to check that g is an E-endomorphism. Take e £ E, I £ I*, and 
D £ 9 such that q{D) C R/T(R). Then (*(ig) - (ei)g)<Z = e(igd) - (ei)gd = 
(ei)qd — (ei)gd = 0, each d G D. Since I* is «S^-torsionfree, e(iq) = {ei)q. 

We now show 5 C Q*. Take F f f . We know i0r(V) C T(i0)T(V) C 
r ( i 0 F) Ç Q(i<>£) = io(?(£). Let 

f 
io-R —> R: io—^ 1. 

(3(/)(r(i0F)) ç r(f(i0T0) = r(F).Thusr(io^) ç70r(F),i.e., r(ioF) = i0r(F). 
Since s is a continuous endomorphism, there is a PF G ^ , such that 

(ioWOs ^ r(i0WOs c r(i0T0 = (ioT(V)). 
Thus Ws C r ( F ) . On the right side, since i0s G /*, there is a W G ^ , such that 
(HS)W Q T(iQV) = i0T(V), i.e., sW Q T(V). Therefore s G <2*. 

Finally it remains to show that the topology of pointwise convergence on S 
coincides with the topology of ()*. If i G /*, and V G 7^, a typical neighborhood 
of 0 in 5 is X = {s G 5 : is G r ( i 0 F)} . If i = i0 then this is just T(F) so the 
topology of S is finer than that of Q*. Conversely, we know i = ei0 some e G E. 
Thus X = {s G 5 : i0s G e_1(r(i0K))}. Since e is continuous, r ( i 0 F) is a neigh
borhood of 0 in I*, i.e. there is a W G ̂  such that ^ ( I X ^ F ) ) ID r(z0W0 = 

i0r(iF).ThusX 3 r(wo. 
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